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PROPERTIES OF 
FLUIDS 


> 1.1 INTRODUCTION 


Fluid mechanics is that branch of science which deals with the behaviour of the fluids (liquids or 
gases) at rest as well as in motion. Thus this branch of science deals with the static, kinematics and 
dynamic aspects of fluids. The study of fluids at rest is called fluid statics. The study of fluids in 
motion, where pressure forces are not considered, is called fluid kinematics and if the pressure forces 
are also considered for the fluids in motion, that branch of science is called fluid dynamics. 


>» 1.2 PROPERTIES OF FLUIDS 


1.2.1 Density or Mass Density. Density or mass density of a fluid is defined as the ratio of the 
mass of a fluid to its volume. Thus mass per unit volume of a fluid is called density. It is denoted by the 
symbol p (rho). The unit of mass density in SI unit is kg per cubic metre, i.e., kg/m°. The density of 
liquids may be considered as constant while that of gases changes with the variation of pressure and 
temperature. 

Mathematically, mass density is written as 


Mass of fluid 
Volume of fluid 


The value of density of water is 1 gm/cm? or 1000 kg/m’. 


1.2.2 Specific Weight or Weight Density. Specific weight or weight density of a fluid is the 
ratio between the weight of a fluid to its volume. Thus weight per unit volume of a fluid is called 
weight density and it is denoted by the symbol w. 


_ Weight of fluid — (Mass of fluid) x Acceleration due to gravity 


Thus mathematically, = = 
Volume of fluid Volume of fluid 


B Mass of fluid x g 
~ Volume of fluid 


| Mass of fluid 
=pxe " 


Comeon | 


w=pg AD 
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The value of specific weight or weight density (w) for water is 9.81 x 1000 Newton/m’ in SI units. 


1.2.3. Specific Volume. Specific volume of a fluid is defined as the volume of a fluid occupied 
by a unit mass or volume per unit mass of a fluid is called specific volume. Mathematically, it is 
expressed as 
Volume of fluid _ 1 _l 
~ Mass of fluid Massoffluid p 
Volume of fluid 
Thus specific volume is the reciprocal of mass density. It is expressed as m° /kg. It is commonly 
applied to gases. 


Specific volume 


1.2.4 Specific Gravity. Specific gravity is defined as the ratio of the weight density (or density) 
of a fluid to the weight density (or density) of a standard fluid. For liquids, the standard fluid is taken 
water and for gases, the standard fluid is taken air. Specific gravity is also called relative density. It is 
dimensionless quantity and is denoted by the symbol S. 

Weight density (density) of liquid 


Mathematically, S(for liquids) = - - - 
Weight density (density) of water 


S(for gases) = Weight density (density) of gas 
Weight density (density) of air 
Thus weight density of a liquid= S x Weight density of water 
= S$ x 1000 x 9.81 N/m? 
The density of a liquid = § x Density of water 
= § x 1000 kg/m°. w(1.1A) 
If the specific gravity of a fluid is known, then the density of the fluid will be equal to specific 
gravity of fluid multiplied by the density of water. For example, the specific gravity of mercury is 13.6, 
hence density of mercury = 13.6 x 1000 = 13600 kg/m*. 


Problem 1.1 Calculate the specific weight, density and specific gravity of one litre of a liquid 
which weighs 7 N. 


Solution. Given: 


1 1 
Volume = | litre = —— m? (è l litre = — m? or 1 litre = 1000 em’ | 
1000 1000 





Weight = 7 N 
Specificwennew = HM. - 7™N ..neeg N An, 
Volume í 1 ) 3 
moi M 
1000 
(ii) Density (p) =~= oar kg/m? = 713.5 kg/m’. Ans. 
g e 


(iii) Specific gravity = says = ee {= Density of water = 1000 kg/m°} 
Density of water 1000 


= 0.7135. Ans. 
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Problem 1.2 Calculate the density, specific weight and weight of one litre of petrol of specific 








gravity = 0.7 
: 3_ 1000 3 3 
Solution. Given: Volume = | litre = 1 x 1000 cm” = 508 m° = 0.001 m 
Sp. gravity S= 0.7 
(i) Density (p) 
Using equation (1.1A), 
Density (p) = § x 1000 kg/m* = 0.7 x 1000 = 700 kg/m*. Ans. 
(ii) Specific weight (w) 
Using equation (1.1), w= p X g = 700 x 9.81 N/m? = 6867 N/m*. Ans. 
(iii) Weight (W) 
We know that specific weight = TON 
Volume 
or w= T or 6867 = E 
0.001 0.001 


W= 6867 x 0.001 = 6.867 N. Ans. 


> 1.3 VISCOSITY 


Viscosity is defined as the property of a fluid which offers resistance to the movement of one layer 
of fluid over another adjacent layer of the fluid. When two layers of a fluid, a distance ‘dy’ apart, move 
one over the other at different velocities, say u and u + du as shown in Fig. 1.1, the viscosity together 
with relative velocity causes a shear stress acting between the fluid layers. 

The top layer causes a shear stress on the 
adjacent lower layer while the lower layer causes 
a shear stress on the adjacent top layer. This shear 
stress is proportional to the rate of change of ve- 
locity with respect to y. It is denoted by symbol 
t (Tau). 





Mathematically, To ay aai 
i Fig. 1.1 Velocity variation near a solid boundary. 
or t=u S os (B22) 
dy 


where y (called mu) is the constant of proportionality and is known as the co-efficient of dynamic viscosity 


s a N ; ; : 
or only viscosity. Ta represents the rate of shear strain or rate of shear deformation or velocity gradient. 
y 


T 


oe 
dy 
Thus viscosity is also defined as the shear stress required to produce unit rate of shear strain. 


1.3.1 Units of Viscosity. The units of viscosity is obtained by putting the dimensions of the 
quantities in equation (1.3) 


From equation (1.2), we have = (fh) 
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_ Shear stress Z Force/ Area 
u= aa gomm 
Change of distance Time Length 
= Force/(Length)”_ Force x Time 
E l ~ (Length)? 
Time 


In MKS system, force is represented by kgf and length by metre (m), in CGS system, force is 
represented by dyne and length by cm and in SI system force is represented by Newton (N) and length 
by metre (m). 





MKS unit of viscosity = nore 
m? 
: i ; dyne-sec 
CGS unit of viscosity = —— 
cm” 


In the above expression N/m? is also known as Pascal which is represented by Pa. Hence N/m? = Pa 
= Pascal 
SI unit of viscosity = Ns/m? = Pas. 
es ; Newton-sec Ns 
SI unit of viscosity = —— = 
m“ m“ 





dyne-sec 

The unit of viscosity in CGS is also called Poise which is equal to SeSe. 
cm” 

The numerical conversion of the unit of viscosity from MKS unit to CGS unit is given below : 


ee E a {-: 1 kgf = 9.81 Newton} 
m“ m” 


m 
But one Newton = one kg (mass) X one (5) (acceleration) 


2 


sec 








Z OO gm ceny = 1000 x 100 enn 
sec” sec” 
= 1000 x 100 dyne {: dyne = gm x = ) 
ee? 
one kgf sec _ 9 81 x 100000 SYS — 9.81 x 100000 — 22E 
m^ cm“ 100 x 100 x cm^ 
= gg.1 EC 98.1 poise {+ SAEs - poise} 
cm” cm^ 


Thus for solving numerical problems, if viscosity is given in poise, it must be divided by 98.1 to get 
its equivalent numerical value in MKS. 


one kgf-sec 9.81 Ns 








But — = s— = 98.1 poise 
m? 2 
one Ns _ 981 . 5 ; 1 Ns 
z— =—— poise = 10 poise or One poise = ——,. 
m‘ 9.81 10 m“ 
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Alternate Method. One poise = Sees a an in x a 
C 


cm~ 


> 


m? 


s 
lem 


2 


l ke 
8 One poise - 18% _ 1000 ~ 
scm s— m 

100 


i ear Be gt e 





But dyne l gm x 


k i 

x = r 1% =10 poise. 

1000 sm 10sm sm 

Note. (i) In SI units second is represented by ‘s’ and not by ‘sec’. 

(ii) If viscosity is given in poise, it must be divided by 10 to get its equivalent numerical value in SI units. 
Sometimes a unit of viscosity as centipoise is used where 


l 
1 centipoise = E. poise or 1 cP=—— P [cP = Centipoise, P = Poise] 
100 100 


The viscosity of water at 20°C is 0.01 poise or 1.0 centipoise. 


1.3.2 Kinematic Viscosity. Itis defined as the ratio between the dynamic viscosity and density 
of fluid. It is denoted by the Greek symbol (v) called ‘nu’. Thus, mathematically, 











Waa R (1.4) 
Density p 
The units of kinematic viscosity is obtained as 
_ Units ofp _ Force x Time _ Force x Time 
Units of p (Length)? x Mass Mass 
(Length)? Length 
Length 
Mass x ~~~ X Time ‘s Force = Mass x Acc. 
_ Time rained 
7 Mass = Mass x Een 
Time“ 
Length 
(Length)? 


Time 
In MKS and SI, the unit of kinematic viscosity is metre?/sec or m?/sec while in CGS units it is 
written as cm/s. In CGS units, kinematic viscosity is also known as stoke. 


Thus, one stoke =cm7/s = (5) m7/s = 1074 m?/s 
100 
Centistoke means = 2 stoke. 
100 


1.3.3 Newton’s Law of Viscosity. It states that the shear stress (T) on a fluid element layer is 
directly proportional to the rate of shear strain. The constant of proportionality is called the co- 
efficient of viscosity. Mathematically, it is expressed as given by equation (1.2) or as 


t= Eyy 
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Fluids which obey the above relation are known as Newtonian fluids and the fluids which do not 
obey the above relation are called Non-Newtonian fluids. 


1.3.4 Variation of Viscosity with Temperature. Temperature affects the viscosity. The 
viscosity of liquids decreases with the increase of temperature while the viscosity of gases increases 
with the increase of temperature. This is due to reason that the viscous forces in a fluid are due to 
cohesive forces and molecular momentum transfer. In liquids, the cohesive forces predominates 
the molecular momentum transfer, due to closely packed molecules and with the increase in 
temperature, the cohesive forces decreases with the result of decreasing viscosity. But in case of 
gases the cohesive forces are small and molecular momentum transfer predominates. With the 
increase in temperature, molecular momentum transfer increases and hence viscosity increases. The 
relation between viscosity and temperature for liquids and gases are: 


(i) For liquids, u = Uy i .(1.4A) 
l+oar+Br- 


where p = Viscosity of liquid at °C, in poise 
Ly = Viscosity of liquid at 0°C, in poise 
o, B = Constants for the liquid 


For water, Ho = 1.79 x 10° poise, œ = 0.03368 and B = 0.000221. 
Equation (1.4A) shows that with the increase of temperature, the viscosity decreases. 
(ii) For a gas, U= +t- Br ..(1.4B) 


where for air pọ = 0.000017, œ = 0.000000056, B = 0.1189 x 10°. 


Equation (1.48) shows that with the increase of temperature, the viscosity increases. 
1.3.5 Types of Fluids. The fluids may be classified into the following five types : 

1. Ideal fluid, 2. Real fluid, 

3. Newtonian fluid, 4. Non-Newtonian fluid, and 

5. Ideal plastic fluid. 

1. Ideal Fluid. A fluid, which is incompressible and is 
having no viscosity, is known as an ideal fluid. Ideal fluid is 
only an imaginary fluid as all the fluids, which exist, have 
some viscosity. 

2. Real Fluid. A fluid, which possesses viscosity, is 
known as real fluid. All the fluids, in actual practice, are real 
fluids. 

3. Newtonian Fluid. A real fluid, in which the shear 
stress is directly proportional to the rate of shear strain (or 
velocity gradient), is known as a Newtonian fluid. 


IDEAL SOLID eS 
pv? 
oe 






—~ SHEAR STRESS 


IDEAL FLUID 


du 


—+» VELOCITY GRADIENT tu) 
4. Non-Newtonian Fluid. A real fluid, in which the dy 


shear stress is not proportional to the rate of shear strain (or Fig. 1.2 Types of fluids. 


velocity gradient), known as a Non-Newtonian fluid. 
5. Ideal Plastic Fluid. A fluid, in which shear stress is more than the yield value and shear 


stress is proportional to the rate of shear strain (or velocity gradient), is known as ideal plastic fluid. 
Problem 1.3 /f the velocity distribution over a plate is given by u = 3 y- y? in which u is the 


velocity in metre per second at a distance y metre above the plate, determine the shear stress at 
y = Oand y = 0.15 m. Take dynamic viscosity of fluid as 8.63 poises. 
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d 
Solution. Given : u E zy g CR -2y 
3 dy 3 
(= or [=] = 4 2/0) = 2. = 0.667 
dy at y=0 dy y=0 3 3 
Also (= or (#) = e 2 x .15 = .667 — .30 = 0.367 
dy at y=0.15 dy y=0.15 3 
R 8.63 : 2 
Value of Lt = 8.63 poise = a SI units = 0.863 N s/m 


d 
Now shear stress is given by equation (1.2) as tT =u pe 
y 


(i) Shear stress at y = 0 is given by 


T) =H (=) = 0.863 x 0.667 = 0.5756 N/m?. Ans. 
y 
y=0 


(ii) Shear stress at y = 0.15 m is given by 


(t), -o1s =H (+ = 0.863 x 0.367 = 0.3167 N/m?. Ans. 
y=0.15 


dy 


Problem 1.4 A plate 0.025 mm distant from a fixed plate, moves at 60 cm/s and requires a force of 
2 N per unit area i.e., 2 N/m’ to maintain this speed. Determine the fluid viscosity between the plates. 





Solution. Given : | i 
Distance between plates, dy = .025 mm ——— ee 
=3 dy = 025 mm = = = = = U = 60 cm/s 
= 025x 10°" m oe eee ae ee 
Velocity of upper plate, u = 60 cm/s = 0.6 m/s F 
F i F=20 N FIXED PLATE 
te, = 2. š 
orce on upper plate 2 Fig. 1.3 


This is the value of shear stress i.e., T 
Let the fluid viscosity between the plates is LL. 


d 
Using the equation (1.2), we have T= u T 
F 
where du = Change of velocity = u — 0 = u = 0.60 m/s 
dy = Change of distance = .025 x 10° m 


j N 
t= Force per unit area = 2.0 — 
m 








-3 
aen $3 pa eI Tc 1S > 
025 x 10 0.60 m 


= 8.33 x 10°° x 10 poise = 8.33 x 1074 poise. Ans. 


Problem 1.5 A flat plate of area 1.5 x 10° mm? is pulled with a speed of 0.4 m/s relative to 
another plate located at a distance of 0.15 mm from it. Find the force and power required to maintain 
this speed, if the fluid separating them is having viscosity as I poise. 
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Solution. Given : 

Area of the plate, A= 1.5 x 10° mm? = 1.5 wm 
Speed of plate relative to another plate, du = 0.4 m/s 
Distance between the plates, dy = 0.15 mm = 0.15 x 10° m 





i i . 1 Ns 
Viscosity u= I poise = ———. 
10 m^ 
Using equation (1.2) we havet = u a — ae x a = 266.66 = 
dy 10 ASx10™ m^ 
(i) +- Shear force, F = ī X area = 266.66 x 1.5 = 400 N. Ans. 


(ii) Power* required to move the plate at the speed 0.4 m/sec 
= F x u = 400 x 0.4 = 160 W. Ans. 
Problem 1.6 Determine the intensity of shear of an oil having viscosity = 1 poise. The oil is used 
for lubricating the clearance between a shaft of diameter 10 cm and its journal bearing. The clearance 
is 1.5 mm and the shaft rotates at 150 r.p.m. 





Solution. Given : u = | poise = 5 m 
Dia. of shaft, D=10cm=0.1 m 


Distance between shaft and journal bearing, 
dy = 1.5 mm = 1.5 x 10° m 
Speed of shaft, N = 150 r.p.m. 
Tangential speed of shaft is given by 
mDN  nx01x150 _ 


u= —— = ———_ = 0.785 m/s 

60 60 

; i du 

Using equation (1.2), T= U—, 
dy 
where du = change of velocity between shaft and bearing = u — 0 =u 
eR ee = 52.33 N/m’. Ans. 
10 15x 10™ 


Problem 1.7 Calculate the dynamic viscosity of an oil, which is used for lubrication between a 
square plate of size 0.8 m X 0.8 m and an inclined plane with angle of inclination 30° as shown in 
Fig. 1.4. The weight of the square plate is 300 N and it slides down the inclined plane with a uniform 
velocity of 0.3 m/s. The thickness of oil film is 1.5 mm. 


Solution. Given: 


Area of plate, A = 0.8 x 0.8 = 0.64 m? 
Angle of plane, 9 = 30° 

Weight of plate, W = 300 N 

Velocity of plate, u = 0.3 m/s 





* Power=F xu Nm/s=F Xu W(+s Nm/s = Watt) 
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Thickness of oil film, t= dy = 1.5 mm = 1.5 x 10° m 
Let the viscosity of fluid between plate and inclined plane is u. 
Component of weight W, along the plane = W cos 60° = 300 cos 60° = 150 N 


Thus the shear force, F , on the bottom surface of the plate = 150 N 
F 150 2 





and shear stress, t= = — N/m 
Area 0.64 
Now using equation (1.2), we have 
T=U eu 
dy 


where du = change of velocity = u — 0 = u = 0.3 m/s 
dy=t=1.5x 10° m 
150 _ 0.3 
064 "15x10 


150x15x10 
p= 2 1.17 N sim? = 1.17 x 10 = 11.7 polse. Ans. 
0.64 x03 


Problem 1.8 Two horizontal plates are placed 1.25 cm apart, the space between them being filled 
with oil of viscosity 14 poises. Calculate the shear stress in oil if upper plate is moved with a velocity 
of 2.5 m/s. 


Solution. Given : 
Distance between plates, dy = 1.25 cm = 0.0125 m 


Viscosity, u = 14 poise = = N s/m? 
Velocity of upper plate, u = 2.5 m/sec. 

d 
Shear stress is given by equation (1.2) as, T= 4 = 


where du = Change of velocity between plates = u — 0 = u = 2.5 m/sec. 


dy = 0.0125 m. 
Le 280 N/m? 
t= 10 0125 ~ N/m^. Ans. 


Problem 1.9 The space between two square flat parallel plates is filled with oil. Each side of the 
plate is 60 cm. The thickness of the oil film is 12.5 mm. The upper plate, which moves at 2.5 metre per 
sec requires a force of 98.1 N to maintain the speed. Determine : 

(i) the dynamic viscosity of the oil in poise, and 

(ii) the kinematic viscosity of the oil in stokes if the specific gravity of the oil is 0.95. 

Solution. Given : 

Each side of a square plate = 60 cm = 0.60 m 

<. Area, A = 0.6 x 0.6 = 0.36 m? 

Thickness of oil film, dy = 12.5 mm = 12.5 x 10° m 

Velocity of upper plate, u= 2.5 m/sec 
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Change of velocity between plates, du = 2.5 m/sec 
Force required on upper plate, F = 98.1 N 
x Force F  981N 
Shear stress, t= =—= + 
Area A 036m~ 


(i) Let u = Dynamic viscosity of oil 











Using equation (1.2) tT=Ņ we or 281 =x = 
TO dy 036 125x107 
=3 x 
a el g HOLM crepes fs LS om poise 
0.36 25 m^ m^ 


= 1.3635 x 10 = 13.635 poise. Ans. 
(ii) Sp. gr. of oil, S = 0.95 
Let v = kinematic viscosity of oil 
Using equation (1.1A), 


Mass density of oil, p = Sx 1000 = 0.95 x 1000 = 950 kg/m* 
13635( 53) 
Using the relation, v = p , We get V = — = .001435 m/sec = .001435 x 10* cm/s 
p 
= 14.35 stokes. Ans. (C cm?/s = stoke) 


Problem 1.10 Find the kinematic viscosity of an oil having density 981 kg/m’. The shear stress at 
a point in oil is 0.2452 N/m? and velocity gradient at that point is 0.2 per second. 


Solution. Given : 


Mass density, p = 981 kg/m? 
Shear stress, t= 0.2452 N/m? 
d 
Velocity gradient, Se 0.2 s 
dy 


Using the equation (1.2), t= T or 0.2452 = u x 0.2 
y 


_ 0.2452 
0.200 
Kinematic viscosity v is given by 


= 1.226 Ns/m? 





= 0.125 x 107? x 10 cm?/s = 0.125 x 10° cm?/s 
= 12.5 cm?/s = 12.5 stoke. Ans. (C cm7/s = stoke) 
Problem 1.11 Determine the specific gravity of a fluid having viscosity 0.05 poise and kinematic 
viscosity 0.035 stokes. 
Solution. Given : 


> 


Viscosity, u = 0.05 poise = = N s/m* 
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v = 0.035 stokes 
= 0.035 cm*/s 
= 0.035 x 10°* m*/s 


oos 
10 


Kinematic viscosity, 


Using the relation v = E , we get 0.035 x 10° *= 
p 


0.05 l 
= —— xXx —_— 
10 — 0.035x10* 


Sp. gr. of liquid = 
Pg z Density of water 


{-- Stoke = cm?/s} 


p 


= 1428.5 kg/m? 


= Deasityof qwa 14285 414385.5 LAS Aia. 


1000 


Problem 1.12 Determine the viscosity of a liquid having kinematic viscosity 6 stokes and specific 
gravity 1.9. 
Solution. Given : 


Kinematic viscosity V = 6 stokes = 6 cm’/s = 6 x 10° m7/s 


Sp. gr. of liquid = 1.9 
Let the viscosity of liquid =U 
_ Density of the liquid 


Now sp. gr. of a liquid 
pa s Density of water 


_ Density of liquid 
1000 


or 1.9 


+. Density of liquid = 1000 x 1.9 = 1900 oe 
m 


<. Using the relation v= E „we get 
EIE n 
1900 
or u= 6 x 10-4 x 1900 = 1.14 Ns/m? 


= 1.14 x 10 = 11.40 poise. Ans. 


+ . : . . . ° 2. : 
Problem 1.13 The velocity distribution for flow over a flat plate is given by u = 4 y — y“ in which 
u is the velocity in metre per second at a distance y metre above the plate. Determine the shear stress 
at y = 0.15 m. Take dynamic viscosity of fluid as 8.6 poise. 





Solution. Given : i= : y-y? 
d 
SB Doms 
dy 4 
At y= 0.15, du 3 90.15 = 0.75 -030=0.45 
dy 4 
Viscosity, Lt = 8.5 poise = = Ne f 10 poise = 1 “| 
10 m^ m^ 


iE 


du 85 
Using equation (1.2), t=u — = — x0.45 -— 
dy 10 m“ 
Problem 1.14 The dynamic viscosity of an oil, used for lubrication between a shaft and sleeve is 
6 poise. The shaft is of diameter 0.4 m and rotates at 190 r.p.m. Calculate the power lost in the bearing 


for a sleeve length of 90 mm. The thickness of the oil film is 1.5 mm. 





= 0.3825 as Ans. 
m 











Solution. Given : 1.5 mm 
Viscosity u = 6 poise 
_6Ns_ Ns 
10m mw 
Dia. of shaft, D=04m 
Speed of shaft, N= 190 r.p.m 
- SLEEVE 
Sleeve length, L = 90 mm = 90 x 10? m 
Thickness of oil film, t=1.5 mm= 1.5 x 10° m Fig. 1.5 
Tangential velocity of shaft, u = so = ERE = 3.98 m/s 
60 60 
. 5 du 
Using the relation t= — 
dy 


where du = Change of velocity = u — 0 = u = 3.98 m/s 
dy = Change of distance = ¢ = 1.5 x 107° m 
c= 10% = = 1592 N/m? 
15x 10~ 
This is shear stress on shaft 
Shear force on the shaft, F = Shear stress x Area 
= 1592 x nD X L = 1592 x n x .4 x 90 x 10° = 180.05 N 


Torque on the shaft, T = Force x 2 = 180.05 x = = 36.01 Nm 


_ 2nNT _ 2nx190X 36.01 
~ 60 0 
Problem 1.15 [the velocity profile of a fluid over a plate is parabolic with the vertex 20 cm from 
the plate, where the velocity is 120 cm/sec. Calculate the velocity gradients and shear stresses at a 
distance of 0, 10 and 20 cm from the plate, if the viscosity of the fluid is 8.5 poise. 


*Power lost = 716.48 W. Ans. 





Solution. Given : y 
Distance of vertex from plate = 20 cm 
Velocity at vertex, u = 120 cm/sec 
Viscosity, u = 8.5 poise = = Na = 0.85. 
10 m“ 
2nN 2nNT Fig. 1.6 


Watt = Watt 








* Power in S.I. unit = T * w= T x 
60 
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The velocity profile is given parabolic and equation of velocity profile is 
u= ay? +byt+e zobi 


where a, b and c are constants. Their values are determined from boundary conditions as : 
(a) aty=0,u=0 
(b) at y= 20 cm, u = 120 cm/sec 


(c) aty= 20cm, = = 0. 


y 
Substituting boundary condition (a) in equation (i), we get 
e=, 
Boundary condition (b) on substitution in (i) gives 
120 = a(20)? + b(20) = 400a + 20b (ii) 
Boundary condition (c) on substitution in equation (i) gives 
an =2ay+b (iii) 
dy i 
or 0=2xax 20 + b= 40a +b 
Solving equations (ii) and (iii) for a and b 
From equation (iii), b = — 40a 


Substituting this value in equation (ii), we get 
120 = 400a + 20 x (— 40a) = 400a — 800a = — 400a 
a= a =- A =-0.3 
—400 10 
ae b = - 40 x (- 0.3) = 12.0 
Substituting the values of a, b and c in equation (i), 
u=- 0.3y° + 12y. 


Velocity Gradient 


an, =-— 0.3 x 2y + 12 =- 0.6y + 12 
dy 
: : du 
at y = 0, Velocity gradient, ay =- 0.6 x0 + 12 = 12/s. Ans. 
y y=0 
du 
at y = 10 cm, a =- 0.6 x 10 + 12 =- 6 + 12 = 6/s. Ans. 
dy y=10 
du 
at y = 20 cm, — =-0.6 x 20+ 12 =- 12+ 12=0. Ans. 
dy y=20 
Shear Stresses 
x ae du 
Shear stress is given by, T= 3, 
y 
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(i) Shear stress at y = 0, T= (s) = 0.85 x 12.0 = 10.2 N/m’. 
y 
“/7y=0 
(ii) Shear stress at y = 10, T= ee = 0.85 x 6.0 = 5.1 N/m’. 
dy y=10 
aa du 
(iii) Shear stress at y = 20, T= (=| = 0.85 x 0 = 0. Ans. 
y y=20 


Problem 1.16 A Newtonian fluid is filled in the clearance between a shaft and a concentric sleeve. 
The sleeve attains a speed of 50 cm/s, when a force of 40 N is applied to the sleeve parallel to the shaft. 


Determine the speed if a force of 200 N is applied. 
Solution. Given : Speed of sleeve, u, = 50 cm/s 


when force, F,=40N. 
Let speed of sleeve is u, when force, F, = 200 N. 
d 
Using relation T=U = 
dy 
Force _ F 


where T = Shear stress = ——— = 
Area A 


du = Change of velocity = u — 0 = u 
dy = Clearance = y 








Euu? 
A P y 
F= Apu ian | 
y 

P Ao 
it, 2 

Ses 40 _ 200 

Substituting values, we get — = 

50 m 
lis. = XIN) set = 50 x 5 = 250 cm/s. Ans. 


= 40 


A, u and y are constant} 


Problem 1.17 A 15 cm diameter vertical cylinder rotates concentrically inside another cylinder of 
diameter 15.10 cm. Both cylinders are 25 cm high. The space between the cylinders is filled with a 
liquid whose viscosity is unknown. If a torque of 12.0 Nm is required to rotate the inner cylinder at 


100 r.p.m., determine the viscosity of the fluid. 
Solution. Given : 


Diameter of cylinder = 15 cm = 0.15 m 
Dia. of outer cylinder = 15.10 cm = 0.151 m 
Length of cylinders, L =25 cm = 0.25 m 
Torque, T = 12.0 Nm 
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Speed, N= 100 r.p.m. 
Let the viscosity =U 
nDN _ mx0.15x 100 





Tangential velocity of cylinder, u = = 0.7854 m/s 
60 60 
Surface area of cylinder, A=nDxL=nx 0.15 x 0.25 = .1178 m? 
Now using relation t= T 
where du = u -— 0 = u = .7854 m/s 
dy = ae m = .0005 m 
co UX -7854 
0005 
785 
Shear force, Fe shear sressx areas 22 y 178 
005 
Torque, T=FxX S 
zga EAT rx 2 
12.0 x .0005 x 2 = 0.864 N s/m? 


~ "7854 x.1178 x 15 
= 0.864 x 10 = 8.64 poise. Ans. 


Problem 1.18 Two large plane surfaces are 2.4 cm apart. The space between the surfaces is filled 
with glycerine. What force is required to drag a very thin plate of surface area 0.5 square metre 
between the two large plane surfaces at a speed of 0.6 m/s, if : 
(i) the thin plate is in the middle of the two plane surfaces, and 
(ii) the thin plate is at a distance of 0.8 cm from one of the plane surfaces ? Take the dynamic 
viscosity of glycerine = 8.10 x 10 I N smm”. 
Solution. Given : 
Distance between two large surfaces = 2.4 cm 
Area of thin plate, A=0.5 m? 
Velocity of thin plate, u = 0.6 m/s 
Viscosity of glycerine, u = 8.10 x 10`! N s/m? 
Case I. When the thin plate is in the middle of the two plane 
surfaces [Refer to Fig. 1.7 (a)] 
Let F, = Shear force on the upper side of the thin plate Fig. 1.7 (a) 





F> = Shear force on the lower side of the thin plate 
F = Total force required to drag the plate 
Then F=F +F, 
The shear stress (T,) on the upper side of the thin plate is given by equation, 


im 
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du 
=R gy 
EEG 


where du = Relative velocity between thin plate and upper large plane surface 
= 0.6 m/sec 


dy = Distance between thin plate and upper large plane surface 
= 1.2 cm = 0.012 m (plate is a thin one and hence thickness of plate is neglected) 


t, =8.10 x 107! x (25, = 40.5 N/m? 
-O12 
Now shear force, F, = Shear stress X Area 
= T, X A = 40.5 x 0.5 = 20.25 N 
Similarly shear stress (T,) on the lower side of the thin plate is given by 


=p (2) = 8.10 x 10°! x (aa = 40.5 N/m? 
y), ; 


Shear force, F3 =T, X A = 40.5 x 0.5 = 20.25 N 
Total force, F = F, + F, = 20.25 + 20.25 = 40.5 N. Ans. 


Case I. When the thin plate is at a distance of 0.8 cm from one of 
the plane surfaces [Refer to Fig. 1.7 (b)]. 


Let the thin plate is at a distance 0.8 cm from the lower plane 





surface. 1.6 cm 
Then distance of the plate from the upper plane surface 2.4 cm | 
= 2.4 — 0.8 = 1.6 cm = .016 m “oe nE 
(Neglecting thickness of the plate) ars 
The shear force on the upper side of the thin plate, 
F, = Shear stress x Area = T, X A Fig. 1.7 (b) 





=p || xa=s.i0x10-'x |-©) xos=is.isN 
dy), 0.016 


The shear force on the lower side of the thin plate, 





ranxanu (St) xA 
= = dy : 
= 8.10 x 10°! x Os x 0.5 = 30.36 N 
0.8/100 


Total force required = F} + F, = 15.18 + 30.36 = 45.54 N. Ans. 


Problem 1.19 A vertical gap 2.2 cm wide of infinite extent contains a fluid of viscosity 2.0 N s/m? 
and specific gravity 0.9. A metallic plate 1.2 m X 1.2 m x 0.2 cm is to be lifted up with a constant 
velocity of 0.15 m/sec, through the gap. If the plate is in the middle of the gap, find the force required. 
The weight of the plate is 40 N. 

Solution. Given : 


Width of gap = 2.2 cm, viscosity, 4 = 2.0 N s/m? 
Sq. gr. of fluid =0.9 
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Weight density of fluid F 
= 0.9 x 1000 = 900 kgf/m* = 900 x 9.81 N/m? 
(" 1 kgf = 9.81 N) 
Volume of plate = 1.2 m x 1.2 m x 0.2 cm 
= 1.2 x 1.2 x .002 m°? = .00288 m? 
Thickness of plate = 0.2 cm 
Velocity of plate = 0.15 m/sec 
Weight of plate =40N. 
When plate is in the middle of the gap, the distance of the plate 
from vertical surface of the gap Fig. 1.8 
_ aa of gap—Thickness of pas ) 
2 
s C2-02 = 1 em=.01 m. 


Now the shear force on the left side of the metallic plate, 
F, = Shear stress x Area 


=Ņ gu x Area = 2.0% { 245 *1.2*%1.2:N 
dy i .01 
Ce Area = 1.2 x 1.2 m° 
= 43.2 N. 


Similarly, the shear force on the right side of the metallic plate, 


> = Shear stress X Area = 2.0 x (=) x 1.2 x 1.2 = 43.2 N 
Total shear force = F, + F, = 43.2 + 43.2 = 86.4 N. 


In this case the weight of plate (which is acting vertically downward) and upward thrust is also to be 
taken into account. 
The upward thrust = Weight of fluid displaced 


= (Weight density of fluid) x Volume of fluid displaced 
= 9.81 x 900 x .00288 N 
Ce Volume of fluid displaced = Volume of plate = .00288) 
= 25.43 N. 
The net force acting in the downward direction due to weight of the plate and upward thrust 


= Weight of plate —- Upward thrust = 40 — 25.43 = 14.57 N 
Total force required to lift the plate up 


= Total shear force + 14.57 = 86.4 + 14.57 = 100.97 N. Ans. 


> 1.4 THERMODYNAMIC PROPERTIES 


Fluids consist of liquids or gases. But gases are compressible fluids and hence thermodynamic 
properties play an important role. With the change of pressure and temperature, the gases undergo 


| 


large variation in density. The relationship between pressure (absolute), specific volume and 
temperature (absolute) of a gas is given by the equation of state as 


pV = RT or = RT (15) 
where p= Absolute pressure of a gas in N/m? 
Y = Specific volume = a 
p 


R = Gas constant 
T = Absolute temperature in °K 
p = Density of a gas. 


1.4.1 Dimension of R. The gas constant, R, depends upon the particular gas. The dimension of R 
is obtained from equation (1.5) as 


ar . 
pT 
(i) In MKS units ra —*efim” _ kef-m 


= o 
he 
m 

(ii) In SI units, p is expressed in Newton/m? or N/m?. 


oi N/m" _ Nm __ Joule [Joule = Nm] 





E 
kg-K 
Forai: Rin MKS = 29.3 Kf ™ 
kg °K 
R in SI = 29.3 x 9.81 "L = 287 _ 
kg°K kg-K 


1.4.2 Isothermal Process. If the change in density occurs at constant temperature, then the 
process is called isothermal and relationship between pressure (p) and density (p) is given by 


P a Constant ..( 1.6) 
p 


1.4.3 Adiabatic Process. If the change in density occurs with no heat exchange to and from the 
gas, the process is called adiabatic. And if no heat is generated within the gas due to friction, the 
relationship between pressure and density is given by 


£ = Constant AEN 
p 
where k = Ratio of specific heat of a gas at constant pressure and constant volume. 


= 1.4 for air. 
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1.4.4 Universal Gas Constant 


Let m= Mass of a gas in kg 


Y = Volume of gas of mass m 
p = Absolute pressure 


T = Absolute temperature 
Then, we have pV = mRT 


AED 
where R = Gas constant. 


Equation (1.8) can be made universal, i.e., applicable to all gases if it is expressed in mole-basis. 
Let n = Number of moles in volume of a gas 
Y = Volume of the gas 


_ Mass of the gas molecules 


Mass of a hydrogen atom 


m = Mass of a gas in kg 
Then, we have nxM=m. 


Substituting the value of m in equation (1.8), we get 
pV=nxXMxRT 


(1.9) 
i ; ; kgf-m 
The product M x R is called universal gas constant and is equal to 848 


in MKS units 
kg-mole °K 
and 8314 J/kg-mole K in SI units. 


One kilogram mole is defined as the product of one kilogram mass of the gas and its molecular weight. 


Problem 1.20 A gas weighs 16 N/m’ at 25°C and at an absolute pressure of 0.25 N/mm”. Deter- 
mine the gas constant and density of the gas. 


Solution. Given : 
Weight density, 
Temperature, 


w = 16 N/m? 
c= 25°C. 
T = 273 + 1= 273 + 25 = 288°K 


p = 0.25 N/mm? (abs.) = 0.25 x 10° N/m? = 25 x 10* N/m? 
(i) Using relation w = pg, density is obtained as 


w 16 3 
= —=— = 1.63 kg/m`. Ans. 
P g 981 z 
(ii) Using equation (1.5), 2 =RT 
p 
x 
pT 163x288 kg K 


Problem 1.21 A cylinder of 0.6 m? in volume contains air at 50°C and 0.3 N/mm? absolute 


pressure. The air is compressed to 0.3 m’, Find (i) pressure inside the cylinder assuming isothermal 
process and (ti) pressure and temperature assuming adiabatic process. Take k = 1.4. 
Solution. Given : 


Initial volume, V, = 0.6 m? 
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Temperature t, = 50°C 
és T, = 273 + 50 = 323°K 
Pressure pı = 0.3 N/mm? = 0.3 x 10° N/m? = 30 x 10 N/m? 
Final volume = 0.3 m? 
k=14 


(i) Isothermal process : 





Using equation (1.6), P. Constant or pV = Constant. 
p 
P\V, =P2V2 
y x f h 2 
p= Pita 30x10" X06 _ 0.6. 10° Nim? = 06 Nimm?, Ans. 
V3 0.3 
(ii) Adiabatic process : 
Using equation (1.7), £ = Constant or p Y* = Constant 
Pvt = P2V}. 


1.4 
vi 4 0.6 4014 
>=P;— = 30x 10° x | — = 30x10" x2° 
ne oe 03 


~ 


= 0.791 x 10° N/m? = 0.791 N/mm. Ans. 
For temperature, using equation (1.5), we get 
pY =RT and also p Y* = Constant 


RT RT 


p= ng and — x W* = Constant 
or RTY*! = Constant 
or T Yt! = Constant {°v Ris also constant} 
Ti vi = T> vs 





k=l 1.4-1.0 
t=T; & ) = 323 (<) = 323 x 2°4 = 426.2°K 


t, = 426.2 — 273 = 153.2°C. Ans. 
Problem 1.22 Calculate the pressure exerted by 5 kg of nitrogen gas at a temperature of 10°C if 
the volume is 0.4 m*. Molecular weight of nitrogen is 28. Assume, ideal gas laws are applicable. 


Solution. Given: 


Mass of nitrogen =5kg 
Temperature, t= 10°C 

a T = 273 + 10 = 283°K 
Volume of nitrogen, Y = 0.4 m? 

Molecular weight =28 


Using equation (1.9), we have pY = n X M X RT 
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where M x R = Universal gas constant = 8314 E- 
kg-mole °K 
and one kg-mole = (kg-mass) x Molecular weight = (kg-mass) x 28 
R for nitrogen = ak = 296.9 = 
28 kg°K 
The gas laws for nitrogen ispV = mRT, where R = Characteristic gas constant 
or px0.4=5 x 296.9 x 283 
5x 296.9 x 283 
p= ———— = 1050283.7 N/m? = 1.05 N/mm’. Ans. 


04 


> 1.5 COMPRESSIBILITY AND BULK MODULUS 


Compressibility is the reciprocal of the bulk modulus of 
elasticity, K which is defined as the ratio of compressive stress 
to volumetric strain. 

Consider a cylinder fitted with a piston as shown in Fig. 1.9. 

Let V = Volume of a gas enclosed in the cylinder 

p = Pressure of gas when volume is V 





Let the pressure is increased to p + dp, the volume of gas CYLINDER 
decreases from V to V — dV. Fig. 1.9 
Then increase in pressure =dp kgf/m? 
Decrease in volume =dV 
dV 


Volumetric strain =- — 


— ve sign means the volume decreases with increase of pressure. 
_ Increase of pressure 
Volumetric strain 


Bulk modulus 





-_4 _-4p 
| N Vv --(1.10) 
Vv 
Compressibility = = (1.11) 


Relationship between Bulk Modulus (K) and Pressure (p) for a Gas 


The relationship between bulk modulus of elasticity (K) and pressure for a gas for two different 
processes of compression are as : 

(i) For Isothermal Process. Equation (1.6) gives the relationship between pressure (p) and density 
(p) of a gas as 


Pe Constant 
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or pY = Constant h V= +} 
p 
Differentiating this equation, we get (p and Y both are variables) 
pd + Ydp=0 or pd¥=-Vdp or p= =e 


Substituting this value in equation (1.10), we get 
K=p «4. 32) 
(ii) For Adiabatic Process. Using equation (1.7) for adiabatic process 


= = Constant or p Y* = Constant 
p 


Differentiating, we get pd(Y*) + Y*(dp) = 0 
or pxkx Y! dY +Y*dp=0 
or pkd + Vdp =0 [Cancelling Y*' to both sides] 


__ Vap 
or pkdW=-‘Wdp or pk=- a 
Hence from equation (1.10), we have 
K= pk XARES) 
where K = Bulk modulus and k = Ratio of specific heats. 
Problem 1.23 Determine the bulk modulus of elasticity of a liquid, if the pressure of the liquid is 
increased from 70 N/cm? to 130 N/cm?. The volume of the liquid decreases by 0.15 per cent. 


Solution. Given : 


Initial pressure = 70 N/cm? 
Final pressure = 130 N/cm? 
dp = Increase in pressure = 130 — 70 = 60 N/cm? 
Decrease in volume = 0.15% 
dy _ 015 
OY 100 


Bulk modulus, K is given by equation (1.10) as 


= 2, ee = 4x 104 N/em?. Ans. 
=Y 10 
Problem 1.24 What is the bulk modulus of elasticity of a liquid which is compressed in a cylinder 
from a volume of 0.0125 m? at 80 N/cm? pressure to a volume of 0.0124 m? at 150 N/cn? pressure ? 
Solution. Given : 
Initial volume, Y = 0.0125 m? 
Final volume = 0.0124 m? 


Decrease in volume, dV = .0125 — .0124 = .0001 m° 


|] 


mi 
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dY _ 0001 
Yy 035 
Initial pressure = 80 N/cm? 
Final pressure = 150 N/cm? 


Increase in pressure, dp = (150 — 80) = 70 N/em? 
Bulk modulus is given by equation (1.10) as 


_ d 70 | 2 
Km — dN 0001 = 70 x 125 N/cm 
y .0125 


= 8.75 x 10° N/em’. Ans. 


> 1.6 SURFACE TENSION AND CAPILLARITY 


Surface tension is defined as the tensile force acting on the surface of a liquid in contact with a gas 
or on the surface between two immiscible liquids such that the contact surface behaves like a 
membrane under tension. The magnitude of this force per unit length of the free surface will have the 
same value as the surface energy per unit area. It is denoted by Greek letter © (called sigma). In MKS 
units, it is expressed as kgf/m while in SI units as N/m. 


The phenomenon of surface tension is explained by FREE SURFACE 
Fig. 1.10. Consider three molecules A, B, C of a liquid in a 
mass of liquid. The molecule A is attracted in all directions 
equally by the surrounding molecules of the liquid. Thus the 
resultant force acting on the molecule A is zero. But the 
molecule B, which is situated near the free surface, is acted 
upon by upward and downward forces which are unbalanced. 
Thus a net resultant force on molecule B is acting in the 
downward direction. The molecule C, situated on the free 
surface of liquid, does experience a resultant downward force. 
All the molecules on the free surface experience a downward 
force. Thus the free surface of the liquid acts like a very thin film under tension of the surface of the 
liquid act as though it is an elastic membrane under tension. 





Fig. 1.10 Surface tension. 


1.6.1 Surface Tension on Liquid Droplet. Consider a small spherical droplet of a liquid of 
radius ‘r’. On the entire surface of the droplet, the tensile force due to surface tension will be acting. 
Let o= Surface tension of the liquid 
p = Pressure intensity inside the droplet (in excess of the outside pressure intensity) 
d = Dia. of droplet. 
Let the droplet is cut into two halves. The forces acting on one half (say left half) will be 
(i) tensile force due to surface tension acting around the circumference of the cut portion as shown 
in Fig. 1.11 (b) and this is equal to 
= 6 X Circumference 


=oxnd 


| 
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Š n n i 
(ii) pressure force on the area — d? = p x — d&d as shown in 
4 4 o 

» 


Fig. 1.11 (c). These two forces will be equal and opposite 


.p: . Á eee a > 
under equilibrium conditions, i.e., (a) DROPLET (b) SURFACE TENSION 





px 7 & =0xnd 








-P 
or p= oxrd 2 (1.14) i 
2 
4 xd (c) PRESSURE FORCES 


Equation (1.14) shows that with the decrease of diameter Fig. 1.11 Forces on droplet. 
of the droplet, pressure intensity inside the droplet increases. 


1.6.2 Surface Tension on a Hollow Bubble. A hollow bubble like a soap bubble in air has two 
surfaces in contact with air, one inside and other outside. Thus two surfaces are subjected to surface 
tension. In such case, we have 


px 2d =2x(6xKd) 





5 zand _ 80 (1.15) 
Z d? d 
4 


1.6.3 Surface Tension on a Liquid Jet. Consider a liquid jet of diameter ‘d’ and length ‘L’ as 
shown in Fig. 1.12. 
Let p = Pressure intensity inside the liquid jet above the outside pressure 


© = Surface tension of the liquid. À > 
Consider the equilibrium of the semi jet, we have * 
Force due to pressure = p X area of semi jet 2 
=pxLxd L o 2 
Force due to surface tension = 6 x 2L. a 
Equating the forces, we have = 
pxLxd=ox2L ' $ 

P 

p= mer (1.16) a i 


Fig. 1.12 Forces on liquid jet. 
Problem 1.25 The surface tension of water in contact with air at 20°C is 0.0725 N/m. The pressure 
inside a droplet of water is to be 0.02 N/cm? greater than the outside pressure. Calculate the diameter 
of the droplet of water. 
Solution. Given : 
Surface tension, 6 = 0.0725 N/m 
Pressure intensity, p in excess of outside pressure is 


N 


2 





p = 0.02 N/cm? = 0.02 x 10* 


Let d = dia. of the droplet 


iE 


Properties of Fluids 25 


4 x 0.0725 
d 


= .00145 m = .00145 x 1000 = 1.45 mm. Ans. 


Using equation (1.14), we getp = “8 or 0.02 x 10* = 


_ 4x0.0725 
~ 0.02 x (10)" 
Problem 1.26 Find the surface tension in a soap bubble of 40 mm diameter when the inside 
pressure is 2.5 N/m? above atmospheric pressure. 
Solution. Given : 
Dia. of bubble, d= 40 mm = 40 x 10° m 
Pressure in excess of outside,p = 2.5 N/m? 
For a soap bubble, using equation (1.15), we get 


80 &xo 
p=Á— or 2.5= Sonia 
d 40x10 
-3 
o= aa N/m = 0.0125 N/m. Ans. 


Problem 1.27 The pressure outside the droplet of water of diameter 0.04 mm is 10,32 N/cm? (at- 
mospheric pressure). Calculate the pressure within the droplet if surface tension is given as 
0.0725 N/m of water. 


Solution. Given: 





Dia. of droplet, d= 0.04 mm = .04 x 10° m 
Pressure outside the droplet = 10.32 N/em? = 10.32 x 10° N/m? 
Surface tension, 6 = 0.0725 N/m 
The pressure inside the droplet, in excess of outside pressure is given by equation (1.14) 
Ps jim AS SOO 2 2959 wit ZOOM serosa? 
d 04x10° 10° cm? 


<. Pressure inside the droplet = p + Pressure outside the droplet 
= 0.725 + 10.32 = 11.045 N/cm’. Ans. 
1.6.4 Capillarity. Capillarity is defined as a phenomenon of rise or fall of a liquid surface in a 
small tube relative to the adjacent general level of liquid when the tube is held vertically in the liquid. 
The rise of liquid surface is known as capillary rise while the fall of the liquid surface is known as 


capillary depression. It is expressed in terms of cm or mm of liquid. Its Gy ow 
value depends upon the specific weight of the liquid, diameter of the € 
tube and surface tension of the liquid. Er 


Expression for Capillary Rise. Consider a glass tube of small 
diameter ‘d’ opened at both ends and is inserted in a liquid, say water. 
The liquid will rise in the tube above the level of the liquid. 

Let h = height of the liquid in the tube. Under a state of equilibrium, 
the weight of liquid of height /: is balanced by the force at the surface of 
the liquid in the tube. But the force at the surface of the liquid in the 
tube is due to surface tension. Fig. 1.13 Capillary rise. 

Let © = Surface tension of liquid 

8 = Angle of contact between liquid and glass tube. 
The weight of liquid of height / in the tube = (Area of tube x ht) X p X g 





| 


axhxpxg ALID 


eja 


where p = Density of liquid 
Vertical component of the surface tensile force 
= (6 X Circumference) x cos 8 
=oxndxcos@ (1.18) 
For equilibrium, equating (1.17) and (1.18), we get 


4d xhxpxg=oxndx cos 0 


_ oxndxcos® 4o0cos0 


or h = 
pxgxd 


= .(1.19) 
Td’ xpx 
a7 XPX8 


The value of O between water and clean glass tube is approximately equal to zero and hence cos 9 is 
equal to unity. Then rise of water is given by 
E 40 

pxgxd 
Expression for Capillary Fall. If the glass tube is dipped in mercury, the level of mercury in the tube 
will be lower than the general level of the outside liquid as shown in Fig. 1.14. 

Let h = Height of depression in tube. 

Then in equilibrium, two forces are acting on the mercury inside the tube. First one is due to surface 
tension acting in the downward direction and is equal to © x md x cos 8. 

Second force is due to hydrostatic force acting upward and is equal to intensity of pressure at a 
depth ‘i’ x Area 


h .- (1.20) 


=px 2 @=pexhx = @( p=pgh) 


> 


Equating the two, we get 


ox ndx cos 0 = pgh x 7 & 
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h= seeng 1.21) 
Be $ MERCURY 
Value of 8 for mercury and glass tube is 128°. Fig. 1.14 


Problem 1.28 Calculate the capillary rise in a glass tube of 2.5 mm diameter when immersed 
vertically in (a) water and (b) mercury. Take surface tensions 0 = 0.0725 N/m for water and o= 0.52 N/m 
for mercury in contact with air. The specific gravity for mercury is given as 13.6 and angle of contact 
= 130°. 


Solution. Given: 


Dia. of tube, d=2.5 mm = 2.5 x 10° m 
Surface tension, © for water = 0.0725 N/m 

© for mercury = 0.52 N/m 

Sp. gr. of mercury =136 


Properties of Fluids 27 


Density = 13.6 x 1000 kg/m*. 
(a) Capillary rise for water (6 = 0°) 
4o 4 x 0.0725 
pxgxd 1000x981x25x10° 
= .0118 m = 1.18 cm. Ans. 


Using equation (1.20), we get h = 


(b) For mercury 

Angle of contact between mercury and glass tube, 6 = 130° 

40 cosð _ 4 x 0.52 x cos 130° 
pxgxd 13.6 x1000 x9.81x2.5 x10 


= —.004 m = — 0.4 cm. Ans. 
The negative sign indicates the capillary depression. 


Using equation (1.21), we get h = 


Problem 1.29 Calculate the capillary effect in millimetres in a glass tube of 4 mm diameter, when 
immersed in (i) water, and (ii) mercury. The temperature of the liquid is 20°C and the values of the 
surface tension of water and mercury at 20°C in contact with air are 0.073575 N/m and 0.51 N/m 
respectively. The angle of contact for water is zero and that for mercury is 130°. Take density of water 
at 20°C as equal to 998 kg/m". 


Solution. Given: 


Dia. of tube, d=4mm=4x10%m 
The capillary effect (i.e., capillary rise or depression) is given by equation (1.20) as 
5 46 cos 
pxgxd 


where 6 = surface tension in N/m 
6 = angle of contact, and p = density 
(i) Capillary effect for water 
6 = 0.073575 N/m, 6 = 0° 
p = 998 kg/m? at 20°C 
he 4 x 0.073575 x cos 0° 
998 x 9.81 x4 x 107° 
(ii) Capillary effect for mercury 
o = 0.51 N/m, 6 = 130° and 
p = sp. gr. x 1000 = 13.6 x 1000 = 13600 kg/m? 


4 x 0.51 x cos 130° 


1z ———— 
13600 x 9.814 x 10% 
The negative sign indicates the capillary depression. 


= 7.51 x 10° m= 7.51 mm. Ans. 


= — 2.46 x 10° m = — 2.46 mm. Ans. 


Problem 1.30 The capillary rise in the glass tube is not to exceed 0.2 mm of water. Determine its 
minimum size, given that surface tension for water in contact with air = 0.0725 N/m. 

Solution. Given : 

Capillary rise, h = 0.2 mm = 0.2 x 10° m 

Surface tension, 6 = 0.0725 N/m 


Let dia. of tube =d 
The angle 6 for water =0" 
Density (p) for water = 1000 kg/m? 
Using equation (1.20), we get 
=o eee 
pxgxd 1000 x 9.81 x d 
4 x 0.0725 


= Tooxoaixanie? 7 S m=148 om: Ams: 


Thus minimum diameter of the tube should be 14.8 cm. 


Problem 1.31 Find out the minimum size of glass tube that can be used to measure water level if 
the capillary rise in the tube is to be restricted to 2 mm. Consider surface tension of water in contact 
with air as 0.073575 N/m. 


Solution. Given : 


Capillary rise, h = 2.0 mm = 2.0 x 10° m 
Surface tension, 6 = 0.073575 N/m 

Let dia. of tube =d 

The angle 0 for water =O 


The density for water, p = 1000 kg/m* 
Using equation (1.20), we get 


h= _ 40 or 2.0 x 1073 = _4 0.073575 _ 
pxgxd 1000 x 981 xd 
d= SKUI = 0.015 m = 1.5 cm. Ans. 


1000 x 9.81x 2 x 10° 
Thus minimum diameter of the tube should be 1.5 cm. 


Problem 1.32 An oil of viscosity 5 poise is used for lubrication between a shaft and sleeve. The 
diameter of the shaft is 0.5 m and it rotates at 200 r.p.m. Calculate the power lost in oil for a sleeve 
length of 100 mm. The thickness of oil film is 1.0 mm. 


Solution. Given : 
Viscosity, u = 5 poise 


a. = 0.5 N s/m? 
10 





Dia. of shaft, D= 0.5m 
Speed of shaft, N = 200 r.p.m. 
Sleeve length, L = 100 mm = 100 x 10° m = 0.1 m 
Thickness of oil film, t=1.0 mm= 1x 10°m 
Tangential velocity of shaft, u = an = EKOSAN = 5.235 m/s 
du 
Using the relation, t=u— 
g u wy 


where, du = Change of velocity = « — 0 = u = 5.235 m/s 
dy = Change of distance = f = 1 x 10° m 
05x 5.235 
E 
1x107 
This is the shear stress on the shaft 
.. Shear force on the shaft, F = Shear stress xX Area = 2617.5x7nDXL (% Area= nD X L) 
= 2617.5 x n x 0.5 x 0.1 = 410.95 N 


= 2617.5 N/m? 





Torque on the shaft, T = Forcė x 2 = 410.95 x “2 = 102.74 Nm 
Power* lost = T x œ Watts = T x zn WwW 
= 102.74 x ae = 2150 W = 2.15 kW. Ans. 


> 1.7 VAPOUR PRESSURE AND CAVITATION 


A change from the liquid state to the gaseous state is known as vaporization. The vaporization 
(which depends upon the prevailing pressure and temperature condition) occurs because of continuous 
escaping of the molecules through the free liquid surface. 

Consider a liquid (say water) which is confined in a closed vessel. Let the temperature of liquid is 
20°C and pressure is atmospheric. This liquid will vaporise at 100°C. When vaporization takes place, 
the molecules escapes from the free surface of the liquid. These vapour molecules get accumulated in 
the space between the free liquid surface and top of the vessel. These accumulated vapours exert a 
pressure on the liquid surface. This pressure is known as vapour pressure of the liquid or this is the 
pressure at which the liquid is converted into vapours. 

Again consider the same liquid at 20°C at atmospheric pressure in the closed vessel. If the pressure 
above the liquid surface is reduced by some means, the boiling temperature will also reduce. If the 
pressure is reduced to such an extent that it becomes equal to or less than the vapour pressure, the 
boiling of the liquid will start, though the temperature of the liquid is 20°C. Thus a liquid may boil 
even at ordinary temperature, if the pressure above the liquid surface is reduced so as to be equal or 
less than the vapour pressure of the liquid at that temperature. 

Now consider a flowing liquid in a system. If the pressure at any point in this flowing liquid becomes 
equal to or less than the vapour pressure, the vaporization of the liquid starts. The bubbles of these 
vapours are carried by the flowing liquid into the region of high pressure where they collapse, giving 
rise to high impact pressure. The pressure developed by the collapsing bubbles is so high that the 
material from the adjoining boundaries gets eroded and cavities are formed on them. This phenomenon 
is known as cavitation. 

Hence the cavitation is the phenomenon of formation of vapour bubbles of a flowing liquid in a 
region where the pressure of the liquid falls below the vapour pressure and sudden collapsing of these 
vapour bubbles in a region of higher pressure. When the vapour bubbles collapse, a very high pressure 
is created. The metallic surfaces, above which the liquid is flowing, is subjected to these high pressures, 
which cause pitting action on the surface. Thus cavities are formed on the metallic surface and hence 
the name is cavitation. 


2nNT 








2 2nN 
* Power in case of S.I. Unit = T X @ or Watts or kW. The angular velocity @ = a 


+ 
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HIGHLIGHTS 


1. The weight density or specific weight of a fluid is equal to weight per unit volume. It is also equal to, 
w=pXg. 
2. Specific volume is the reciprocal of mass density. 
3. The shear stress is proportional to the velocity gradient a Mathematically, t = u . 
y 


4. Kinematic viscosity V is given by V = Pp ; 
P 
5. Poise and stokes are the units of viscosity and kinematic viscosity respectively. 
6. To convert the unit of viscosity from poise to MKS units, poise should be divided by 98.1 and to convert 
poise into SI units, the poise should be divided by 10. SI unit of viscosity is Ns/m? or Pa s, where N/m? 
= Pa = Pascal. 


7. For a perfect gas, the equation of state is > = RT 


kgf-m 


where R = gas constant and for air = 29.3 
kg°K 


= 287 J/kg °K. 


8. For isothermal process, £. = Constant whereas for adiabatic process, £ = constant. 
pP p 


. Bulk modulus of elasticity is given as K = ap 


(S) 


10. Compressibility is the reciprocal of bulk modulus of elasticity or = A 


S 


11. Surface tension is expressed in N/m or dyne/cm. The relation between surface tension (6) and difference 


of pressure (p) between the inside and outside of a liquid drop is given as p = 1 


For a soap bubble, p= i : 


For a liquid jet, p= = ; 
406 cos 
wd ` 
The value of 8 for water is taken equal to zero and for mercury equal to 128°, 


12. Capillary rise or fall of a liquid is given by = 


EXERCISE 


(A) THEORETICAL PROBLEMS 


1. Define the following fluid properties : 
Density, weight density, specific volume and specific gravity of a fluid. 
2. Differentiate between : (i) Liquids and gases, (ii) Real fluids and ideal fluids, (fii) Specific weight and 
specific volume of a fluid. 
3. What is the difference between dynamic viscosity and kinematic viscosity ? State their units of 
measurements, 


9. 


il. 
12. 


13. 
14. 
15. 


16. 


17. 


4. 


5. 


6. 





Explain the terms : (/) Dynamic viscosity, and (ii) Kinematic viscosity. Give their dimensions. 

State the Newton's law of viscosity and give examples of its application. 

Enunciate Newton's law of viscosity. Explain the importance of viscosity in fluid motion. What is the 
effect of temperature on viscosity of water and that of air? 

Define Newtonian and Non-Newtonian fluids. 

What do you understand by terms : (i) Isothermal process, (ii) Adiabatic process, and (iii) Universal-gas 
constant. 

Define compressibility. Prove that compressibility for a perfect gas undergoing isothermal compression is 


1 r ‘ ee $ oO 
— while for a perfect gas undergoing isentropic compression is —. 
p wp 
Define surface tension. Prove that the relationship between surface tension and pressure inside a droplet of 
46 


liquid in excess of outside pressure is given by p = Ek 


Explain the phenomenon of capillarity. Obtain an expression for capillary rise of a liquid. 
(a) Distinguish between ideal fluids and real fluids. Explain the importance of compressibility in fluid 


flow. 
(b) Define the terms : density, specific volume, specific gravity, vacuum pressure, compressible and 
incompressible fluids. (R.G.P. Vishwavidyalaya, Bhopal S 2002) 


Define and explain Newton's law of viscosity. 
Convert | kg/s-m dynamic viscosity in poise. 
Why does the viscosity of a gas increases with the increase in temperature while that of a liquid decreases 
with increase in temperature ? 
(a) How does viscosity of a fluid vary with temperature ? 
(b) Cite examples where surface tension effects play a prominent role. (J.N.7.U., Hyderabad S 2002) 
(i) Develop the expression for the relation between gauge pressure P inside a droplet of liquid and the 
surface tension. 
(it) Explain the following : 
Newtonian and Non-Newtonian fluids, vapour pressure, and compressibility. 
(R.G.P.V., Bhopal S 2001) 


(B) NUMERICAL PROBLEMS 


One litre of crude oil weighs 9.6 N. Calculate its specific weight, density and specific gravity. 
[Ans. 9600 N/m*, 978.6 kg/m’, 0.978] 


The velocity distribution for flow over a flat plate is given by u = > y- y?, where wu is the point 


velocity in metre per second at a distance y metre above the plate. Determine the shear stress at y = 9 cm. 
Assume dynamic viscosity as 8 poise. (Nagpur University) [Ans. 0.839 N/m°?] 
A plate 0.025 mm distant from a fixed plate, moves at 50 cm/s and requires a force of 1.471 N/m? to 
maintain this speed. Determine the fluid viscosity between the plates in the poise. [Ans. 7.357 x 104] 
Determine the intensity of shear of an oil having viscosity = 1.2 poise and is used for lubrication in the 
clearance between a 10 cm diameter shaft and its journal bearing, The clearance is 1.0 mm and shaft 
rotates at 200 r.p.m. [Ans. 125.56 N/m?] 
Two plates are placed at a distance of 0.15 mm apart. The lower plate is fixed while the upper plate having 
surface area 1.0 m’ is pulled at 0.3 m/s. Find the force and power required to maintain this speed, if the 
fluid separating them is having viscosity 1.5 poise. [Ans. 300 N, 89.8 W] 
An oil film of thickness 1.5 mm is used for lubrication between a square plate of size 0.9 m x 0.9 m and an 
inclined plane having an angle of inclination 20°. The weight of the square is 392.4 N and it slides down 
the plane with a uniform velocity of 0.2 m/s. Find the dynamic viscosity of the oil. [Ans. 12.42 poise] 


7. 


12. 


13. 


14. 


15. 


17. 


19. 


20. 


21. 


22. 


23. 





In a stream of glycerine in motion, at a certain point the velocity gradient is 0.25 metre per sec per metre. 
The mass density of fluid is 1268.4 kg per cubic metre and kinematic viscosity is 6.30 x 10 4 square metre 
per second. Calculate the shear stress at the point. [Ans. 0.2 NAn?] 
Find the kinematic viscosity of an oil having density 980 kg/m? when at a certain point in the oil, the shear 


2 
stress is 0.25 N/m? and velocity gradient is 0.3/s. Ans. 0.000849 ™— or 849 stokes 
sec 


. Determine the specific gravity of a fluid having viscosity 0.07 poise and kinematic viscosity 0.042 stokes. 


[Ans. 1.667] 

Determine the viscosity of a liquid having kinematic viscosity 6 stokes and specific gravity 2.0, 
[Ans. 11.99 poise] 
If the velocity distribution of a fluid over a plate is given by u = (3/4) y-y’, where uw is the velocity in metre 
per second at a distance of y metres above the plate, determine the shear stress at y = 0.15 metre. Take 
dynamic viscosity of the fluid as 8.5 x 10° kg-sec/m’. [Ans. 3.825 x 10° kef/m?] 
An oil of viscosity 5 poise is used for lubrication between a shaft and sleeve. The diameter of shaft is 
0.5 m and it rotates at 200 r.p.m. Calculate the power lost in the oil for a sleeve length of 100 mm. The 
thickness of the oil film is 1.0 mm. [Ans. 2.15 kW] 


2 
The velocity distribution over a plate is given by u = 3 y- y? in which u is the velocity in m/sec at a 


distance of y m above the plate. Determine the shear stress at y = 0, 0.1 and 0.2 m. Take u = 6 poise. 
[Ans. 0.4, 0.028 and 0.159 N/m?] 
In question 13, find the distance in metres above the plate, at which the shear stress is zero. 
[Ans. 0.333 m] 
The velocity profile of a viscous fluid over a plate is parabolic with vertex 20 cm from the plate, where the 
velocity is 120 cm/s. Calculate the velocity gradient and shear stress at distances of 0, 5 and 15 cm from the 
plate, given the viscosity of the fluid = 6 poise. [Ans. 12/s, 7.18 N/m/; 9/s, 5.385 N/m? ; 3/s, 1.795 N/m?] 
The weight of a gas is given as 17.658 N/m? at 30°C and at an absolute pressure of 29.43 N/cm?. Deter- 


PER kg 539.55 =| 
m kg°K 
A cylinder of 0.9 m° in volume contains air at 0°C and 39.24 N/cm? absolute pressure. The air is 
compressed to 0.45 m°. Find (i) the pressure inside the cylinder assuming isothermal process, 
(ii) pressure and temperature assuming adiabatic process. Take k = 1.4 for air. 
[Ans. (i) 78.48 N/cm?, (ii) 103.5 N/m?, 140°C] 
Calculate the pressure exerted by 4 kg mass of nitrogen gas at a temperature of 15°C if the volume is 0.35 m°. 


mine the gas constant and also the density of the gas. 


Molecular weight of nitrogen is 28. [Ans. 97.8 N/cm?] 
The pressure of a liquid is increased from 60 N/cm? to 100 N/em? and volume decreases by 0.2 per cent. 
Determine the bulk modulus of elasticity. [Ans. 2 x 10* N/cm?] 


Determine the bulk modulus of elasticity of a fluid which is compressed in a cylinder from a volume of 
0.009 m°? at 70 N/cm? pressure to a volume of 0.0085 m°? at 270 N/cm? pressure. [Ans. 3.6 x 10° Nicm?] 
The surface tension of water in contact with air at 20°C is given as 0.0716 N/m. The pressure inside a 
droplet of water is to be 0.0147 N/cm? greater than the outside pressure, calculate the diameter of the 


droplet of water. {Ans. 1.94 mm] 
Find the surface tension in a soap bubble of 30 mm diameter when the inside pressure is 1.962 N/m? above 
atmosphere. [Ans. 0.00735 N/m] 


The surface tension of water in contact with air is given as 0.0725 N/m. The pressure outside the droplet of 





N 
water of diameter 0,02 mm is atmospheric (1032 z) . Calculate the pressure within the droplet of 
cm" 


water. [Ans. 11.77 N/cm’} 
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28. 
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Calculate the capillary rise in a glass tube of 3.0 mm diameter when immersed vertically in (a) water, and 
(b) mercury. Take surface tensions for mercury and water as 0.0725 N/m and 0.52 N/m respectively in 


contact with air. Specific gravity for mercury is given as 13.6. [Ans. 0.966 cm, 0.3275 cm] 
The capillary rise in the glass tube used for measuring water level is not to exceed 0.5 mm. Determine its 
minimum size, given that surface tension for water in contact with air = 0.07112 N/m. [Ans. 5.8 cm] 


(SI Units). One litre of crude oil weighs 9.6 N. Calculate its specific weight, density and specific gravity. 
[Ans. 9600 N/m*; 979.6 kg/m* ; 0.9786] 
(SI Units). A piston 796 mm diameter and 200 mm long works in a cylinder of 800 mm diameter. If the 
annular space is filled with a lubricating oil of viscosity 5 cp (centi-poise), calculate the speed of descent 
of the piston in vertical position, The weight of the piston and axial load are 9.81 N. [Ans. 7.84 m/s] 
(SI Units). Find the capillary rise of water in a tube 0.03 cm diameter. The surface tension of water is 
0.0735 N/m. [Ans. 9.99 cm] 
Calculate the specific weight, density and specific gravity of two litres of a liquid which weight 15 N. 
[Ans. 7500 N/m’, 764.5 kg/m*, 0.764] 
A 150 mm diameter vertical cylinder rotates concentrically inside another cylinder of diameter 151 mm. 
Both the cylinders are of 250 mm height. The space between the cylinders is filled with a liquid of viscos- 
ity 10 poise. Determine the torque required to rotate the inner cylinder at 100 r.p.m. [Ans. 13.87 Nm] 


. Ashaft of diameter 120 mm is rotating inside a journal bearing of diameter 122 mm at a speed of 360 r.p.m. 


The space between the shaft and the bearing is filled with a lubricating oil of viscosity 6 poise. Find the 
power absorbed in oil if the length of bearing is 100 mm. [Ans. 115.73 W] 
A shaft of diameter 100 mm is rotating inside a journal bearing of diameter 102 mm at a space of 360 
r.p.m. The space between the shaft and bearing is filled with a lubricating oil of viscosity 5 poise. The 
length of the bearing is 200 mm. Find the power absorbed in the lubricating oil. [Ans. 111.58 W] 


. Assuming that the bulk modulus of elasticity of water is 2.07 x 10° kN/m? at standard atmospheric 


conditions, determine the increase of pressure necessary to produce 1% reduction in volume at the same 


temperature, 

z =A l 
Hint. K = 2.07 x 10° kN/m? ; —— = — =0.01. 
Vv 100 





Increase in pressure (dp) = K x ( *) = 2.07 x 10° x 0.01 = 2.07 x 10* kn 


A square plate of size | m x 1 m and weighing 350 N slides down an inclined plane with a uniform velocity 
of 1.5 m/s. The inclined plane is laid on a slope of 5 vertical to 12 horizontal and has an oil film of 1 mm 
thickness, Calculate the dynamic viscosity of oil. [J.N.T.U., Hyderabad, S 2002] 
[Hinks (Am 1X1 = int, Wee 350, me 1:5 mis; tan Os oe 
12 AB 


Component of weight along the plane = W x sin 0 


Hii s AC = JAB? + BC? 
where sin 0 = — = — zy 
AC 13 =412 +5 =13 


F = W sin 0 = 350 x > 134.615 











Now t= pS, where d= u—0= w= 1.5 m/s and dy = 1 mm = 1 x 10 îm 
7 3 

or Pag, cal pe EO on Serer en 
A dy A du l L5 m 


m 
Ed 
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PRESSURE AND ITS D 
MEASUREMENT 


> 2.1 FLUID PRESSURE AT A POINT 


Consider a small area dA in large mass of fluid. If the fluid is stationary, then the force exerted by 
the surrounding fluid on the area dA will always be perpendicular to the surface dA. Let dF is the force 
acting on the area dA in the normal direction. Then the ratio of on is known as the intensity of 
pressure or simply pressure and this ratio is represented by p. Hence mathematically the pressure al a 
point in a fluid at rest is 

_ dF 
rk 

If the force (F) is uniformly distributed over the area (A), then pressure at any point is given by 
— F _ Force 

A Area“ 
Force or pressure force, F = p x A. 





The units of pressure are : (1) kef/m" and kgf/cm 7 in MKS units, (ii) Newton/m * or N/m 7 and 
N/mm? in SI units. N/m? is known as Pascal and is represented by Pa. Other commonly used units of 
pressure are : 


kPa = kilo pascal = 1000 N/m’ 
bar = 100 kPa = 10° N/m?. 


> 2.2 PASCAL'S LAW 

It states that the pressure or intensity of pressure at a point 
in a static fluid is equal in all directions. This is proved as : 

The fluid element is of very small dimensions /.e., dx, dy 
and els. 

Consider an arbitrary fluid element of wedge shape in a 
fluid mass at rest as shown in Fig. 2.1. Let the width of the 
element perpendicular to the plane of paper is unity and p,, Fig. 2.1. Forces on a fluid element. 
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p, and p, are the pressures or intensity of pressure acting on the face AB, AC and BC respectively. Let 
ZABC = 8. Then the forces acting on the element are : 


|. Pressure forces normal to the surfaces, and 

2. Weight of element in the vertical direction. 

The forces on the faces are : 

Force on the face AB = p, X Area of face AB 
=p,xdyX1 

Similarly force on the face AC = p, x dx x | 

Force on the face BC =p,xdsx 1 

Weight of element = (Mass of element) x g 

AB x AC % 


1 XOXE 
SETET 


= (Volume x p) X g -( 


where p = density of fluid. 
Resolving the forces in x-direction, we have 
p, x dy X 1 = p (ds x 1) sin (90° - 0) =0 
or p,xdyxX1—p,dsx1cos® =0. 
But from Fig. 2.1, ds cos 8 = AB= dy 
aN p,xdyx1l—p,xdyx1 =0 
or Py =P «(2,1) 
Similarly, resolving the forces in y-direction, we get 





xlxpxg=0 


Py X dx X l - p, X ds X 1 cos (90° — 0) — we 


or p, x dx ~ pds sin 9-52 xp xg =0. 


But ds sin O = dx and also the element is very small and hence weight is negligible. 
3 pdx- p, X dx= 0 


or Py =P; wha) 
From equations (2.1) and (2.2), we have 
Py = Py = Pz AED 


The above equation shows that the pressure at any point in x, y and z directions is equal. 
Since the choice of fluid element was completely arbitrary, which means the pressure at any point is 
the same in all directions. 


> 2.3 PRESSURE VARIATION IN A FLUID AT REST 


The pressure at any point in a fluid at rest is obtained by the Hydro- 
static Law which states that the rate of increase of pressure in a verti- 
cally downward direction must be equal to the specific weight of the 
fluid at that point. This is proved as : 

Consider a small fluid element as shown in Fig. 2.2 


Let AA= Cross-sectional area of element 
AZ = Height of fluid element 
p = Pressure on face AB 
Z = Distance of fluid element from free surface. 
The forces acting on the fluid element are : 


FREE SURFACE OF FLUID 





Fig. 2.2 Forces on a fluid element. 
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1. Pressure force on AB = p x AA and acting perpendicular to face AB in the downward direction. 


d 
2. Pressure force on CD -(p+ 5782 x AA, acting perpendicular to face CD, vertically upward 


direction. 

3. Weight of fluid element = Density X g X Volume = p X g X (AA x AZ). 

4. Pressure forces on surfaces BC and AD are equal and opposite. For equilibrium of fluid 
element, we have 


pas - (p+ Zaz) m+ pxgxia xaz =0 


ðZ 
op 
or PAR fit SG ROR a Ene ee 
op 
or — ——AZAA +p xX g x AAAZ = 0 
ðZ 
op op i ; ‘ 
or aon p x g X AAAZ or 57 = p X g [cancelling AAAZ on both sides] 


2 =pXg=w (“ pxg=w) (2.4) 


where w = Weight density of fluid. 

Equation (2.4) states that rate of increase of pressure in a vertical direction is equal to weight 
density of the fluid at that point. This is Hydrostatic Law. 

By integrating the above equation (2.4) for liquids, we get 


J dp = |pgdz 
or P=PeZ ashe) 


where p is the pressure above atmospheric pressure and Z is the height of the point from free 
surfaces. 





From equation (2.5), we have Z= £ ..(2.6) 
PXs 
Here Z is called pressure head. 
Problem 2.1 A hydraulic press has a ram of 30 cm diameter and a plunger of 4.5 cm diameter. Find 
the weight lifted by the hydraulic press when the force applied at the plunger is 500 N. 
Solution. Given : 


Dia. of ram, D = 30 cm = 0.3 m 

Dia. of plunger, d= 4.5 cm = 0.045 m 

Force on plunger, F = 500 N 

Find weight lifted =W 

Area of ram, A= ; D = 7 (0.3)? = 0.07068 m? 
T T 3 a 

Area of plunger, i d= = (0.045)? = .00159 m? 
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Pressure intensity due to plunger 
_ Force on plunger _ F _ _500 


= N/m?. 
Area of plunger a .O0159 





Due to Pascal’s law, the intensity of pressure will be 
equally transmitted in all directions. Hence the pressure 
intensity at the ram 





_ 500 
-00159 
Weight W W N/m? 


But pressure intensity at ram = = — = 
Areaofram A .07068 


= 314465.4 N/m? 








W =- 
.07068 
Weight = 314465.4 x.07068 = 22222 N = 22.222 kN. Ans. 
Problem 2.2 A hydraulic press has a ram of 20 cm diameter and a plunger of 3 cm diameter. It is 
used for lifting a weight of 30 kN. Find the force required at the plunger. 


Solution. Given : 


314465.4 


Dia. of ram, D = 20 cm = 0.2 m 

Area of ram, A= i D= TO = 0.0314 m? 
Dia. of plunger d = 3 cm = 0.03 m 

Area of plunger, a= T03)? = 7.068 x 10-4 m? 
Weight lifted, W = 30 KN = 30 x 1000 N = 30000 N. 
See Fig. 2.3. 


Pressure intensity developed due to plunger = ne = £ 
re 


a 
By Pascal’s Law, this pressure is transmitted equally in all directions 





; F 
Hence pressure transmitted at the ram = — 
a 


Force acting on ram = Pressure intensity x Area of ram 
F F x .0314 
xA= 


a——- 7.068 x 10+ 
But force acting on ram = Weight lifted = 30000 N 
30000 = Fx oe 
7.068 x 10 
4 
Fx TIO" a sAN Aii 
.0314 


Problem 2.3 Calculate the pressure due to a column of 0.3 of (a) water, (b) an oil of sp. gr. 0.8, and 
(c) mercury of sp. gr. 13.6. Take density of water, p = 1000 kg/m’. 
Solution. Given : 


Height of liquid column, Z=0.3 m. 
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The pressure at any point in a liquid is given by equation (2.5) as 





p = P8Z 
(a) For water, p = 1000 kg/m? 
. p = pgZ = 1000 x 9.81 x 0.3 = 2943 N/m? 
= ay Ni/cm? = 0.2943 N/em’. Ans. 


(b) For oil of sp. gr. 0.8, 
From equation (1.1A), we know that the density of a fluid is equal to specific gravity of fluid 
multiplied by density of water. 


Density of oil, Py = Sp. gr. of oil x Density of water (Py = Density of oil) 
= 0.8 x p = 0.8 x 1000 = 800 kg/m* 
Now pressure, P=PyXBxZ 
N 2354.4 N 











= 800 x 9.81 x 0.3 = 2354.4 7. 


m? 10° cm 
N 
= 0.2354 n ae Ans. 
cm 
(c) For mercury, sp. gr. = 13.6 


From equation (1.1A) we know that the density of a fluid is equal to specific gravity of fluid 
multiplied by density of water 








<. Density of mercury, pP, = Specific gravity of mercury x Density of water 
= 13.6 x 1000 = 13600 kg/m? 
P=p,xgxZ 
= 13600 x 9.81 x 0.3 = 40025 8. 
m 
= a. = 4.002 N . Ans. 
10 cm“ 


Problem 2.4 The pressure intensity at a point in a fluid is given 3.924 N/cm’. Find the correspond- 
ing height of fluid when the fluid is : (a) water, and (b) oil of sp. gr. 0.9. 
Solution. Given : 








Pressure intensity, p= 3.924 SS = 3.924 x 10° a i 
cm” m^ 
The corresponding height, Z, of the fluid is given by equation (2.6) as 
 —— 
PX 
(a) For water, p = 1000 kg/m? 


_ p _ 3.924x10* 
~ pxg 1000x981 

(b) For oil, sp. gr. = (0.9 
<. Density of oil Py = 0.9 x 1000 = 900 kg/m* 
p _ 3924x10* 
Poxg 900x981 


= 4m of water. Ans. 








Z= = 4.44 m of oil. Ans. 
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Problem 2.5 An oil of sp. gr. 0.9 is contained in a vessel. At a point the height of oil is 40 m. Find 
the corresponding height of water at the point. 
Solution. Given : 





Sp. gr. of oil, Sp = 0.9 
Height of oil, Zy = 40m 
Density of oil, Py = Sp. gr. of oil x Density of water = 0.9 x 1000 = 900 kg/m? 
Intensity of pressure, P = Po X 8 X Zo = 900 x 9.81 x 40 = 
m? 
Corresponding height of water = ci 
Density of water x g 
= PRESETS. = 0.9 x 40 = 36 m of water. Ans. 
1000 x 9.81 


Problem 2.6 An open tank contains water upto a depth of 2m and above it an oil of sp. gr. 0.9 for 
a depth of 1 m. Find the pressure intensity (i) at the interface of the two liquids, and (ii) at the bottom 
of the tank. 

Solution. Given : 


Height of water, Z,;=2m 

Height of oil, Z,=1m 

Sp. gr. of oil, Sg = 0.9 

Density of water, p, = 1000 kg/m? 

Density of oil, P> = Sp. gr. of oil x Density of water 


= 0.9 x 1000 = 900 kg/m* 
Pressure intensity at any point is given by 











Pp =pPxgxZ. 
(i) At interface, i.e., at A 
P=P2Xgx1.0 
= 900 x 9.81 x 1.0 
= gg29 N = ne = 0.8829 N/em?. Ans. 
m“ 10 


(ii) At the bottom, i.e., at B 
P = P2 X 8Z3 + P, X g X Z = 900 x 9.81 x 1.0 + 1000 x 9.81 x 2.0 





= 8829 + 19620 = 28449 N/m? = 28449 Nicm?= 2.8449 N/cm?. Ans. 


10° 

Problem 2.7 The diameters of a small piston and a large piston of a hydraulic jack are 3 cm and 
10 cm respectively. A force of 80 N is applied on the small piston. Find the load lifted by the large 
piston when : 

(a) the pistons are at the same level. 

(b) small piston is 40 cm above the large piston. 

The density of the liquid in the jack is given as 1000 kg/m’. 

Solution. Given : 


Dia. of small piston, d=3cm 


Area of small piston, a= s d= 5 x (3)? = 7.068 cm? 
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Dia. of large piston, D= 10cm 

Area of larger piston, A$ n x (10) = 78.54 cm? 
Force on small piston, F=80N 
Let the load lifted =s W. 


(a) When the pistons are at the same level 
Pressure intensity on small piston 
E Muni 
a 7.068 
This is transmitted equally on the large piston. 
Pressure intensity on the large piston 





80 
7.068 
Force on the large piston = Pressure x Area 
80 


n x 78.54 N = 888.96 N. Ans. 
7.068 


(b) When the small piston is 40 cm above the large piston 
Pressure intensity on the small piston 





Pressure intensity at section A-A 
F 
= — + Pressure intensity due to height of 40 cm of liquid. 
a 


But pressure intensity due to 40 cm of liquid 
=p Xg Xx h= 1000 x 9.81 x 0.4 N/m? 
_ 1000 x 9.81 x.40 
10° 
Pressure intensity at section A-A 
80 


= + 0.3924 
7.068 


= 11.32 + 0.3924 = 11.71 N/cm? 
Pressure intensity transmitted to the large piston = 11.71 N/cm? 
Force on the large piston = Pressure X Area of the large piston 
=11.71 XA = 11.71 X 78.54 ='919.7 N. 


N/cm? = 0.3924 N/cm? 








> 2.4 ABSOLUTE, GAUGE, ATMOSPHERIC AND VACUUM PRESSURES 


The pressure on a fluid is measured in two different systems. In one system, it is measured above 
the absolute zero or complete vacuum and it is called the absolute pressure and in other system, 
pressure is measured above the atmospheric pressure and it is called gauge pressure. Thus : 

1. Absolute pressure is defined as the pressure which is measured with reference to absolute 
vacuum pressure. 

2. Gauge pressure is defined as the pressure which is measured with the help of a pressure mea- 
suring instrument, in which the atmospheric pressure is taken as datum. The atmospheric pressure on 
the scale is marked as zero. 
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3. Vacuum pressure is defined as the pres- 













w 
sure below the atmospheric pressure. w GAUGE PRESSURE 
The relationship between the absolute pressure, 3 Scone 
gauge pressure and vacuum pressure are shownin & 
Fig. 2.7. 
8 ‘ VACUUM PRESSURE 
Mathematically : 
; ABSOLUTE 
(i) Absolute pressure PRESSURE 
= Atmospheric pressure + Gauge pressure 
or Pab = Pam + P gauge ABSOLUTE ZERO PRESSURE 


(ii) Vacuum pressure 

= Atmospheric pressure — Absolute pressure. 

Note. (i) The atmospheric pressure at sea level at 15°C is 101.3 kN/m? or 10.13 N/cm? in SI unit. In case of 
MKS units, it is equal to 1.033 kgf/em’. 

(ii) The atmospheric pressure head is 760 mm of mercury or 10.33 m of water. 
Problem 2.8 What are the gauge pressure and absolute pressure at a point 3 m below the free 
surface of a liquid having a density of 1.53 x 10° kg/m’ if the atmospheric pressure is equivalent to 
750 mm of mercury ? The specific gravity of mercury is 13.6 and density of water = 1000 kg/m’. 


Solution. Given : 


Fig. 2.7 Relationship between pressures. 


Depth of liquid, Z,=3m 
Density of liquid, Pı = 1.53 x 10° kg/m? 
Atmospheric pressure head, Z = 750 mm of Hg 
= JO = 0.75 m of Hg 
Atmospheric pressure, Pam = Po X 8 X Zo 
where pp, = Density of Hg = Sp. gr. of mercury x Density of water = 13.6 x 1000 kg/m? 
and Zo = Pressure head in terms of mercury. 
? Patm = (13-6 x 1000) x 9.81 x 0.75 N/m? C Zo = 0.75) 
= 100062 N/m? 
Pressure at a point, which is at a depth of 3 m from the free surface of the liquid is given by, 
P=P,X8XxZ, f 
= (1.53 x 1000) x 9.81 x 3 = 45028 N/m“ 
Gauge pressure, p = 45028 N/m°. Ans. 
Now absolute pressure = Gauge pressure + Atmospheric pressure 


= 45028 + 100062 = 145090 N/m?. Ans. 
> 2.5 MEASUREMENT OF PRESSURE 


The pressure of a fluid is measured by the following devices : 
1. Manometers 2. Mechanical Gauges. 
2.5.1 Manometers. Manometers are defined as the devices used for measuring the pressure at 
a point in a fluid by balancing the column of fluid by the same or another column of the fluid. They are 
classified as : 
(a) Simple Manometers, (b) Differential Manometers. 
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2.5.2 Mechanical Gauges. Mechanical gauges are defined as the devices used for measuring 
the pressure by balancing the fluid column by the spring or dead weight. The commonly used mechani- 
cal pressure gauges are : 

(a) Diaphragm pressure gauge, (b) Bourdon tube pressure gauge, 

(c) Dead-weight pressure gauge, and (d) Bellows pressure gauge. 


> 2.6 SIMPLE MANOMETERS 


A simple manometer consists of a glass tube having one of its ends connected to a point where 
pressure is to be measured and other end remains open to atmosphere. Common types of simple ma- 
nometers are : 

|. Piezometer, 

2. U-tube Manometer, and 

3. Single Column Manometer. 


2.6.1 Piezometer. Itis the simplest form of manometer used for 
measuring gauge pressures. One end of this manometer is connected to 
the point where pressure is to be measured and other end is open to the 
atmosphere as shown in Fig. 2.8. The rise of liquid gives the pressure 
head at that point. If at a point A, the height of liquid say water is / in 
piezometer tube, then pressure at A 








=pxgxh—. 
m 


Fig. 2.8 Piezometer. 


2.6.2 U-tube Manometer. It consists of glass tube bent in U-shape, one end of which is 
connected to a point at which pressure is to be measured and other end remains open to the 
atmosphere as shown in Fig. 2.9. The tube generally contains mercury or any other liquid whose 
specific gravity is greater than the specific gravity of the liquid whose pressure is to be measured. 





(a) For gauge pressure (b) For vacuum pressure 
Fig. 2.9 U-tube Manometer. 


(a) For Gauge Pressure. Let B is the point at which pressure is to be measured, whose value is p. 
The datum line is A-A. 
Let h, = Height of light liquid above the datum line 
h, = Height of heavy liquid above the datum line 
S, = Sp. gr. of light liquid 
p; = Density of light liquid = 1000 x S, 
S, = Sp. gr. of heavy liquid 
pP» = Density of heavy liquid = 1000 x S, 
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As the pressure is the same for the horizontal surface. Hence pressure above the horizontal datum 
line A-A in the left column and in the right column of U-tube manometer should be same. 


Pressure above A-A in the left column =pt+p,xgxh, 
Pressure above A-A in the right column =pP,xXgxhy, 
Hence equating the two pressures p + Pgh, = Pagh 
P = (P28ħ - P; X 8 X h). GD 


b) For Vacuum Pressure. For measuring vacuum pressure, the level of the heavy liquid in the 
manometer will be as shown in Fig. 2.9 (b). Then 


Pressure above A-A in the left column = Pogh, + Pgh, + p 
Pressure head in the right column above A-A =0 
Pagh + Pigh +p=0 
P =- (Pagħ + Pigh). (2.8) 


Problem 2.9 The right limb of a simple U-tube manometer containing mercury is open to the 
atmosphere while the left limb is connected to a pipe in which a fluid of sp. gr. 0.9 is flowing. The 
centre of the pipe is 12 cm below the level of mercury in the right limb. Find the pressure of fluid in 
the pipe if the difference of mercury level in the two limbs is 20 cm. 

Solution. Given : 


Sp. gr. of fluid, S,=0.9 
Density of fluid, P, = 5, x 1000 = 0.9 x 1000 = 900 kg/m* F 
Sp. gr. of mercury, S, = 13.6 T 
Density of mercury, P> = 13.6 x 1000 kg/m* 20 cm 
Difference of mercury level, A, = 20 cm = 0.2 m | 
Height of fluid from A-A, h, = 20 — 12 = 8 cm = 0.08 m A 


Let p = Pressure of fluid in pipe 
Equating the pressure above A-A, we get 
P + Pigh = Pagh 
or p + 900 x 9.81 x 0.08 = 13.6 x 1000 x 9.81 x .2 
p = 13.6 x 1000 x 9.81 x .2 — 900 x 9.81 x 0.08 
= 26683 — 706 = 25977 N/m* = 2.597 N/em’. Ans. 

Problem 2.10 A simple U-tube manometer containing mercury is connected to a pipe in which a 
fluid of sp. gr. 0.8 and having vacuum pressure is flowing. The other end of the manometer is open to 
atmosphere. Find the vacuum pressure in pipe, if the difference of mercury level in the two limbs is 


40 cm and the height of fluid in the left from the centre of pipe is 15 cm below. 
Solution. Given : 





Fig. 2.10 







Sp. gr. of fluid, S, = 0.8 
Sp. gr. of mercury, S, = 13.6 
Density of fluid, p, = 800 
Density of mercury, Pp, = 13.6 x 1000 


Difference of mercury level, h, = 40 cm = 0.4 m. Height of liquid in left limb, h, 
= 15 cm = 0.15 m. Let the pressure in pipe = p. Equating pressure above datum 
line A-A, we get Fig. 2.11 


Pagh + Pigh +p=0 


im 
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p =- | Pagh + Pigh] 
= — [13.6 x 1000 x 9.81 x 0.4 + 800 x 9.81 x 0.15] 


= — [53366.4 + 1177.2] = — 54543.6 N/m’ = — 5.454 N/em’. Ans. 
Problem 2.11. A U-Tube manometer is used to measure the pressure of water in a pipe line, which 
is in excess of atmospheric pressure. The right limb of the manometer contains mercury and is open to 
atmosphere. The contact between water and mercury is in the left limb. Determine the pressure of 
water in the main line, if the difference in level of mercury in the limbs of U-tube is 10 cm and the 
free surface of mercury is in level with the centre of the pipe. If the pressure of water in pipe line is 
reduced to 9810 N/m’, calculate the new difference in the level of mercury. Sketch the arrangements 
in both cases. 
Solution. Given : 
Difference of mercury = 10 cm = 0.1 m 
The arrangement is shown in Fig. 2.11 (a) 
Ist Part 
Let p, = (pressure of water in pipe line (i.e., at point A) 
The points B and C lie on the same horizontal line. Hence pressure at B should be equal to pressure 
at C. But pressure at B 
= Pressure at A + Pressure due to 10 cm (or 0.1 m) 
of water 
=pPat+tpxgxh 
where p= 1000 kg/m* and h = 0.1 m 
=p, + 1000 x 9.81 x 0.1 
= p, + 981 N/m? (i) 
Pressure at C = Pressure at D + Pressure due to 10 cm of mercury 
=0+ Po X8 X ho 
where pọ for mercury = 13.6 x 1000 kg/m? 


and hg = 10 cm = 0.1 m 
Pressure at C = 0 + (13.6 x 1000) x 9.81 x 0.1 
= 13341.6 N (ii) 


But pressure at B is equal to pressure at C. Hence equating the equa- 
tions (i) and (ii), we get 





pa + 981 = 13341.6 Fig. 2.11 (a) 
Pa = 13341.6 — 981 
= 12360.6 a . Ans. 
m 


IInd Part 

Given, p, = 9810 N/m? 

Find new difference of mercury level. The arrangement is shown in Fig. 2.11 (4). In this case the 
pressure at A is 9810 N/m? which is less than the 12360.6 N/m?. Hence mercury in left limb will rise. 
The rise of mercury in left limb will be equal to the fall of mercury in right limb as the total volume of 
mercury remains same. 

Let x = Rise of mercury in left limb in cm 

Then fall of mercury in right limb = x cm 

The points B, C and D show the initial conditions whereas points B*, C* and D* show the 
final conditions. 
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The pressure at B* = Pressure at C* 
or Pressure at A + Pressure due to (10 — x) cm of water 
= Pressure at D* + Pressure due to 
(10 — 2x) cm of mercury 
or Pxt+P, XB Xh, =pp* + P2Xg xh, 





or 1910 + 1000 x 9.81 x (2) 





100 
= 0 + (13.6 x 1000) x 9.81 x or 2x) 
Dividing by 9.81, we get 
or 1000 + 100 — 10x = 1360 — 272x 
or 272x — 10x = 1360 — 1100 
or 262x = 260 
y= 260 = 0.992 cm 
262 


New difference of mercury = 10 — 2x cm =10 — 2 x 0.992 
= 8.016 cm. Ans. 





Fig. 2.11 (b) 


Problem 2.12 Fig. 2.12 shows a conical vessel having its outlet at A to which a U-tube manometer 
is connected. The reading of the manometer given in the figure shows when the vessel is empty. Find the 


reading of the manometer when the vessel is completely filled with water. 


Solution. Vessel is empty. Given : 


Difference of mercury level hy = 20 cm 

Let h, = Height of water above X-X 

Sp. gr. of mercury, S, = 13.6 

Sp. gr. of water, S, = 1.0 

Density of mercury, Pp, = 13.6 x 1000 
Density of water, P, = 1000 


Equating the pressure above datum line X-X, we have 
P2Xexh=p,xexh, 
or 13.6 x 1000 x 9.81 x 0.2 = 1000 x 9.81 x h, 
h, = 2.72 m of water. 
Vessel is full of water. When vessel is full of water, the 


Pressure in left limb = Pressure in right limb 


13.6 x 1000 x 9.81 x (0.2 + 2y/100) 
= 1000 x 9.81 x (3 + h, + y/100) 





Fig. 2.12 

pressure in the right limb will increase and mercury level in the right limb will go down. Let the 
distance through which mercury goes down in the right limb be, y cm as shown in Fig. 2.13. The 
mercury will rise in the left by a distance of y cm. Now the datum line is Z-Z. Equating the pressure 
above the datum line Z-Z. 
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or 13.6 x (0.2 + 2y/100) = (3 + 2.72 + y/100) (Ay = 2.72 cm) 

or 2.72 + 27.2y/100 = 3 + 2.72 + y/100 = 
or (27.2y — y)/100 = 3.0 an 
or 26.2y = 3 x 100 = 300 J 4 


y= 2. = 11.45 cm 
= 262 
The difference of mercury level in two limbs t 
= (20 + 2y) cm of mercury 4 
=20+2x11.45=20+22.90 * 
= 42.90 cm of mercury 


Reading of manometer = 42.90 cm. Ans. Fig. 2.13 
Problem 2.13 A pressure gauge consists of two cylindrical bulbs B and C each of 10 sq. cm cross- 
sectional area, which are connected by a U-tube with vertical limbs each of 0.25 sq. cm cross-sectional 
area. À red liquid of specific gravity 0.9 is filled into C and clear water is filled into B, the surface of 
separation being in the limb attached to C. Find the displacement of the surface of separation when the 
pressure on the surface in C is greater than that in B by an amount equal to 1 cm head of water. 

Solution. Given : 
Area of each bulb B and C, A = 10 cm? 


Area of each vertical limb, a = 0.25 cm? 
Sp. gr. of red liquid =0.9 ~. Its density = 900 kg/m? 
Let X-X = Initial separation level 


he = Height of red liquid above X-X 
hy, = Height of water above X-X 


Pressure above X-X in the left limb = 1000 x 9.81 x hy 


Pressure above X-X in the right limb = 900 x 9.81 x he 
Equating the two pressure, we get 
1000 x 9.81 x hp = 900 x 9.81 x Ie 


hy = 0.9 he KAR 


When the pressure head over the surface in C is 
increased by 1 cm of water, let the separation level 
falls by an amount equal to Z. Then Y-Y becomes the 
final separation level. 

Now fall in surface level of C multiplied by cross- 
sectional area of bulb C must be equal to the fall in 
separation level multiplied by cross-sectional area of 


limb. FINAL 
SEPARATION 
LEVEL 






o — 


Z| 
INITIAL 


x SEPARATED 
LEVEL 


Fall in surface level of C 
_ Fall in separation level x a 
- A 


Fig. 2.14 
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_Zxa_Zx025  Z 


A 10 40` 
Also fall in surface level of C 


= Rise in surface level of B 
=Z 
40 p 
The pressure of 1 cm (or 0.01 m) of water = pgh = 1000 x 9.81 x 0.01= 98.1 N/m* 
Consider final separation level Y-Y 


Z 
Pressure above Y-Y in the left limb = 1000 x 9.81 (z+ hp + =a) 


Pressure above Y-Y in the right limb = 900 x 9.8i(Z +ho- Z) + 98.1 
Equating the two pressure, we get 
1000 x 9.81 (Z+ + A = [Zh -Z) 900 x 9.81 + 98.1 
40 © 40 
Dividing by 9.81, we get 


1000 (z+h, +2) = 900 (Z+he-Z) « 10 
40 40 


Z Z 
Dividing by 1000, we get Z+ h, + — =0.9 [z+ . -=) + 0.01 
g by £ B 40 g 40 





But from equation (i), ħg = 0.9 he 
Z+0.9 hot Z yna x 0.9 + 0.9 ho + 0.01 

40 40 
or MZ 2 a20 

40 40 
or z(#-2x2) 5 o1 or z (4) = o1 

40 40 40 
ZS HE = 0.0678 m = 6.78 cm. Ans. 


2.6.3 Single Column Manometer. Single column manometer is a modified form of a U-tube 
manometer in which a reservoir, having a large cross-sectional area (about 100 times) as compared to 
the area of the tube is connected to one of the limbs (say left limb) of the manometer as shown in Fig. 2.15. 
Due to large cross-sectional area of the reservoir, for any variation in pressure, the change in the liquid 
level in the reservoir will be very small which may be neglected and hence the pressure is given by the 
height of liquid in the other limb. The other limb may be vertical or inclined. Thus there are two types 
of single column manometer as : 

l. Vertical Single Column Manometer. 

2. Inclined Single Column Manometer. 


1. Vertical Single Column Manometer 


Fig. 2.15 shows the vertical single column manometer. Let X-X be the datum line in the reservoir 
and in the right limb of the manometer, when it is not connected to the pipe. When the manometer is 
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connected to the pipe, due to high pressure at A, the heavy liquid in the reservoir will be pushed 
downward and will rise in the right limb. 
Let Ah = Fall of heavy liquid in reservoir 
h, = Rise of heavy liquid in right limb 
h, = Height of centre of pipe above X-X 
Pa = Pressure at A, which is to be measured 
A = Cross-sectional area of the reservoir 
a = Cross-sectional area of the right limb 


S, = Sp. gr. of liquid in pipe 





S, = Sp. gr. of heavy liquid in reservoir and right limb 
p, = Density of liquid in pipe Fig. 2.15 Vertical single column 


p> = Density of liquid in reservoir MIANN 


Fall of heavy liquid in reservoir will cause a rise of heavy liquid level in the right limb. 


Ax Ah=axhy, 
ax h, 

Ah = —— ak 

A (i) 


Now consider the datum line Y-Y as shown in Fig. 2.15. Then pressure in the right limb above Y-Y. 
= P, Xg X (Ah + h) 
Pressure in the left limb above ¥-Y = p, x g x (Ah +h,) + ps 
Equating these pressures, we have 
P2 X g x (Ah + hy) =p, X g x (Ah + hy) + py 








= Pa = Pog (Ah + hy) — pyg(Ah + hy) 
= Ah[P2g — P18] + hoPr.g — 1 P\8 
But from equation (i), i= E ia 
ax h, 
Pa= A = [Pag - Pig] + haPag — hPg ...(2.9) 


‘ cx i 
As the area A is very large as compared to a, hence ratio A becomes very small and can be 


neglected. 
Then p, = h,pzg — hy pig --(2.10) 
From equation (2.10), it is clear that as h, is known 
and hence by knowing A, or rise of heavy liquid in the 
right limb, the pressure at A can be calculated. 


2. Inclined Single Column Manometer 


Fig. 2.16 shows the inclined single column manom- 
eter. This manometer is more sensitive. Due to inclina- 
tion the distance moved by the heavy liquid in the right Fig. 2.16 Inclined single column 
limb will be more. manometer. 
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Let L = Length of heavy liquid moved in right limb from X-X 
6 = Inclination of right limb with horizontal 
h, = Vertical rise of heavy liquid in right limb from X-X = L x sin 8 
From equation (2.10), the pressure at A is 
Pa = hyPrg — hp g- 
Substituting the value of h,, we get 
Pa = sin O x pag — hy Pyg. RAID 
Problem 2.14 A single column manometer is connected to a pipe containing a liquid of sp. gr. 0.9 
as shown in Fig. 2.17. Find the pressure in the pipe if the area of the reservoir is 100 times the area 


of the tube for the manometer reading shown in Fig. 2.17. The specific gravity of mercury is 13.6. 
Solution. Given : 


Sp. gr. of liquid in pipe, S,=0.9 

Density p, = 900 kg/m? 
Sp. gr. of heavy liquid, 5, = 136 ae 
Density, Pp, = 13.6 x 1000 F 


Area of nano 5 A = 100 t 
Area of right limb a 

Height of liquid, h, = 20 cm = 0.2 m 

Rise of mercury in right limb, 





h, = 40 cm = 0.4 m 
Let Pa = Pressure in pipe 
Using equation (2.9), we get 


a 
a> hy[P28 — P18] + AoPog — M Pig 


= = x 0.4[13.6 x 1000 x 9.81 — 900 x 9.81] + 0.4 x 13.6 x 1000 x 9.81 — 0.2 x 900 x 9.81 


= = [133416 — 8829] + 53366.4 — 1765.8 


= 533.664 + 53366.4 — 1765.8 N/m* = 52134 N/m? = 5.21 N/em’. Ans. 


> 2.7 DIFFERENTIAL MANOMETERS 


Differential manometers are the devices used for measuring the difference of pressures between 
two points in a pipe or in two different pipes. A differential manometer consists of a U-tube, contain- 
ing a heavy liquid, whose two ends are connected to the points, whose difference of pressure is to be 
measured. Most commonly types of differential manometers are : 

1. U-tube differential manometer and 

2. Inverted U-tube differential manometer. 

2.7.1 U-tube Differential Manometer. Fig. 2.18 shows the differential manometers of 
U-tube type. 
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(a)Two pipes at different levels (b) A and B are at the same level 
Fig.2.18 U-tube differential manometers. 
In Fig. 2.18 (a), the two points A and B are at different level and also contains liquids of different 
sp. gr. These points are connected to the U-tube differential manometer. Let the pressure at A and B 
are p, and pp. 
Let h = Difference of mercury level in the U-tube. 
y = Distance of the centre of B, from the mercury level in the right limb. 
x = Distance of the centre of A, from the mercury level in the right limb. 
pP, = Density of liquid at A. 
Pp, = Density of liquid at B. 
P, = Density of heavy liquid or mercury. 
Taking datum line at X-X. 
Pressure above X-X in the left limb = p,g(h + x) + py 
where p, = pressure at A. 
Pressure above X-X in the right limb = p, X g X h + P2 X 8 Xy+ ppr 
where pp = Pressure at B. 
Equating the two pressure, we have 


pPiıg(h +x) +p = PX gXh + Pry + Pp 
Pa~ Pr = PeX 8X h + Prgy — pigth + x) 
=h X g8(P— P1) + P28gy — Pigx AED 
Difference of pressure at A and B = h X g(P,— P1) + Pa8gy — Pigx 


In Fig. 2.18 (b), the two points A and B are at the same level and contains the same liquid of density 
Pı- Then 


Pressure above X-X in right limb =p,xg Xh+p,XgxXx+ppz 
Pressure above X-X in left limb =p, Xg X (h+ x) + p4 
Equating the two pressure 
PeX 8 Xh +pigx+pr=pPiXg X (h +x) + pa 
Pa~ Pr = Pg X8 Xh + pgx- pig(h + x) 


= gx h(p,— p,). poe Ae 
Problem 2.15 A pipe contains an oil of sp. gr. 0.9. A differential manometer connected at the two 
points A and B shows a difference in mercury level as 15 cm. Find the difference of pressure at the two 
points. 
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Solution. Given : 








Sp. gr. of oil, S,= 0.9 “. Density, p,; = 0.9 x 1000 = 900 kg/m* 
Difference in mercury level, h=15cm=0.15 m 
Sp. gr. of mercury, S,= 13.6 .. Density, p, = 13.6 x 1000 kg/m? 
The difference of pressure is given by equation (2.13) 
or Pa- Pg= 8 X hPg- Pi) 


= 9.81 x 0.15 (13600 — 900) = 18688 N/m’. Ans. 

Problem 2.16 A differential manometer is connected at the two points A and B of two pipes as 
shown in Fig. 2.19. The pipe A contains a liquid of sp. gr. = 1.5 while pipe B contains a liquid of 
sp. gr. = 0.9. The pressures at A and B are 1 kgf/cm” and 1.80 kgf/cm” respectively. Find the 
difference in mercury level in the differential manometer. Sp.gr=15 5 

Solution. Given : Pa; SURGE 

Sp. gr. of liquid at A, S= 1.5 +. p, = 1500 

Sp. gr. of liquid at B, S= 0.9 ~. p, = 900 

Pressure at A, Pa = 1 kgf/cm? = 1 x 10* kgf/m? 

= 10*x 9.81 N/m? (-- 1 kgf = 9.81 N) 





Pressure at B, Pp = 1.8 kgf/cm? 
= 1.8 x 10° kgf/m? 
= 1.8 x 10°x 9.81 N/m’ (+. 1 kgf = 9.81 N) 
Density of mercury = 13.6 x 1000 kg/m? 
Taking X-X as datum line. Fig: 2.19 


Pressure above X-X in the left limb 
13.6 x 1000 x 9.81 x h + 1500 x 9.81 x (2 + 3) + py 
13.6 x 1000 x 9.81 x h + 7500 x 9.81 + 9.81 x 104 
Pressure above X-X in the right limb = 900 x 9.81 x (h + 2) + pp 
= 900 x 9.81 x (h + 2) + 1.8 x 10* x 9.81 
Equating the two pressure, we get 
13.6 x 1000 x 9.81h + 7500 x 9.81 + 9.81 x 104 
= 900 x 9.81 x (h + 2) + 1.8 x 10% x 9.81 
Dividing by 1000 x 9.81, we get 
13.6h + 7.5 + 10 = (h + 2.0) x .9 + 18 
or 13.6h + 17.5 = 0.9h + 1.8 + 18 = 0.9h + 19.8 
or (13.6 — 0.9)h = 19.8 — 17.5 or 12.7h = 2.3 


h= ea = 0.181 m = 18.1 cm. Ans. 
12.7 


Problem 2.17 A differential manometer is connected at the two points A and B as shown in 
Fig. 2.20. At B air pressure is 9.81 N/cm? (abs), find the absolute pressure at A. 

Solution. Given : 

Air pressure at B = 9.81 N/cm? 
or Pp = 9.81 x 10° N/m? 
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Density of oil = 0.9 x 1000 = 900 kg/m* 
Density of mercury = 13.6 x 1000 kg/m? 
Let the pressure at A is p4 
Taking datum line at X-X 
Pressure above X-X in the right limb 

= 1000 x 9.81 x 0.6 + pg 

= 5886 + 98100 = 103986 
Pressure above X-X in the left limb 

= 13.6 x 1000 x 9.81 x 0.1 + 900 

x 9.81 x 0.2 + py 

= 13341.6 + 1765.8 + py 

Equating the two pressure heads 
103986 = 13341.6 + 1765.8 + p4 





Sp. gr. = 13.6 





Pa = 103986 — 15107.4 = 88876.8 Fig. 2.20 
P4 = 88876.8 N/m? = SSN oppg E, 
= 10000 cm~ c 


Absolute pressure at A = 8.887 N/em?. Ans. 
2.7.2 Inverted U-tube Differential Manometer. It consists of an inverted U-tube, 
containing a light liquid. The two ends of the tube are connected to the points whose difference of 
pressure is to be measured. It is used for measuring difference of low pressures. Fig. 2.21 shows an 
inverted U-tube differential manometer connected to the two points A and B. Let the pressure at A is 
more than the pressure at B. 
Let h, = Height of liquid in left limb below the datum line X-X 
h, = Height of liquid in right limb 
h = Difference of light liquid 
pı = Density of liquid at A 
p- = Density of liquid at B 
p, = Density of light liquid 
pa = Pressure at A 
Pp = Pressure at B. 
Taking X-X as datum line. Then pressure in the left limb below X-X 
=pa- PiX 8g Xh. 
Pressure in the right limb below X-X 
=pgr-P2X8Xħ,-PsX8gXh 
Equating the two pressure 
Pa~ PiX 8 Xh =pg-P2X8 Xh -P,XgXh 
or Pa- PBr=PiX8 Xhi- P2Xg Xh- P, Xg Xh. (2.14) 
Problem 2.18 Water is flowing through two different pipes to which an inverted differential 
manometer having an oil of sp. gr. 0.8 is connected. The pressure head in the pipe A is 2 m of water, 
find the pressure in the pipe B for the manometer readings as shown in Fig. 2.22. 
Solution. Given : 





Pressure head at A= Pa = 2 m of water 
pg 
Pa =p Xg X2 = 1000 x 9.81 x 2 = 19620 N/m? 


Fig. 2.22 shows the arrangement. Taking X-X as datum line. 
Pressure below X-X in the left limb =p,- p; Xg Xh 
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= 19620 - 1000 x 9.81 x 0.3 = 16677 N/m’. 
Pressure below X-X in the right limb 
= pp — 1000 x 9.81 x 0.1 — 800 x 9.81 x 0.12 
= Pz - 981 — 941.76 = pz — 1922.76 
Equating the two pressure, we get 
16677 = pz — 1922.76 
or Pp = 16677 + 1922.76 = 18599.76 N/m? 
or Pp = 1.8599 N/em’. Ans. 


Problem 2.19 In Fig. 2.23, an inverted differential manometer is connected to two pipes A and B 
which convey water. The fluid in manometer is oil of sp. gr. 0.8. For the manometer readings shown in 
the figure, find the pressure difference between A and B. 


Solution. Given : 
Sp. gr. of oil =0.8 2. p,= 800 kg/m? 
Difference of oil in the two limbs 





= (30 + 20) — 30 = 20 cm 
Taking datum line at X-X 
Pressure in the left limb below X-X 
— 1000 x 9.81 x 0 
= p,— 2943 


Pressure in the right limb below X-X 
= pg — 1000 x 9.81 x 0.3 — 800 x 9.81 x 0.2 


= Pz - 2943 — 1569.6 = pp — 4512.6 
Equating the two pressure p, — 2943 = pp — 4512.6 
; Pp-Pa = 4512.6 - 2943 = 1569.6 N/m’. Ans. 


Problem 2.20 Find out the differential reading ‘h’ of an inverted U-tube manometer containing oil of 
specific gravity 0.7 as the manometric fluid when connected across pipes A and B as shown in Fig. 2.24 
below, conveying liquids of specific gravities 1.2 and 1.0 and immiscible with manometric fluid. Pipes A 
and B are located at the same level and assume the pressures at A and B to be equal. 

Solution. Given : 


Fig. 2.24 shows the arrangement. Taking X-X as datum line. 








X--— H X 
Let Pa = Pressure at A El sp. or-=1.0 
Pp = Pressure at B 

Density of liquid in pipe A = Sp. gr. x 1000 

= 1.2 x 1000 

= 1200 kg/m? Sparati 
Density of liquid in pipe B = 1 x 1000 = 1000 kg/m? 
Density of oil = 0.7 x 1000 = 700 kg/m* pre A PIPE B 

Fig. 2.24 
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Now pressure below X-X in the left limb 
= p, — 1200 x 9.81 x 0.3 — 700 x 9.81 xh 
Pressure below X-X in the right limb 
= pz — 1000 x 9.81 x (h + 0.3) 
Equating the two pressure, we get 
Pa — 1200 x 9.81 x 0.3 — 700 x 9.81 x h = pg — 1000 x 9.81 (h + 0.3) 
But Pa = Pp (given) 
— 1200 x 9.81 x 0.3 — 700 x 9.81 x h = — 1000 x 9.81 (h + 0.3) 
Dividing by 1000 x 9.81 
- 1.2 x 0.3 - 0.7h = - (h + 0.3) 


or 0.3 x 1.2 + 0.7h = h + 0.3 or 0.36 — 0.3 = h -— 0.7h = 0.3h 
„ ~ 036-030 _ 0.06 
~ 030 030 
ee ye x 100 = 20 cm. Ans. 
5 5 


Problem 2.21 An inverted U-tube manometer is connected to two horizontal pipes A and B 
through which water is flowing. The vertical distance between the axes of these pipes is 30 cm. When 
an oil of specific gravity 0.8 is used as a gauge fluid, the vertical heights of water columns in the two 
limbs of the inverted manometer (when measured from the respective centre lines of the pipes) are 
found to be same and equal to 35 cm. Determine the difference of pressure between the pipes. 


Solution. Given : / 
Specific gravity of measuring liquid = 0.8 L) d Sp. gr.=0.8 
The arrangement is shown in Fig. 2.24 (a). X A 
Let Pa = pressure at A 
Pg= pressure at B. ej 30cm 
The points C and D lie on the same horizontal line. 
Hence pressure at C should be equal to pressure at D. 
But pressure at C =p- pgh 
= p, — 1000 x 9.81 x (0.35) WATER 
And pressure at D = pg — Pgh - Pagh L FEN 
= ppg — 1000 x 9.81 x (0.35) — 800 x 9.81 x 0.3 
But pressure at C = pressure at D B 
Pa — 1000 x 9.81 x .35 Fig. 2.24 (a) 
= pz — 1000 x 9.81 x 0.35 - 800 x 9.81 x 0.3 
or 800 x 9.81 x 0.3 = pg- PA 





or Pr — Pa = 800 x 9.81 x 0.3 = 2354.4 R 


—,. Ans. 
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> 2.8 PRESSURE AT A POINT IN COMPRESSIBLE FLUID 


For compressible fluids, density (p) changes with the change of pressure and temperature. Such 
problems are encountered in aeronautics, oceanography and meteorology where we are concerned 
with atmospheric* air where density, pressure and temperature changes with elevation. Thus for fluids 
with variable density, equation (2.4) cannot be integrated, unless the relationship between p and p is 
known. For gases the equation of state is 


P ZRT ..(2.15) 
p 
p 
or = ———— 
P RT 
; 3 dp p 
Now equation (2.4) is — =w= pg = — xX 
q (2.4) a. Ps RT 8 
Pos (2.16) 
p RT 
In equation (2.4), Z is measured vertically downward. But if Z is measured vertically up, then 
z = — pg and hence equation (2.16) becomes 
dZ 
n n (2.17) 
p RT 


2.8.1 Isothermal Process. Case I. If temperature T is constant which is true for isothermal proc- 
ess, equation (2.17) can be integrated as 


E e itfa 


Po P Z RT RT Za 
P -8 
or log — = —— [Z-Z 
2 Pi RT [ ol 


where pọ is the pressure where height is Zo. If the datum line is taken at Zo, then Zo = 0 and po becomes 
the pressure at datum line. 


log? =-_8 7 
Po RT 
Pg.» aunt 
Po 
or pressure at a height Z is given by p = poe SERE ..-(2.18) 


2.8.2 Adiabatic Process. If temperature T is not constant but the process follows adiabatic 
law then the relation between pressure and density is given by 


$ = Constant = C sE) 
p 


* The standard atmospheric pressure, temperature and density referred to STP at the sea-level are : 
Pressure = 101.325 kN/m? ; Temperature = 15°C and Density = 1.225 kg/m’. 
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where k is ratio of specific constant. 


Vk 
« (8 


.(ii) 
Then equation (2.4) for Z measured vertically up becomes, 


dp p)" 
© --pg--(2) s 


or p 


(2) 


j P iik =k e 
Integrating, we gerf C- P "dps J- gdZ 
Po 





=— gdZ or me gdZ 


l 
d 


= 41 1? 
ig p Wket _ 2 
or Ç DE D =-g [Z], 
-—+1 
k Po 
clk ali p . 
or -da =- [Zi [C is a constant, can be taken inside] 
-—+ 
k Po 


Wk irk 
But from equation (i), Cz (4) aX 
p p 


above, we get 





Substituting this value of cg 


Wk -Wked JP 
2e =- g[Z - Zo] 
P -+1 

k 








or EJ =- s12- Zor |7 


P 
r sna E ol 
or lf a). -g(Z-Zl 


If datum line is a 





, Where pressure, temperature and density are po, To and py, then Z = 0. 
k k- 
| Bic PB az gy Bi PB ge ge OD 
k-1 p 


P 
or 
p 
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or Py Po . pE gZ P| (iii) 
P Po k Po 
k Wk 
But from equation (i), iE a Bo, or (2) = PO oe Po (2s) 
p Po p Pp P P 


Substituting the value of Po in equation (iii), we get 
p 


Vk 
£x( 2 = [1-4 sz2e 
Po p k Po 


-l/k 
or 2x[2) = [i-t ez 2e 
k 
k 


Po Po Po 
k-1 


l 
Hg F : 
or (2) = fa 1-42 ze] 
Po Po k Po 
k 
2P. [1-2 a 
Po k Po 


Pressure at a height Z from ground level is given by 


k 
P = Po -Él ze f ..(2.19) 
k Po 


In equation (2.19), po = pressure at ground level, where Z, = 0 
Po = density of air at ground level 


; ‘ 1 
Equation of state is Po Z RT} or Po .___ 


Po Po RD 
Substituting the values of Po in equation (2.19), we get 
Po 
a 
k—-1 .gZ |F-! 
es Persuader Sk: coal i220 
P = Po k RT, ( ) 


2.8.3 Temperature at any Point in Compressible Fluid. For the adiabatic process, the 
temperature at any height in air is calculated as : 
Equation of state at ground level and at a height Z from ground level is written as 


Po = RT) and 2 = RT 
o p 
Dividing these equations, we get 


RT T i p T 
Po yP P yeo 


or = 0. 
T Po P Po P 
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But from equation (2.20) is given by 
Po 


k 
Palja IR 
k RT, 


k 
Also for adiabatic process Fa Bo or (e) = Po. 


Substituting the values of £. and Po in equation (i), we get 
p 


Po 


(21) 


2.8.4 Temperature Lapse-Rate (L). It is defined as the rate at which the temperature 
changes with elevation. To obtain an expression for the temperature lapse-rate, the temperature given 
by equation (2.21) is differentiated with respect to Z as 


dT d k-1 gZ 
z lae 
dZ dZ k RT, 


where To, K, g and R are constant 
aT = -Eix E xn) 


dZ k RI k 
The temperature lapse-rate is denoted by L and hence 
Ea oot) (2.22) 
dZ R k 


In equation (2.22), if (i) k= 1 which means isothermal process, — = 0, which means temperature 
is constant with height. dZ 

(ii) If k > 1, the lapse-rate is negative which means temperature decreases with the increase in 
height. 

In atmosphere, the value of k varies with height and hence the value of temperature lapse-rate also varies. 
From the sea-level upto an elevation of about 11000 m (or 11 km), the temperature of air decreases 
uniformly at the rate of 0.0065°C/m. from 11000 m to 32000 m, the temperature remains constant 
at — 56.5°C and hence in this range lapse-rate is zero. Temperature rises again after 32000 m in air. 
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Problem 2.22 (SI Units) Jf the atmosphere pressure at sea level is 10.143 N/cm’, determine the 
pressure at a height of 2500 m assuming the pressure variation follows (i) Hydrostatic law, and 
(ii) isothermal law. The density of air is given as 1.208 kg/m’, 


Solution. Given : 


Pressure at sea-level, Py = 10.143 N/cm? = 10.143 x 10% N/m? 
Height, Z = 2500 m 
Density of air, Po = 1.208 kg/m? 
(i) Pressure by hydrostatic law. For hydrostatic law, p is assumed constant and hence p is given 
dp 
by equation — = - 
y eq dz Ps 
p Z 
Integrating, we get Í dp = J —pgdZ=-pg [ dZ 
Po 0 
or P - Po =- P8 [Z - Zo] 
For datum line at sea-level, Z,)=0 


P-Po=-PsZ or p=po- pgZ 
= 10.143 x 10* — 1.208 x 9.81 x 2500 [- p = py = 1.208] 


= 101430 — 29626 = 71804 a or us 
m^ 10 





N/cm? 


= 7.18 N/cm’. Ans. 
(ii) Pressure by Isothermal Law. Pressure at any height Z by isothermal law is given by equation 


(2.18) as 


P=Po e 8ZIRT 


-8Z X Po 
= 10.143x 10% e ™ |e Po RT and pyg = J 
Po 
_ZPoxg 
= 10.143 x 10e 
= 10.143 x 10t e^ 2500 x 1.208 x 9.81)/10.143 x 104 





= 101430 x e 7°? = 101430 x = 75743 N/m? 


1.3391 


75743 
= N/cm? = 7.574 N/cm?. Ans. 


= 





Problem 2.23 The barometric pressure at sea level is 760 mm of mercury while that on a mountain 
top is 735 mm. If the density of air is assumed constant at 1.2 kg/m’, what is the elevation of the 
mountain top? 

Solution. Given : 

Pressure* at sea, Po = 760 mm of Hg 


serge n 13.6 x 1000 x 9.81 N/m? = 101396 N/m? 
1000 


* Here pressure head (Z) is given as 760 mm of Hg. Hence (p/pg) = 760 mm of Hg. The density (p) for mercury 


= 13.6 x 1000 kg/m*. Hence pressure (p) will be equal to p x g X Zi.e., 13.6 x 1000 x 9.81 x mn 





N/m’. 
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Pressure at mountain, p = 735 mm of Hg 
= 35. 13.6 x 1000 x 9.81 = 98060 N/m? 
1000 
Density of air, p = 1.2 kg/m? 


Let h = Height of the mountain from sea-level. 

We know that as the elevation above the sea-level increases, the atmospheric pressure decreases. 
Here the density of air is given constant, hence the pressure at any height ‘h’ above the sea-level is 
given by the equation, 

P=Po-PXRXh 
_ Py ~ Pp _ 101396 — 98060 


= ———————— = 283.33 m. Ans. 
pXg 1.2 x 9.81 


Problem 2.24 Calculate the pressure at a height of 7500 m above sea level if the atmospheric 
pressure is 10.143 N/cm? and temperature is 15°C at the sea-level, assuming (i) air is incompressible, 
(ii) pressure variation follows isothermal law, and (iii) pressure variation follows adiabatic law. Take 
the density of air at the sea-level as equal to 1.285 kg/m*. Neglect variation of g with altitude. 


Solution. Given: 





or h 


Height above sea-level, Z = 7500 m 
Pressure at sea-level, Po = 10.143 N/em? = 10.143 x 10° N/m? 
Temperature at sea-level, ty = 15°C 
5 To = 273 + 15 = 288°K 
Density of air, P = Po = 1.285 kg/m? 
(i) Pressure when air is incompressible : 
dp ce 
we Ps 


p Z 
f dp =- I pgdz or p-po=-pslZ—Zy] 
Po Zo 


or P =Po- P8 Z {Z= datum line = 0} 
= 10.143 x 10*— 1.285 x 9.81 x 7500 


= 101430 — 94543 = 6887 N/m? = 0.688 T Ans. 
cm 
(ii) Pressure variation follows isothermal law : 
Using equation (2.18), we have pape VN 
=p e 8ZPo/Po i Po RT «. e-i] 
Po Po RT 


101430 e &ZPu/Po = 101430 71500 x 1.285 x 9.81/101430 
= 101430 e& °° = 101430 x .39376 
= 39939 N/m’ or 3.993 N/em?. Ans. 

(iii) Pressure variation follows adiabatic law : [k = 1.4] 


kI(k 1) 
Using equation (2.19), we have P=Po h = tlg 2 , where po = 1.285 kg/m? 
Po 


iE 
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1.4 


x981x 


Y 
I 


101430 
101430 [1 — .2662]'4 = 101430 x (.7337)°* 


= 101430 i 


= 34310 N/m? or an... Ans. 
cm 


Problem 2.25 Calculate the pressure and density of air at a height of 4000 m from sea-level where 
pressure and temperature of the air are 10,143 N/cm? and 15°C respectively. The temperature lapse 
rate is given as 0.0065°C/m. Take density of air at sea-level equal to 1.285 kg/m’. 


Solution. Given: 








Height, Z = 4000 m 
Pressure at sea-level, Po = 10.143 N/em? = 10.143 x 107 = 101430 JL 
2 
Temperature at sea-level, to = 15°C 
: T,) = 273 + 15 = 288°K 
aT 
Temperature lapse-rate, L= We = — 0.0065°K/m 
Po = 1.285 kg/m? 
migon ve paasi (=) 
dZ RAE 
or — 0.0065 = — am (A), vibe Ine Pa ET 
R k Poly 1285x288 
ER en =) 
274.09 k 
k-1 _ 0.0065x 274.09 _ 5 1.1. 
k 9.81 
k[l - .1815] = 1 
l l 2127 


k = ——— s 
1—.1815 .8184 

This means that the value of power index k = 1.222. 
(i) Pressure at 4000 m height is given by equation (2.19) as 


k=1. p |i- 
P = Po e , where k= 1.222 and py = 1.285 
Po 


1.222 


p = 101430 L-22 =) yösi 4000 x 1.285 [1.222 -1.0 
1.222 101430 


= 101430 [1 - 0.09]*® = 101430 x .595 
= 60350 N/m? = 6.035 oe Ans. 
cm 
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(ii) Density. Using equation of state, we get 


P SRT 
p 
where p = Pressure at 4000 m height 
p = Density at 4000 m height 
T = Temperature at 4000 m height 
Now T is calculated from temperature lapse-rate as 


t at 4000 m = fo + < x 4000 = 15 — .0065 x 4000 = 15 - 26 =- 11°C 


T =273 + t= 273 — 11 = 262°K 


G pi _ PpP _ 60350 3_ 3 ; 
Density is given by p 2 ee kg/m” = 0.84 kg/m`. Ans. 
Problem 2.26 An aeroplane is flying at an altitude of 5000 m. Calculate the pressure around the 
aeroplane, given the lapse-rate in the atmosphere as 0.0065°K/m. Neglect variation of g with altitude. 
Take pressure and temperature at ground level as 10.143 N/cm? and 15°C and density of air as 
1.285 kg/cm’. 
Solution. Given : 


Height, Z = 5000 m 
Lapse-rate, L= a = — .0065°K/m 
dZ 
Pressure at ground level, Po = 10.143 x 10° N/m? 
tp = 15°C 
s. Ty = 273 + 15 = 288°K 
Density, Py = 1.285 kg/m? 


Temperature at 5000 m height = 7) + z x Height = 288 — .0065 x 5000 


= 288 — 32.5 = 255.5°K 
First find the value of power index k as 


From equation (2.22), we have L= pal =— £ (4) 





ad Rk 

or - 0065 = -ŽI E21) 
R\k 
gies: ee St oe 
Pol 1.285 x 288 
tases fo (t=!) 
274.09 | k 
k= 1.222 


The pressure is given by equation (2.19) as 


E 
p= higiga 
k Po 
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wre 


10. 


11. 


12. 


1.222 


1.222 - 12) sways 5000 x ss ee 10 


= 101430 1-( 
1.222 101430 


1.222 
101430 h itt. oR x ae 22 
1.222 


101430 
= 101430 [1 — 0.11288]}°* = 101430 x 0.5175 = 52490 N/m? 
= 5.249 N/em’. Ans. 

HIGHLIGHTS 


The pressure at any point in a fluid is defined as the force per unit area. 
The Pascal's law states that intensity of pressure for a fluid at rest is equal in all directions. 


. Pressure variation at a point in a fluid at rest is given by the hydrostatic law which states that the rate of 


increase of pressure in the vertically downward direction is equal to the specific weight of the fluid, 


# =w=pxe. 


. The pressure at any point in a incompressible fluid (liquid) is equal to the product of density of fluid at 


that point, acceleration due to gravity and vertical height from free surface of fluid, 
p=pxgxZ. 


. Absolute pressure is the pressure in which absolute vacuum pressure is taken as datum while gauge 


pressure is the pressure in which the atmospheric pressure is taken as datum, 


Pabs. = Patm + P gauge. 


. Manometer is a device used for measuring pressure at a point in a fluid. 
. Manometers are classified as (a) Simple manometers and (b) Differential manometers. 
. Simple manometers are used for measuring pressure at a point while differential manometers are used for 


measuring the difference of pressures between the two points in a pipe, or two different pipes. 


. A single column manometer (or micrometer) is used for measuring small pressures, where accuracy is 


required. 

The pressure at a point in static compressible fluid is obtained by combining two equations, i.e., equation 
of state for a gas and equation given by hydrostatic law. 

The pressure at a height Z in a static compressible fluid (gas) under going isothermal compression 


[2 = cons 
p 
P = Po 


where p, = Absolute pressure at sea-level or at ground level 


E gZ/RT 


Z = Height from sea or ground level 
R = Gas constant 


T = Absolute temperature. 
The pressure and temperature at a height Z in a static compressible fluid (gas) undergoing adiabatic 
compression (pip* = const.) 


k k 

k-1 polki k-1 gZ |k-1 
spoli Se ay lio —— 
P n| k & e| Po k RT, 


— 
. 





(A) THEORETICAL PROBLEMS 


Define pressure. Obtain an expression for the pressure intensity at a point in a fluid. 

State and prove the Pascal's law. 

What do you understand by Hydrostatic Law ? 

Differentiate between : (#) Absolute and gauge pressure, (ii) Simple manometer and differential manom- 
eter, and (ii?) Piezometer and pressure gauges. 

What do you mean by vacuum pressure ? 

What is a manometer ? How are they classified ? 

What do you mean by single column manometers ? How are they used for the measurement of pressure ? 
What is the difference between U-tube differential manometers and inverted U-tube differential 
manometers ? Where are they used ? 

Distinguish between manometers and mechanical gauges. What are the different types of mechanical 
pressure gauges ? 

Derive an expression for the pressure at a height Z from sea-level for a static air when the compression of 
the air is assumed isothermal. The pressure and temperature at sea-levels are p, and 7, respectively. 
Prove that the pressure and temperature for an adiabatic process at a height Z from sea-level for a static air 
are : 


k 
k-1 kl -1 
menh- pP waren fi-s] 
where p, and 7, are the pressure and temperature at sea-level. 

What do you understand by the term, ‘Temperature Lapse-Rate’? Obtain an expression for the 
temperature Lapse-Rate. 

What is hydrostatic pressure distribution? Give one example where pressure distribution is 
non-hydrostatic. 

Explain briefly the working principle of Bourdon Pressure Gauge with a neat sketch. 


(J.N.T.U., Hyderabad, S 2002) 


(B) NUMERICAL PROBLEMS 


A hydraulic press has a ram of 30 cm diameter and a plunger of 5 cm diameter. Find the weight lifted by 


the hydraulic press when the force applied at the plunger is 400 N. [Ans. 14.4 kN] 
A hydraulic press has a ram of 20 cm diameter and a plunger of 4 cm diameter, It is used for lifting a 
weight of 20 KN. Find the force required at the plunger. [Ans. 800 N] 


| 


10. 


12. 


14. 





. Calculate the pressure due to a column of 0.4 m of (a) water, (b) an oil of sp. gr. 0.9, and (c) mercury of sp. gr. 
kg 
m’ 
. The pressure intensity at a point in a fluid is given 4.9 N/cm”. Find the corresponding height of fluid when it 


13.6. Take density of water, p = 1000 [Ans. (a) 0.3924 N/em’, (b) 0.353 N/em’, (c) 5.33 N/em’} 


is : (a) water, and (b) an oil of sp. gr. 0.8. [Ans. (a) 5 m of water, (b) 6.25 m of oil] 


. An oil of sp. gr. 0.8 is contained in a vessel. At a point the height of oil is 20 m. Find the corresponding 


height of water at that point. [Ans. 16 m] 


. An open tank contains water upto a depth of 1.5 m and above it an oil of sp. gr. 0,8 for a depth of 2 m. Find 


the pressure intensity : (/) at the interface of the two liquids, and (ii) at the bottom of the tank. 
[Ans. (i) 1.57 N/em’, (ii) 3.04 N/em?] 


. The diameters of a small piston and a large piston of a hydraulic jack are 2 cm and 10 cm respectively. A 


force of 60 N is applied on the small piston. Find the load lifted by the large piston, when ; (a) the pistons are 
at the same level, and (/) small piston is 20 cm above the large piston. The density of the liquid in the jack is 


given as 1000 kz i [Ans. (a) 1500 N, (b) 1520.5 N] 





m 
. Determine the gauge and absolute pressure at a point which is 2.0 m below the free surface of water. Take 


atmospheric pressure as 10.1043 N/cm?, [Ans. 1.962 N/cm? (gauge), 12.066 N/cm? (abs.)] 


. A simple manometer is used to measure the pressure of oil (sp. gr. = 0.8) flowing in a pipe line. Its right 


limb is open to the atmosphere and left limb is connected to the pipe. The centre of the pipe is 9 cm below 
the level of mercury (sp. gr. 13.6) in the right limb. If the difference of mercury level in the two limbs is 15 
cm, determine the absolute pressure of the oil in the pipe in N/cm’. [Ans. 12.058 N/cm?] 
A simple manometer (U-tube) containing mercury is connected to a pipe in which an oil of sp. gr. 0.8 is 
flowing. The pressure in the pipe is vacuum. The other end of the manometer is open to the atmosphere. 
Find the vacuum, pressure in pipe, if the difference of mercury level in the two limbs is 20 cm and height 
of oil in the left limb from the centre of the pipe is 15 cm below, [Ans. — 27.86 N/em?] 
A single column vertical manometer (i.e., micrometer) is connected to a pipe containing oil of sp. gr. 0.9. 
The area of the reservoir is 80 times the area of the manometer tube. The reservoir contains mercury of 
sp. gr. 13.6. The level of mercury in the reservoir is at a height of 30 cm below the centre of the pipe and 
difference of mercury levels in the reservoir and right limb is 50 cm. Find the pressure in the pipe. 
[Ans. 6.474 N/cm?} 
A pipe contains an oil of sp, gr. 0.8. A differential manometer connected at the two points A and B of the 
pipe shows a difference in mercury level as 20 cm. Find the difference of pressure at the two points. 
[Ans. 25113.6 N/m’] 


. A U-tube differential manometer connects two pressure pipes A and B. Pipe A contains carbon 


tetrachloride having a specific gravity 1.594 under a pressure of 11.772 N/cm’ and pipe B contains oil of 
sp. gr. 0.8 under a pressure of 11.772 N/cm’. The pipe A lies 2.5 m above pipe B, Find the difference of 


pressure measured by mercury as fluid filling U-tube. [Ans. 31.36 cm of mercury] 
A differential manometer is connected at the two points A and B as shown in Fig. 2.25. At B air pressure 
is 7.848 N/cm? (abs.), find the absolute pressure at A. [Ans. 6.91 N/cm?] 


OIL Sp. gr. 
0.8 
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An inverted differential manometer containing an oil of sp. gr. 0.9 is connected to find the difference of 
pressures at two points of a pipe containing water. If the manometer reading is 40 cm, find the difference 
of pressures. [Ans. 392.4 N/m?] 
In above Fig. 2.26 shows an inverted differential manometer connected to two pipes A and B containing 
water. The fluid in manometer is oil of sp. gr. 0.8. For the manometer readings shown in the figure, find the 
difference of pressure head between A and B. [Ans. 0.26 m of water] 
If the atmospheric pressure at sea-level is 10.143 N/cm?, determine the pressure at a height of 2000 m 
assuming that the pressure variation follows : (i) Hydrostatic law, and (ii) Isothermal law. The density of 
air is given as 1.208 kg/m*, [Ans. (i) 7.77 N/em’, (ii) 8.03 N/cm°] 
Calculate the pressure at a height of 8000 m above sea-level if the atmospheric pressure is 101.3 kN/m? 
and temperature is 15°C at the sea-level assuming (i) air is incompressible, (ii) pressure variation follows 
adiabatic law, and (iii) pressure variation follows isothermal law. Take the density of air at the sea-level as 
equal to 1.285 kg/m*. Neglect variation of g with altitude. 

[Ans. (i) 607.5 N/m?, (ii) 31.5 kN/m? (iii) 37.45 kN/m?] 
Calculate the pressure and density of air at a height of 3000 m above sea-level where pressure and tem- 
perature of the air are 10.143 N/cm? and 15°C respectively. The temperature lapse-rate is given as 0.0065° 
K/m. Take density of air at sea-level equal to 1.285 kg/m’. [Ans. 6.896 N/em?, 0.937 kg/m*] 
An aeroplane is flying at an altitude of 4000 m. Calculate the pressure around the aeroplane, given the 
lapse-rate in the atmosphere as 0.0065°K/m. Neglect variation of g with altitude. Take pressure and 
temperature at ground level as 10,143 N/em? and 15°C respectively. The density of air at ground level is 
given as 1.285 kg/m’. [Ans. 6.038 N/em?] 
The atmospheric pressure at the sea-level is 101.3 kKN/m? and the temperature is 15°C. Calculate the 
pressure 8000 m above sea-level, assuming (i) air is incompressible, (i7) isothermal variation of pressure 
and density, and (iii) adiabatic variation of pressure and density. Assume density of air at sea-level as 
1.285 kg/m’. Neglect variation of ‘g’ with altitude. 

[Ans. (7) 501.3 N/m’, (ii) 37.45 kN/m’, (iii) 31.5 kN/m?] 
An oil of sp. gr. is 0.8 under a pressure of 137.2 kN/m? 

(i) What is the pressure head expressed in metre of water ? 

(ii) What is the pressure head expressed in metre of oil ? [Ans. (i) 14 m, (ii) 17.5 m] 


. The atmospheric pressure at the sea-level is 101.3 KN/m? and temperature is 15°C. Calculate the pressure 


8000 m above sea-level, assuming : (7) isothermal variation of pressure and density, and (ii) adiabatic 
variation of pressure and density, Assume density of air at sea-level as 1.285 kg/m’. Neglect variation of 
‘g` with altitude. 
Derive the formula that you may use. [Ans. (i) 37.45 kN/m’, (ii) 31.5 KN/m?] 
What are the gauge pressure and absolute pressure at a point 4 m below the free surface of a liquid of 
specific gravity 1.53, if atmospheric pressure is equivalent to 750 mm of mercury. 

[Ans. 60037 N/m* and 160099 N/m?] 
Find the gauge pressure and absolute pressure in N/m? at a point 4 m below the free surface of a liquid of 
sp. gr. 1.2, if the atmospheric pressure is equivalent to 750 mm of mercury. 

[Ans. 47088 N/m? ; 147150 N/n?] 

A tank contains a liquid of specific gravity 0.8. Find the absolute pressure and gauge pressure at a point, 
which is 2 m below the free surface of the liquid. The atmospheric pressure head is equivalent to 760 mm 
of mercury. [Ans. 117092 N/m? ; 15696 N/m?] 
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> 3.1 INTRODUCTION 


This chapter deals with the fluids (1.¢., liquids and gases) at rest. This means that there will be no 
relative motion between adjacent or neighbouring fluid layers. The velocity gradient, which is equal to 
the change of velocity between two adjacent fluid layers divided by the distance between the layers, 


du H 
will be zero or — = 0. The shear stress which is equal to u x will also be zero. Then the forces acting 
; 7 


on the fluid particles will be : 
1. due to pressure of fluid normal to the surface, 


2. due to gravity (or self-weight of fluid particles). 


> 3.2 TOTAL PRESSURE AND CENTRE OF PRESSURE 


Total pressure is defined as the force exerted by a static fluid on a surface either plane or curved 
when the fluid comes in contact with the surfaces. This force always acts normal to the surface. 


Centre of pressure is defined as the point of application of the total pressure on the surface. There 
are four cases of submerged surfaces on which the total pressure force and centre of pressure is to be 
determined. The submerged surfaces may be : 


l. Vertical plane surface, 

2. Horizontal plane surface, 
3. Inclined plane surface, and 
4. Curved surface. 


> 3.3 VERTICAL PLANE SURFACE SUBMERGED IN LIQUID 
Consider a plane vertical surface of arbitrary shape immersed in a liquid as shown in Fig. 3.1. 
Let A= Total area of the surface 
h = Distance of C.G. of the area from free surface of liquid 
G = Centre of gravity of plane surface 
P = Centre of pressure 
h* = Distance of centre of pressure from free surface of liquid. 
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(a) Total Pressure (F). The total pressure on the surface FREE SURFACE OF LIQUID 
may be determined by dividing the entire surface into a number 
of small parallel strips. The force on small strip is then calcu- 
lated and the total pressure force on the whole area is calculated 
by integrating the force on small strip. 

Consider a strip of thickness dh and width b at a depth of h 
from free surface of liquid as shown in Fig. 3.1 





Pressure intensity on the strip, p = pgh 

(See equation 2.5) 
Area of the strip, dA =b Xx dh 
Total pressure force on strip, dF = p X Area 


= pgh x b x dh 
Total pressure force on the whole surface, 


F =[aF =|pghxbxdh=pg [> xhxdh 


But Joxnxdh = [hxaa 


= Moment of surface area about the free surface of liquid 
= Area of surface x Distance of C.G. from free surface 


=Axh 


5# F = pgAh (3.1) 

For water the value of p = 1000 kg/m? and g = 9.81 m/s*. The force will be in Newton. 

(b) Centre of Pressure (h*). Centre of pressure is calculated by using the “Principle of Moments”, 
which states that the moment of the resultant force about an axis is equal to the sum of moments of the 
components about the same axis. 

The resultant force F is acting at P, at a distance f* from free surface of the liquid as shown in 


Fig. 3.1. Hence moment of the force F about free surface of the liquid = F x h* sel Dia) 
Moment of force dF, acting on a strip about free surface of liquid 
=dFxXh {° dF =pgh x b x dh} 


=pghxbxdhxh 
Sum of moments of all such forces about free surface of liquid 


= [pghxb xdhxh=pg [bxhxhdh 


= pg | bh° dh=pg fièaa C- bdh= dA) 
But fraa = fonan 
= Moment of Inertia of the surface about free surface of liquid 
=h 
Sum of moments about free surface 
= pal, Aa 
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Equating (3.2) and (3.3), we get 


Fx h* = pgly 
But F = pgAh 
pgAh x h* = pgh 
or ne = Ph -do (3.4) 
pgAh Ah 


By the theorem of parallel axis, we have 


b=lgt AX? 
where J, = Moment of Inertia of area about an axis passing through the C.G. of the area and parallel 
to the free surface of liquid. 


Substituting /, in equation (3.4), we get 


9 
Ps -Tai ASS) 
Ah Ah 
In equation (3.5), h is the distance of C.G. of the area of the vertical surface from free surface of 
the liquid. Hence from equation (3.5), it is clear that : 
(i) Centre of pressure (i.e., h*) lies below the centre of gravity of the vertical surface. 
(ii) The distance of centre of pressure from free surface of liquid is independent of the density of the 


liquid. 


h* 


Table 3.1 The moments of inertia and other geometric properties of some important plane surfaces 


Moment of inertia Moment of 
about an axis passing | inertia about 
Plane surface C.G. from the Area through C.G. and base (lg) 
base parallel to base (Ig) 
bd 


É a 
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Moment of inertia Moment of 
Plane surface C.G. from the Area about an axis passing | inertia about 
base through C.G. and base (Ip) 
parallel to base (lg) 








4. Trapezium 
þH— a — 
2 2 
a’ +4ab+b Jer 


——F 36(a +b) 





Problem 3.1 A rectangular plane surface is 2 m wide and 3 m deep. It lies in vertical plane in 
water. Determine the total pressure and position of centre of pressure on the plane surface when its 
upper edge is horizontal and (a) coincides with water surface, (b) 2.5 m below the free water surface. 

Solution. Given : 

Width of plane surface, b=2m 

Depth of plane surface, d=3m 

(a) Upper edge coincides with water surface (Fig. 3.2). Total pressure is given by equation (3.1) 
as 


ea pea FREE WATER SURFACE 
where p = 1000 kg/m’*, g = 9.81 m/s” = a i i 





A=3x2=6m,Ī =- ()=15m. 


F = 1000 x 9.81 x 6 x 1.5 
= 88290 N. Ans. 
Depth of centre of pressure is given by equation (3.5) as 


ht= AG 5 
Ah 





where /,,= M.O.I. about C.G. of the area of surface 


Fig. 3.2 


_ bd? _ 2x3? _ 
2 12 
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h* = z + 1.5 = 0.5 + 1.5 = 2.0 m. Ans. 
6x15 





(b) Upper edge is 2.5 m below water surface (Fig. 3.3). Total pressure (F) is given by (3.1) 


F = pgAh WATER SURFACE 


where A= Distance of C.G. from free surface of water 





3 
=2.5+ > =4.0 m 
2 
F = 1000 x 9.81 x 6 x 4.0 
= 235440 N. Ans. 
I a | Om 
Centre of pressure is given by h*= x +h 
where I, = 4.5, A = 6.0, h = 4.0 z= "H 
n= —4 440 Fig. 3.3 
6.0 x 4.0 


= 0.1875 + 4.0 = 4.1875 = 4.1875 m. Ans. 
Problem 3.2 Determine the total pressure on a circular plate of diameter 1.5 m which is placed 
vertically in water in such a way that the centre of the plate is 3 m below the free surface of water. Find 
the position of centre of pressure also. FREE SURFACE 
Solution. Given : Dia. of plate, d = 1.5 m 


`- Area, A = — (1.5)? = 1.767 m? 


x 
4 





= 3.0m 
Total pressure is given by equation (3.1), 
F = pgAh 
= 1000 x 9.81 x 1.767 x 3.0 N 
= §2002.81 N. Ans. 


Position of centre of pressure (/*) is given by equation (3.5), | 15m | 

h= deR Fig. 3.4 

Ah 
4 4 
where: i= 4 = B27” S 
64 64 

ht = os + 3.0 = 0.0468 + 3.0 

1.767 x 3.0 
= 3.0468 m. Ans. 
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Problem 3.3 A rectangular sluice gate is situated on the vertical wall of a lock. The vertical side 
of the sluice is ‘d’ metres in length and depth of centroid of the area is ‘p' m below the water surface. 











2 FREE SURFACE 
Prove that the depth of pressure is equal to í p+ 12p ) š 
Solution. Given : 
Depth of vertical gate =dm 
Let the width of gate =bm 
Area, A=bxdm 





Fig. 3.5 


Depth of C.G. from free surface 


h=pm. 
Let f* is the depth of centre of pressure from free surface, which is given by equation (3.5) as 


3 
h* = toy h, where I = ~~ 
Ah 


h* = vt” ly xax + _ oy or ; = Ans 
12 Pe ae RS Oe 


Problem 3.4 A circular opening, 3 m diameter, in a vertical side of a tank is closed by a disc of 
3 m diameter which can rotate about a horizontal diameter. Calculate : 

(i) the force on the disc, and 

(ii) the torque required to maintain the disc in equilibrium in the vertical position when the head 


of water above the horizontal diameter is 4 m. 
Solution. Given : 


Dia. of opening, d=3m 
Area, A= E x 3° = 7.0685 m° 
Depth of C.G., h=4m 


(i) Force on the disc is given by equation (3.1) as 
F = pgAh = 1000 x 9.81 x 7.0685 x 4.0 
= 277368 N = 277.368 kN. Ans. 


(ii) To find the torque required to maintain the disc in equilibrium, first calculate the point of 
application of force acting on the disc, i.e., centre of pressure of the force F. The depth of centre of 
pressure (h*) is given by equation (3.5) as 


Ty 
EE n E Z 440 fr lo= Zea} 
ae g P XAO a 
d? 32 


+4.0=0.14+4.0=4.14m 








= +4.0= 
16 x 4.0 16 x 4.0 
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Fig. 3.6 


The force F is acting at a distance of 4.14 m from free surface. Moment of this force about 
horizontal diameter X-X 


= F x (h*—h) = 277368 (4.14 — 4.0) = 38831 Nm. Ans. 


Hence a torque of 38831 Nm must be applied on the disc in the clockwise direction. 
Problem 3.5 A pipe line which is 4 m in diameter contains a gate valve. The pressure at the centre 
of the pipe is 19.6 N/cm’. If the pipe is filled with oil of sp. gr. 0.87, find the force exerted by the oil 
upon the gate and position of centre of pressure. 

Solution. Given : 

Dia. of pipe, d=4m 


T 


4m 





Area, Az 2 xa adem’ 
Sp. gr. of oil, S = 0.87 
Density of oil, Py = 0.87 x 1000 = 870 kg/m* 


Weight density of oil, wọ = Po X g = 870 x 9.81 N/m? 
Pressure at the centre of pipe, p = 19.6 N/cm? = 19.6 x 10* N/m? 
4 
Pressure head at the centre = P- Baxi = 22.988 m 
wọ 870x981 
The height of equivalent free oil surface from the centre of pipe = 22.988 m. 
The depth of C.G. of the gate valve from free oil surface h = 22.988 m. 
(i) Now the force exerted by the oil on the gate is given by 
F=pgAh 
where p = density of oil = 870 kg/m* 
F = 870 x 9.81 x 4 x 22.988 = 2465500 N = 2.465 MN. Ans. 
(iz) Position of centre of pressure (/7*) is given by (3.5) as 
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dt 


T g : 
ma a a A eg aa + 22.988 
Ah Baya 16h | 16x 22.988 
4 


= 0.043 + 22.988 = 23.031 m. Ans. 
Or centre of pressure is below the centre of the pipe by a distance of 0.043 m. Ans. 
Problem 3.6 Determine the total pressure and centre of pressure on an isosceles triangular plate 
of base 4 m and altitude 4 m when it is immersed vertically in an oil of sp. gr. 0.9. The base of the plate 








coincides with the free surface of oil. FREE OIL 4 
Solution. Given : SURFACE! m 
Base of plate, b=4m SSS 
Height of plate, h=4m ma 

Area, An PEN AEI BEA 
2 2 
Sp. gr. of oil, S=0.9 Fig. 3.8 
Density of oil, p = 900 kg/m’. 
The distance of C.G. from free surface of oil, 
- 1 1 
h=—xXh=—xX4=1.33m. 
3 3 


Total pressure (F) is given by F = pgAh 
= 900 x 9.81 x 8.0 x 1.33 N = 9597.6. N. Ans. 
Centre of pressure (/*) from free surface of oil is given by 


ht= de +h 
Ah 
where /, = M.O.I. of triangular section about its C.G. 


_ bh 4x4 


= 36 6 


h*= = + 1.33 = 0.6667 + 1.33 = 1.99 m. Ans. 


8.0 x 1.33 
Problem 3.7 A vertical sluice gate is used to cover an opening in a dam. The opening is 2 m wide 
and 1.2 m high. On the upstream of the gate, the liquid of sp. gr. 1.45, lies upto a height of 1.5 m 
above the top of the gate, whereas on the downstream side the water is available upto a height touch- 
ing the top of the gate. Find the resultant force acting on the gate and position of centre of pressure. 
Find also the force acting horizontally at the top of the gate which is capable of opening it. Assume 
that the gate is hinged at the bottom. 
Solution. Given : 


=7.11 mł 





Width of gate, b=2m 
Depth of gate, d=1.2m 

Area, A=bxd=2x1.2=24m? 
Sp. gr. of liquid = 1.45 
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Density of liquid, p; = 1.45 x 1000 = 1450 kg/m? 
Let F, = Force exerted by the fluid of sp. gr. 1.45 on gate 
F, = Force exerted by water on the gate. 
The force F, is given by F,=p,gxAxX hy 
where p, = 1.45 x 1000 = 1450 kg/m* 
hı = Depth of C.G. of gate from free surface of liquid 
= (Se a8 m. 
2 


FREE SURFACE OF LIQUID 














LIQUID OF 
Sp. gr.=1.45 FREE SURFACE 
F OF WATER 
UPSTREAM = © eMe _-_---- = 
TAAA WATER ZEE 
1.2 MNE aR" 
DOWNSTREAM 
HINGE 
Fig. 3.9 
ʻi F, = 1450 x 9.81 x 2.4 x 2.1 = 71691 N 
Similarly, F, = pg.Ah2 


where p, = 1,000 kg/m? 


h2 = Depth of C.G. of gate from free surface of water 
wl x 1.2=0.6m 
2 
RS F,= 1000 x 9.81 x 2.4 x 0.6 = 14126 N 
(i) Resultant force on the gate = F| — F, = 71691 — 14126 = 57565 N. Ans. 
(ii) Position of centre of pressure of resultant force. The force F, will be acting at a depth of 
h,* from free surface of liquid, given by the relation 





ht= See 
3 3 
where Ig = “= : “= = 0.288 m“ 
its 42:1 = 0.0571 + 2.1 = 2.1571 m 
2.4x2.1 


Distance of F, from hinge 
= (1.5 + 1.2) —h,* = 2.7 — 2.1571 = 0.5429 m 
The force F, will be acting at a depth of /,* from free surface of water and is given by 
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h," = lg + ho 
e: Ah» 
where J, = 0.288 m*, h, = 0.6 m, A = 2.4 m’, 
pit = MA 06 =02'4-06 = 08 m 
“2.40.6 
Distance of F, from hinge = 1.2-0.8=0.4m 


The resultant force 57565 N will be acting at a distance given by 


71691 x .5429 — 14126 x 0.4 
57565 


_ 38921- 5650.4 
57565 
= 0.578 m above the hinge. Ans. 

(iii) Force at the top of gate which is capable of opening the gate. Let F is the force required 
on the top of the gate to open it as shown in Fig. 3.9. Taking the moments of F, F, and F, about the 
hinge, we get 
F x 1.2 + F, X 0.4 = F, x .5429 

F= F, x .5429 — F, x 0.4 

p 1.2 

_ 71691 x.5429 -14126 x 0.4 _ 38921 -— 5650.4 

p 1.2 1.2 

= 27725.5 N. Ans. 
Problem 3.8 A caisson for closing the entrance to a dry dock is of trapezoidal form 16 m wide at the 
top and 10 m wide at the bottom and 6 m deep. Find the total pressure and centre of pressure on the 
caisson if the water on the outside is just level with the top and dock is empty. 


m above hinge 


or 





Solution. Given : WATER SURFACE 
Width at top =1l6m 
Width at bottom =10m 
Depth, d=6m n 
Area of trapezoidal ABCD, 
E (BC + AD) seus 
2 
(10 + 16) 2 
oa sertom Fig. 3.10 
Depth of C.G. of trapezoidal area ABCD from free surface of water, 
16-10 
_ ee i! 
h= 3 
78 


_ 180+36 
78 
(i) Total Pressure (F). Total pressure, F is given by 


= 2.769 m from water surface. 
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F = pgAh = 1000 x 9.81 x 78 x 2.769 N 
= 2118783 N = 2.118783 MN. Ans. 
(ii) Centre of Pressure (h*). Centre of pressure is given by equation (3.5) as 
hta Io +h 
Ah 
where /,, = M.O.I. of trapezoidal ABCD about its C.G. 


Let I;, = M.O.I. of rectangle FBCE about its C.G. 
Iç, = M.O.1. of two As ABF and ECD about its C.G. 
bd? _10x6° 
l, = == 
12 12 
Ic, is the M.O.I. of the rectangle about the axis passing through G}. 


Then = 180 mł 





M.O.I. of the rectangle about the axis passing through the C.G. of the trapezoidal Ic, + Area of 


rectangle x g 
where x, is distance between the C.G. of rectangle and C.G. of trapezoidal 
= (3.0 - 2.769) = 0.231 m 
M.O.I. of FBCE passing through C.G. of trapezoidal 
= 180 + 10 x 6 x (0.231)? = 180 + 3.20 = 183.20 m* 


3 
Now Ic, = M.O.1. of AABD in Fig. 3.11 about G, = n 
3 
_ 06-10)x6 4. 
36 


The distance between the C.G. of triangle and C.G. of trapezoidal 
= (2.769 — 2.0) = 0.769 
M.O.1. of the two As about an axis passing through C.G. of trapezoidal 


= Íg, + Area of triangles x (.769)° 
6x6 


A 


= 36.0 + x (.769)7 





= 36.0 + 10.64 = 46.64 
1; = M.O.1. of trapezoidal about its C.G. 
= M.O.L. of rectangle about the C.G. of trapezoidal 
+ M.O.1. of triangles about the C.G. of the trapezoidal 
= 183.20 + 46.64 = 229.84 m* 





h* = Tig +h B.C 
Ah Fig. 3.11 
where A= 78, h = 2.769 
i = AM. + 2.769 = 1.064 + 2.769 = 3.833 m. Ans. 
78 x 2.769 


Alternate Method 
The distance of the C.G. of the trapezoidal channel from surface AD is given by (refer to Table 3.1 
on page 71) 
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(2a+b)_h 
x= x— 
(a+b) 3 
_ (2x10+16) 6 (2 a= 10,b = 16 and h=6) 
(10+16) 3 
36 


= — x2=2.769 m 
26 


This is also equal to the distance of the C.G. of the trapezoidal from free surface of water. 
h = 2.769 m 
Total pressure, F = pgAh ( A= 78) 
= 1000 x 9.81 x 78 x 2.769 N = 2118783 N. Ans. 


Centre of Pressure, (h*) = “Cah 
i 


Now /, from Table 3.1 is given by, 


(a° +4ab+b°) ,_ (10° +4x10x16+16°) 


= x 6? 
G=  36(a+b) À 36(10 + 16) 
pO FOOT DO) | i 0'98018AE nt 
36 x 26 
= Ue i 2.769 C A=78m® 
78 x 2.769 


= 3.833 m. Ans. 
Problem 3.9 A trapezoidal channel 2 m wide at the bottom and I m deep has side slopes 1 : 1. 
Determine : 
(i) the total pressure, and 
(ii) the centre of pressure on the vertical gate closing the channel when it is full of water. 


Solution. Given : 


Width at bottom =2m 
Depth, d=1m ~ em 
Side slopes =1:1 A WATER SURFACE D 

Top width, AD=2+1+1=4m d 
Area of rectangle FBEC, A,=2x1=2m? 
Ar i = (4-2) = 2 

ea of two triangles ABF and ECD, A, = xli=lim B c 
2 , j— 2m—+| 

Area of trapezoidal ABCD, A=A,+A,=2+1=3m 

Depth of C.G. of rectangle FBEC from water surface, Fig. 3.12 


E T 
2 
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Depth of C.G. of two triangles ABF and ECD from water surface, 
1 


m=i xl=im 
3 3 


Depth of C.G. of trapezoidal ABCD from free surface of water 


zat xhi+A,xXh2 _ 2x 054+1x 033333 _ 
(A, + A; ) (2 +1) 
(i) Total Pressure (F). Total pressure F is given by 


HHH 


F = pgAh 
= 1000 x 9.81 x 3.0 x 0.44444 = 13079.9 N. Ans. 
(ii) Centre of Pressure (h*). M.O.I. of rectangle FBCE about its C.G., 


bä” OK T 4 
G = —— = = — m 
: B i2: 6 


M.O.1. of FBCE about an axis passing through the C.G. of trapezoidal 





or Ig * = Ig, + A x [Distance between C.G. of rectangle and C.G. 
1 I 


of trapezoidal]? 


+2x [7-7] 


aj- ol- 


+2» [0.5 — 4444]? = .1666 + .006182 = 0.1727 
M.O.I. of the two triangles ABF 


a 


nd ECD about their C.G., 


bd? (1+1)xP 2 1 
Gr ER E 


M.O.I. of the two triangles about the C.G. of trapezoidal, 
I¢,* = 1g, + A X [Distance between C.G. of triangles and C.G. 
of trapezoidal]? 
l sw il i} 
= —+1x{h-h2|] =—+1x|.4444-— 
18 18 3 
= = + (1111)? = 0.0555 + (.1111)? 
= .0555 + 0.01234 = 0.06789 m* 
M.O.I. of the trapezoidal about its C.G. 
Ig = Ig, *+ Ig, * = 1727 + .06789 = 0.24059 m* 
Then centre of pressure (/*) on the vertical trapezoidal, 
Ie ia 0.24059 
Ah 3 x.4444 
= 0.625 m. Ans. 


h*= 


+ .4444 = 0.18046 + 4444 = 0.6248 
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Alternate Method 
The distance of the C.G. of the trapezoidal channel from surface AD is given by (refer to Table 3.1 
on page 71). 


_ (2a+b) h _(2x2+4) 1 


= Gr a 244 a (© a=2,b=4 and h= 1) 
= 0.444 m 
h=x=0444m 
Total pressure, F = pgAh = 1000 x 9.81 x 3.0 x .444 ( A= 30) 


= 13079 N. Ans. 


Centre of pressure, h* = +h 


> lo 
z9 


where /, from Table 3.1 is given by 


_ (a? +4ab +b’) 


= 3_ (2? +4x2x444") B 52 


xh = -———— xl’= = 0.2407 m* 
36(a+b) 36(2 + 4) 36 x6 es 





0.2407 

hë = ———— 

3.0 x .444 
Problem 3.10 A square aperture in the vertical side of a tank has one diagonal vertical and is 
completely covered by a plane plate hinged along one of the upper sides of the aperture. The diagonals 
of the aperture are 2 m long and the tank contains a liquid of specific gravity 1.15. The centre of 
aperture is 1.5 m below the free surface. Calculate the thrust exerted on the plate by the liquid and 
position of its centre of pressure. 

Solution. Given : Diagonals of aperture, AC = BD = 2 m 

<. Area of square aperture, A = Area of AACB + Area of AACD 


+ .444 = 0.625 m. Ans. 





a ACX BO | ACXOD _2x1 , 2x1 SEPTETO 
2 2 2 2 
Sp. gr. of liquid =1.15 
Density of liquid, p = 1.15 x 1000 = 1150 kg/m? 
Depth of centre of aperture from free surface, 
h= 1.5 m. 
B SQUARE 


= os T a APERTURE 
2 m c 
D 


je—— 2m 
Fig. 3.13 
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(i) The thrust on the plate is given by 


F = pgAh = 1150 x 9.81 x 2 x 1.5 = 33844.5. Ans. 
(ii) Centre of pressure (/*) is given by 
a 
Ah 
where /,,= M.O.I. of ABCD about diagonal AC 
= M.O.L. of triangle ABC about AC + M.O.I. of triangle ACD about AC 


3 3 3 
= SEROM ACHO” f MO. ofa wriangleaboutiisbase = 27 | 











12 12 
IE ZXP £ T ii 
= + =—+-=-m 
12 12 6 6 3 
1 
3 1 
h” = + 1.5 = ——— + 1.5 = 1.611 m. Ans. 
2x15 3X2515 


Problem 3.11 A tank contains water upto a height of 0.5 m above the base. An immiscible liquid of 
sp. gr. 0.8 is filled on the top of water upto | m height. Calculate : 
(i) total pressure on one side of the tank, 
(ii) the position of centre of pressure for one side of the tank, which is 2 m wide. 
Solution. Given : 


Depth of water =0.5m 

Depth of liquid =Im 

Sp. gr. of liquid = 0.8 

Density of liquid, p, = 0.8 x 1000 = 800 kg/m? 

Density of water, p = 1000 kg/m? 

Width of tank =2m 

(i) Total pressure on one side is calculated by drawing pressure diagram, which is shown in Fig. 3.14. 
Intensity of pressure on top, pa=0 


Intensity of pressure on D (or DE), pp = P,g-hy 
= 800 x 9.81 1.0 = 7848 N/m? 





B _ 7848 F 4905 c 
Fig. 3.14 


Intensity of pressure on base (or BC),pg = Pigh; + pag x 0.5 
= 7848 + 1000 x 9.81 x 0.5 = 7848 + 4905 = 12753 N/m? 
Now force F, = Area of AADE x Width of tank 


= 5 XAD x DE x2.0 = > x 1 x 7848 x 2.0 = 7848 N 


|] 





Force F, = Area of rectangle DBFE x Width of tank 
= 0.5 x 7848 x 2 = 7848 N 
F, = Area of AEFC x Width of tank 


= 5 x EF x FC x 20 = 5 x 0.5 x 4905 x 2.0 = 2452.5 N 


<. Total pressure, F=F,+F,+F; 
= 7848 + 7848 + 2452.5 = 18148.5 N. Ans. 
(ii) Centre of Pressure (h*). Taking the moments of all force about A, we get 


Fx h* = Fy x = AD + Fy (AD + > BD) + FAD + = BD] 


18148.5 x h* = 7848 x = x 1 + 7848 (10+ 93) + 2452.5 (19+ 2x.) 


= 5232 + 9810 + 3270 = 18312 


18312 
181485 
Problem 3.12 A cubical tank has sides of 1.5 m. It contains water for the lower 0.6 m depth. The 
upper remaining part is filled with oil of specific gravity 0.9. Calculate for one vertical side of the tank: 
(a) total pressure, and 
(b) position of centre of pressure. 
Solution. Given : 
Cubical tank of sides 1.5 m means the dimensions of the tank are 1.5 m x 1.5 m x 1.5 m. 


h* = 


= 1,009 m from top. Ans. 





Depth of water = 0.6m 

Depth of liquid = 1.5 — 0.6 = 0.9 m 

Sp. gr. of liquid =0.9 

Density of liquid, Pı = 0.9 x 1000 = 900 kg/m? 
Density of water, Pp» = 1000 kg/m? 


(a) Total pressure on one vertical side is calculated by drawing pressure diagram, which is shown 
in Fig. 3.15. 





eT c 
7946.1 |F 5886 
A 


Fig. 3.15 
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Intensity of pressure at A, p, = 0 

Intensity of pressure at D,pp = pg X h = 900 x 9.81 x 0.9 = 7946.1 N/m? 

Intensity of pressure at B, pp = p,gh, + Pgh, = 900 x 9.81 x 0.9 + 1000 x 9.81 x 0.6 
= 7946.1 + 5886 = 13832.1 N/m? 

Hence in pressure diagram : 


DE = 7946.1 N/m’, BC = 13832.1 N/m’, FC = 5886 N/m? 
The pressure diagram is split into triangle ADE, rectangle BDEF and triangle EFC. The total pres- 
sure force consists of the following components : 
(i) Force F, = Area of triangle ADE x Width of tank 


= (4x ADx DE) x 1.5 Ce Width = 1.5 m) 
= (4x 0.9 x 7946.1) x 1.5 N = 5363.6 N 


This force will be acting at the C.G. of the triangle ADE, i.e., at a distance of ; x 0.9 = 0.6 m below A 


(ii) Force F, = Area of rectangle BDEF x Width of tank 
= (BD x DE) x 1.5 = (0.6 xX 7946.1) x 1.5 = 7151.5 


This force will be acting at the C.G. of the rectangle BDEF i.e., at a distance of 0.9 + rs =1.2m 


below A. 
(iii) Force F, = Area of triangle EFC x Width of tank 


= (4x EF x FC) x 1.5 = ($x 0.6 x 5886) x 1.5 = 2648.7 N 


2 
This force will be acting at the C.G. of the triangle EFC, i.e., at a distance of 0.9 + 3 x 0.6 = 1.30 m 


below A. 
Total pressure force on one vertical face of the tank, 
F=F,+F,+F, 
= 5363.6 + 7151.5 + 2648.7 = 15163.8 N. Ans. 
(b) Position of centre of pressure 
Let the total force F is acting at a depth of h* from the free surface of liquid, i.e., from A. 
Taking the moments of all forces about A, we get 


Fxh* =F, x0.6+ F,x 12+ F;x 1.3 

_ F x06+F, x12+F x13 
—_—_—_—_s 

_ 53636 x 0.6 + 7151.5 x 12 + 26487 x 13 


151638 
= 1.005 m from A. Ans. 


or h* 


> 3.4 HORIZONTAL PLANE SURFACE SUBMERGED IN LIQUID 


Consider a plane horizontal surface immersed in a static fluid. As every point of the surface is at the 
same depth from the free surface of the liquid, the pressure intensity will be equal on the entire surface 
and equal to, p = pgh, where A is depth of surface. 
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Let A = Total area of surface FREE SURFACE 
Then total force, F, on the surface 


=p X Area = pg X h XA = pgAh 

where h = Depth of C.G. from free surface of liquid = h 
also h* = Depth of centre of pressure from free surface = h. 
Problem 3.13 Fig. 3.17 shows a tank full of water. Find : 

(i) Total pressure on the bottom of tank. 

(ii) Weight of water in the tank. 

(iii) Hydrostatic paradox between the results of (i) and (ii). Width of tank is 2 m. 

Solution. Given : 0.4m 

Depth of water on bottom of tank 


h, =3 + 0.6 =3.6 m 











PEDI 





Width of tank =2m 3m 
Length of tank at bottom =4m == 
Area at the bottom, A=4x2=8m? 
(i) Total pressure F, on the bottom is SAE 
F = pgAh = 1000 x9.81x8x3.6 le 4m——f 
= 282528 N. Ans. Fig. 3.17 


(ii) Weight of water in tank = pg X Volume of tank 
= 1000 x 9.81 x [3 x 0.4 x2 +4x.6x2] 
= 1000 x 9.81 [2.4 + 4.8] = 70632 N. Ans. 


(iii) From the results of (7) and (ii), it is observed that the total weight of water in the tank is much 
less than the total pressure at the bottom of the tank. This is known as Hydrostatic paradox. 


> 3.5 INCLINED PLANE SURFACE SUBMERGED IN LIQUID 


Consider a plane surface of arbitrary shape immersed in a liquid in such a way that the plane of the 
surface makes an angle O with the free surface of the liquid as shown in Fig. 3.18. 


FREE LIQUID SURFACE 





Fig. 3.18 Inclined immersed surface. 
Let A = Total area of inclined surface 


h = Depth of C.G. of inclined area from free surface 
h* = Distance of centre of pressure from free surface of liquid 


@ = Angle made by the plane of the surface with free liquid surface. 
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Let the plane of the surface, if produced meet the free liquid surface at O. Then O-O is the axis 
perpendicular to the plane of the surface. 

Let y = distance of the C.G. of the inclined surface from O-O 

y* = distance of the centre of pressure from 0-0. 

Consider a small strip of area dA at a depth ‘h’ from free surface and at a distance y from the axis 
O-O as shown in Fig. 3.18. 

Pressure intensity on the strip, p=pgh 

Pressure force, dF, on the strip, dF = p x Area of strip = pgh x dA 


Total pressure force on the whole area, F = far = Jeghaa 


h + 

But from Fig. 3.18, B = Eat = sin 
ya 2 
h=ysin9 


F = [pg x yx sin 0x dA=pg sin 0 Í ydA 
But Joaa =ay 


where y = Distance of C.G. from axis O-O 
F = pg sin 0 y xA 
= pgAh (cz h=y sin @) ...(3.6) 
Centre of Pressure (h*) 


Pressure force on the strip,dF = pghdA 

= pgy sin ð dA [h = y sin 8] 
Moment of the force, dF, about axis O-O 

= dF x y = pgy sin @ dA x y= pg sin 0 y"dA 
Sum of moments of all such forces about O-O 


= Jossin @ y* dA=pgsin o fy’ aA 


But fy dA = M.O.. of the surface about O-O = lo 
Sum of moments of all forces about O-O = pg sin 6 J, shady 
Moment of the total force, F, about O-O is also given by 
SF Xy" .-(3.8) 


where y* = Distance of centre of pressure from 0-0. 
Equating the two values given by equations (3.7) and (3.8) 
F x y* = pg sin 8 J 
j= pg sin O l 


9 
F ) 


or 

h* = 

Now y* = ——,F=pgAh 
sin 8 


and /, by the theorem of parallel axis = J, + Ay’. 
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Substituting these values in equation (3.9), we get 














* i =ð 
A _ PS sin @ [tc + Ay’ | 
sin 0 pgAh 
sin? @ —=4 
h* = = [I+ Ay" 
Ah Ue y] 
h -_ h 
But ==sin0 or y=—— 
y sin 0 
a E A 
Ah sin” 6 
or gute D iy (3.10) 


Ah 

If 0 = 90°, equation (3.10) becomes same as equation (3.5) which is applicable to vertically plane 
submerged surfaces. 

In equation (3.10), Z; = M.O.I. of inclined surfaces about an axis passing through G and parallel to O-O. 
Problem 3.14 (a) A rectangular plane surface 2 m wide and 3 m deep lies in water in such a way 
that its plane makes an angle of 30° with the free surface of water. Determine the total pressure and 
position of centre of pressure when the upper edge is 1.5 m below the free water surface. 

Solution. Given : FREE WATER SURFACE 





Width of plane surface, b=2m == p 
Depth, d=3m vee 
Angle, 6 = 30° 


Distance of upper edge from free water surface = 1.5 m 
(i) Total pressure force is given by equation (3.6) as 


F=pgAh 
where p = 1000 kg/m? 
A=bxd=3x2=6m 


h = Depth of C.G. from free water surface 
= 1.5 + 1.5 sin 30° 


{7 h =AE + EB = 1.5 + BC sin 30° = 1.5 + 1.5 sin 30°} 


=15+15x+4+=2.25m 
F = 1000 x 9.81 x 6 x 2.25 = 132435 N. Ans. 


(ii) Centre of pressure (h*) 


Using equation (3.10), we have 








ee 3 3 
ye ee mopa 3 =4.5 m’ 
Ah 12 12 
1 
2 ano 4.5x 
+ SS pise aas 
6x2.25 6x2.25 


= 0.0833 + 2.25 = 2.3333 m. Ans. 
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Problem 3.14 (b) A rectangular plane surface 3 m wide and 4 m deep lies in water in such a way 
that its plane makes an angle of 30° with the free surface of water. Determine the total pressure force 
and position of centre of pressure, when the upper edge is 2 m below the free surface. 
Solution. Given : Free surface of water 
b=3m,d=4m, 0= 30° 
Distance of upper edge from free surface of water = 2 m 
(i) Total pressure force is given by equation (3.6) as 
F=pgAh 
where p = 1000 kg/m’, 
A=bxd=3x4= 12m? 
and h = Depth of C.G. of plate from 
free water surface 
=2+BE=2+BC sin® 





=2+2sin 30°=242%—>=3m 


Fig. 3.19 (a) 


x F = 1000 x 9.81 x 12 x 3 = 353167 N = 353.167 kN. Ans. 
(ii) Centre of pressure (h*) 








Using equation (3.10), we have h* = lorg ar g +h 
bd? 3x4 
where /, = eg? = 16 m* 
12 12 
l 
. 2 o 16 x Tad" 
jin M jaaa 
12x3 36 


Problem 3.15 (a) A circular plate 3.0 m diameter is immersed in water in such a way that its 
greatest and least depth below the free surface are 4 m and 1.5 m respectively. Determine the total 
pressure on one face of the plate and position of the centre of pressure. 


Solution. Given : FREE WATER SURFACE 
Dia. of plate, a3 0m O == 
Area, A = Ž @ = Ë 8.0} = 7.0685 m? 
4 4 A 
Distance DC = 1.5 m, BE =4m 


Distance of C.G. from free surface 


=h=CD+GC sin 0= 1.5 + 1.5 sin 8 
AB_BE-AE _40-DC_ 40-15 








But sin 0 = — = —_—. = —_____= 
BC BC 3.0 3.0 
25 
= — = 0.8333 
3.0 
h=15 


+ 1.5 x .8333 = 1.5 + 1.249 = 2.749 m Fig. 3.20 
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(i) Total pressure (F) 
F = pgAh 
= 1000 x 9.81 x 7.0685 x 2.749 = 190621 N. Ans. 


(ii) Centre of pressure (h*) 
wi 
I, sin 8 2 


Using equation (3.10), we have h* = Al 


tT T 
here Iç = — d'= — (3) = 3.976 mt 
where: lo= -7 6a | ) m 
= 3976 x (8333) x 8333 2749 = 0.1420 + 2.749 


h* 
7.0685 x 2.749 
= 2.891 m. Ans. 


Problem 3.15 (b) /fin the above problem, the given circular plate is having a concentric circular 
hole of diameter 1.5 m, then calculate the total pressure and position of the centre of pressure on one 


face of the plate. 
Solution. Given : [Refer to Fig. 3.20 (a)] 
Dia. of plate, d=3.0m 
to plate 


Area of solid plate = 3 d= a (3)? = 7.0685 m? 


Dia. of hole in the plate, dy = 1.5 m B 
. Area of hole = $ d? = í (1.5)? = 1.7671 m? 


<. Area of the given plate, A = Area of solid plate — Area of hole 
= 7.0685 — 1.7671 = 5.3014 m? 


Fig. 3.20 (a) 


Distance CD = 1.5, BE=4m 


Distance of C.G. from the free surface, 
h=CD+GCsin® 
=1.5+1.5sin0 

AB_BE-AE _ 4-15 _ 25 


sin 6 SS 
BC BC 3 3 


But 
h=1.5+ 5x = = 1.5 + 1.25 = 2.75 m 


(i) Total pressure force (F) 
F = pgA h 
= 1000 x 9.81 x 5.3014 x 2.75 


= 143018 N = 143.018 kN. Ans. 


View normal 








iE 
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(ii) Position of centre of pressure (h*) 
Using equation (3.10), we have 
ht> lo sin? 0 h 
Ah 
T y4 N ind 4, 4 
here [5 = — [d°-dj)]=— B -1.5']m 
where fg 64 [ ol 64 [ ] 
T > T 2 2 2 
A= — [d-d] = — [34 -— 1.5] m“ 
4 [ o] 4 [ ] 
sin 6 = = and h = 2.75 


= [3* -1s'}x(23) 
h* = sta + 2.75 
a3 = 15°] 2.75 


1 rar e21 (25) 
2 13? 4.1.5? 
_ eo Ix( F) aga ia 


2.75 ~ 16x2.75x9 
= 0.177 + 2.75 = 2.927 m. Ans. 
Problem 3.16 A circular plate 3 metre diameter is submerged in water as shown in Fig. 3.21. Its 
greatest and least depths are below the surfaces being 2 metre and | metre respectively. Find : (i) the 
total pressure on front face of the plate, and (ii) the position of centre of pressure. 


+ 2.75 








Solution. Given: Water surface 
Dia. of plate, G=3.0 mr grr 
Area, A = Ē (8.0)? = 7.0685 m? 2m 
4 A 
Distance, DC = 1 m, BE =2 m 
In AABC, sin @ = AB BE-AE _ BE-DC _ 20-10 1 : 
AC BC BC 3.0 3 Fig. 3.21 


The centre of gravity of the plate is at the middle of BC, i.e., at a distance 1.5 m from C. 
The distance of centre of gravity from the free surface of the water is given by 


h = CD + CG sin @= 1.04 15x 4 (+ sin @= 4) 
=1.5m. 
(i) Total pressure on the front face of the plate is given by 
F=pgAh 


= 1000 x 9.81 x 7.0685 x 1.5 = 104013 N. Ans. 
(ii) Let the distance of the centre of pressure from the free surface of the water be *. Then using 
equation (3.10), we have 
Ig sin’ @ fr 


h* = = 
Ah 
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T 


ae h = 1.5 mand sin 0 = 4 


where Ig = d= @),A= 
64 64 


Substituting the values, we get 


—d x(F) d 1 
je n W aj 
wp x15 16 9x15 


3 


— 3° 
16x9xI15 
Problem 3.17 A rectangular gate 5 m <2 m is hinged at its base and inclined at 60° to the horizon- 
tal as shown in Fig. 3.22. To keep the gate in a stable position, a counter weight of 5000 kgf is attached 
at the upper end of the gate as shown in figure. Find the depth of water at which the gate begins to fall. 


Neglect the weight of the gate and friction at the hinge and pulley. 
Solution. Given : 


+ 1.5 = .0416 + 1.5 = 1.5416 m. Ans. 








Length of gate =5m 
Width of gate =2m 
6 = 60° 
Weight, W = 5000 kgf 
= 5000 x 9.81 N 
= 49050 N ( 1 kgf = 9.81 N) 
As the pulley is frictionless, the force acting at B = 49050 N. First HINGE 
find the total force F acting on the gate AB for a given depth of 
water. Fig. 3.22 
From figure, AD= 2 i : a 
sinð sin sin 60° “Bnr B 
, : , 2h 4h, 
Area of gate immersed in water, A = AD x Width x —= x2 = —= m* 
v3 v3 
Also depth of the C.G. of the immersed area = => = 0.5 h 
4h h _ 19620 


Total force F is given by F = pgAh = 1000 x 9.81 x —= hN 
BE B 


The centre of pressure of the immersed surface, h* is given by 


+2 
h*¥= Jaen"? 
Ah 
where J; = M.O.1. of the immersed area 
bx (AD). -2>(3) ap- 2! 
> B 12 WB eB 


16h° 


7 _ 4h? m4 
12x3xV3_ 9x3 
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i) 
3 ig! 3 
ye = Ah h_ 3h 


+—= 
oxi 4h oh yh 2 18h? 
B” 2 


Now in the ACHD, CH=hf a =. ZCDH = 60° 


h_h+3h_ 2h 
2 6 3 

















= sin 60° 
cp = CH We th __4h 
sin 60° sin 60° Hens 3x3 


2h 4h 6h-4h 2h 
AC=AD = CD = —=- >= = — z =z M 
B 33 3B 343 
Taking the moments about hinge, we get 


19620 „2 2h 
49050 x 5.0 = F x AC = —=— h 
v 3s 


3 
or 245250 = 222400 
3x3 
po EANN Wises 
39240 


= (56.25)! = 3.83 m. Ans. 


Probi 3.18 An inclined aa sluice gate AB, 1.2 m by 5 m size as shown in Fig. 3.23 is 
installed to control the discharge of water. The end A is hinged. Determine the force normal to the gate 


applied at B to open it. 


Solution. Given : 
A = Area of gate = 1.2 x 5.0 = 6.0 m? 


Depth of C.G. of the gate from free surface of the water = h 
= DG = BC - BE EREE WATER SURFACE O C D 


= 5.0 — BG sin 45° SSS 





1 
= 5.0 — 0.6 x —= = 4.576 
2 ma 


The total pressure force (F) acting on the gate, 


F = pgAh 
= 1000 x 9.81 x 6.0 x 4.576 (a) 
= 269343 N 
This force is acting at H, where the depth of H from Fig. 3.23 
free surface is given by 
ht = Ig sin’ 0 zy 
Ah 
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3 3 
where Zç = M.O.I. of gate = DU „AOINE a 0.72 m 
12 12 
72x sin? 45° 
Depth of centre of pressure h* = peat Set, + 4.576 = .013 + 4.576 = 4.589 m 
6 x 4.576 
h* 
But from Fig. 3.23 (a), — = sin 45° 
OH 
* 
Distance, on = e a E ASR 2 = 6.489 m 
sin45° 1l- 
V2 
Distance, BO = —>_ = 5x2 =7.071 m 
sin 45° 
Distance, BH = BO — OH = 7.071 - 6.489 = 0.582 m 
Distance AH = AB - BH = 1.2 — 0.582 = 0.618 m 


Taking the moments about the hinge A 
P x AB = F x (AH) 
where P is the force normal to the gate applied at B 
P x 1.2 = 269343 x 0.618 


P= 269343 x 0.618 = 138708 N. Ans. 


1.2 
Problem 3.19 A gate supporting water is shown in Fig. 3.24. Find the height h of the water so that 
the gate tips about the hinge. Take the width of the gate as unity. 
Solution. Given : 8 = 60° 


h  _ 2h 


= sin 60° 3 





Distance, 


where h = Depth of water. 
The gate will start tipping about hinge B if the resultant pressure force acts at B. If the resultant 
pressure force passes through a point which is lying from B to C anywhere on the gate, the gate will tip 
over the hinge. Hence limiting case is when the resultant force passes through B. But the resultant force 
passes through the centre of pressure. Hence for the given position, point B becomes the centre of 
pressure. Hence depth of centre of pressure, 
h*=(h-3)m 
Ie sin’ @ sid 


But h* is also given b h 
—s Ah 


Taking width of gate unity. Then 





Area, ponent 
V3 2 
1x(24) 

y= ba IAC O A3) BE o 2 

T 12 12 12 12x3x 43 9x43 


iE 
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sud 
„2h? sin? 60° h "G h_ h h_2h 
anm A hi ee 
9x43 2h h 2 wA 262 3 
B 2 
Equating the two values of h*, 
ed or Jit hd or Saf 
2 3 3 
h=3X3=9 m 


Height of water for tipping the gate = 9 m. Ans. 


Problem 3.20 A rectangular sluice gate AB, 2 m wide and 3 m long is hinged at A as shown in 
Fig. 3.25. It is kept closed by a weight fixed to the gate. The total weight of the gate and weight fixed to 
the gate is 343350 N. Find the height of the water ‘h’ which will just cause the gate to open. The centre 
of gravity of the weight and gate is at G. 

Solution. Given : 


Width of gate, b = 2 m ; Length of gate L= 3 m 
Area, A=2x3=6m’ 

Weight of gate and W = 343350 N 

Angle of inclination, 8 = 45° 


Let h is the required height of water. 
Depth of C.G. of the gate and weight = h 
From Fig. 3.25 (a), 
h =h- ED =h- (AD - AE) 
= h — (AB sin 0 — EG tan 8) fe tan 0= >». AE=EG tan o) 
= h— (3 sin 45° — 0.6 tan 45°) 
= h- (2.121 — 0.6) = (h- 1.521) m 
The total pressure force, F is given by 
F = pgAh = 1000 x 9.81 x 6 x (h — 1.521) 
= 58860 (h — 1.521) N. 


The total force F is acting at the centre of pressure as shown in Fig. 3.25 (b) at H. The depth of H 
from free surface is given by h* which is equal to 


_ Ig sin’ 0 bd? 2x3? _54 





h* = -= +h, where Iç = — = =— =4.5 m’ 
Ah mn bf PB 
sin? 45° 375 
ji SS eee re iv 
6X (h— 1.521) (h— 1.521) 
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FREE WATER SURFACE 






(a) 
Fig. 3.25 
Now taking moments about hinge A, we get 
343350 x EG = F x AH 


AK 
sin 45° 


or 343350 x 0.6 = F x 








From AAKH, Fig. 3.25 (b) AK = AH sin 8 = AH sin 45°. AH = ae) 
sin 


_ 58860 (h-1.521)x AK 
7 sin 45° 


_ 343350 x 0.6 x sin 45°_ 0.3535 x7 


AK = eee a 
58860 (h — 1.521) (h—1.521) © 
But anage=gen— 2? oa gona Ac (ii) 
(h — 1.521) 
But AC = CD - AD = h— AB sin 45° = h—3 x sin 45° = h — 2.121 
Substituting this value in (ii), we get 
Pe- ¢ 1.501) —Hidi} 
h—1521 
m ag PU AF ee eB „(iii 
h- 1.521 h— 1.521 


Equating the two values of AK from (i) and (iii) 
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0.3535x7 _ 0.375 


= + 0.6 
h—-1.521 h—-1.521 
or 0.3535 « 7 = 0.375 + 0.6 (h — 1.521) = 0.375 + 0.6 h — 0.6 x 1.521 
or 0.6h = 2.4745 — .375 + 0.6 X 1.521 = 2.0995 + 0.9126 = 3.0121 


k= salt = 5.02 m. Ans. 
0.6 
Problem 3.21 Find the total pressure and position of centre of pressure on a triangular plate of 
base 2 m and height 3 m which is immersed in water in such a way that the plane of the plate makes an 
angle of 60° with the free surface of the water. The base of the plate is parallel to water surface and at 








a depth of 2.5 m from water surface. FREE WATER SURFACE 
Solution. Given : 
Base of plate, b=2m 
Height of plate, h=3m 
Area, a a 
2 2 
Inclination, 8 = 60° 


Depth of centre of gravity from free surface of water, 
h = 2.5 + AG sin 60° 


=2.5+ i x3 x 2 i AG = +o height of triangle} 





= 2.5 + .866 m = 3.366 m 
(i) Total pressure force (F) 


F = pgAh = 1000 x 9.81 x 3 x 3.366 = 99061.38 N. Ans. 
(ii) Centre of pressure (h*). Depth of centre of pressure from free surface of water is given by 





paan B i 
Ah 
3 3 
where [= x- = =5 = 1.5 m* 
1.5 x sin? 60° 
peg ee 2 a966 20111 S 
3x 3366 


> 3.6 CURVED SURFACE SUB-MERGED IN LIQUID 


Consider a curved surface AB, sub-merged in a static fluid as shown in Fig. 3.27. Let dA is the area 
of a small strip at a depth of / from water surface. 
Then pressure intensity on the area dA is = pgh 
and pressure force, dF = p X Area = pgh x dA 43L) 
This force dF acts normal to the surface. 
Hence total pressure force on the curved surface should be 


ps J pghdA (3.12) 


im 
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WATER 
SURFACE 





Fig. 3.27 
But here as the direction of the forces on the small areas are not in the same direction, but varies 
from point to point. Hence integration of equation (3.11) for curved surface is impossible. The problem 
can, however, be solved by resolving the force dF in two components dF, and dF, in the x and y 
directions respectively. The total force in the x and y directions, i.e., F, and F, are obtained by 
integrating dF, and dF, Then total force on the curved surface is l 


F= JF: +F, (3.13) 


and inclination of resultant with horizontal is tan @ = = ..-(3.14) 
Resolving the force dF given by equation (3.11) in x and y directions : 
dF, = dF sin 9 = pghdA sin 8 {-. dF = pghdA} 
and dF, = dF cos 8= pghdA cos 8 
Total forces in the x and y direction are : 
F.= J dF, = J pghdA sin © = pg J hdA sin @ (3.15) 
and Fy = J dF, = J pghdA cos 0 = pg J hdA cos 0 ...(3.16) 
Fig. 3.27 (b) shows the enlarged area dA. From this figure, i.e., AEFG, 
EF = dA 
FG = då sin 0 
EG = dA cos 8 


Thus in equation (3.15), dA sin 8 = FG = Vertical projection of the area dA and hence the expression 
pg Í hdA sin 8 represents the total pressure force on the projected area of the curved surface on the 


vertical plane. Thus 
F, = Total pressure force on the projected area of the curved surface on vertical plane. ...(3.17) 
Also dA cos 8 = EG = horizontal projection of dA and hence hdA cos 6 is the volume of the liquid 


contained in the elementary area dA upto free surface of the liquid. Thus fraa cos @ is the total 
volume contained between the curved surface extended upto free surface. 


Hence pg f raa cos 9 is the total weight supported by the curved surface. Thus 


Fy = pg J hdA cos 8 
= weight of liquid supported by the curved surface upto free surface of liquid. (3.18) 
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In Fig. 3.28, the curved surface AB is not supporting any fluid. In 
such cases, F, is equal to the weight of the imaginary liquid supported o 
by AB upto free surface of liquid. The direction of F, will be taken in 
upward direction. 
Problem 3.22 Compute the horizontal and vertical components 
of the total force acting on a curved surface AB, which is in the form 
of a quadrant of a circle of radius 2 m as shown in Fig. 3.29. Take the 






WATER SURFACE 


width of the gate as unity. B 
Solution. Given : 
Width of gate =1.0m 
Radius of the gate = 2.0m 
Distance AO =OB=2m 
Horizontal force, F, exerted by water on gate is given by 1 40 TREE Senne or ee 
equation (3.17) as Toa OS ey ee 


F, = Total pressure force on the projected area of curved 
surface AB on vertical plane 
= Total pressure force on OB 
{projected area of curved surface on vertical plane = OB x 1} 


= pgAh 


1000 x 9.81 x2 x 1 x (15+5} 


{- Areaof OB=A=BOx1=2x1=2, 
h = Depth of C.G. of OB from free surface = 1.5 + 4} 
F, = 9.81 x 2000 x 2.5 = 49050 N. Ans. 


The point of application of F, is given by A* = £ +h 
i 








3 3 
where Tw MOL: 08 DR bore a a ag 
2 R 3 
2 
paniy rs 
2x25 75 


= ().1333 + 2.5 = 2.633 m from free surface. 
Vertical force, F,, exerted by water is given by equation (3.18) 
F, = Weight of water supported by AB upto free surface 
= Weight of portion DABOC 
= Weight of DAOC + Weight of water AOB 
= pg [Volume of DAOC + Volume of AOB] 


= 1000 x 9.81 |ADx 40x += (Ao) x1| 


iE 


1000 x 9.81 [sx 20%1+ 2 x2" x1 


1000 x 9.81 [3.0 + m]N = 60249.1 N. Ans. 


Problem 3.23 Fig. 3.30 shows a gate having a quadrant shape of radius 2 m. Find the resultant 

force due to water per metre length of the gate. Find also the angle at which the total force will act. 
Solution. Given : WATER SURFACE A 
Radius of gate =2m RA 
Width of gate =Im 
Horizontal Force 





F, = Force on the projected area of the 
curved surface on vertical plane 


= Force on BO = pgAh 
where A = Areaof BO=2x1 =2m?,h=>x2= Im; 
F, = 1000 x 9.81 x2 x 1 = 19620 N 
This will act at a depth of = %2'= ; m from free surface of liquid, 


Vertical Force, F, 
F, = Weight of water (imagined) supported by AB 
= pg x Area of AOB x 1.0 


= 1000 x 9.81 x > (2)*x 1.0 = 30819 N 


This will act at a distance of = = a = 0.848 m from OB. 
IT SN 


Resultant force, F is given by 


F= JF +F? 
= 4/19620 + 30819 = 384944400 + 949810761 


= 36534.4 N. Ans. 
The angle made by the resultant with horizontal is given by 


a @ = tan”! 1.5708 = 57° 31’. Ans. 
Problem 3.24 Find the magnitude and direction of the resultant force due to water acting on a 
roller gate of cylindrical form of 4.0 m diameter, when the gate is placed on the dam in such a way that 
water is just going to spill. Take the length of the gate as 8 m. 

Solution. Given : 


Dia. of gate =4m 
Radius, R=2m 
Length of gate, l=8m 
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Horizontal force, F, acting on the gate is 


WATER 
F, = pgAh = Force on projected area of curved surface oe 
ACB on vertical plane 


= Force on vertical area AOB 
where A = Area of AOB = 4.0 x 8.0 = 32.0 m? 
h = Depth of C.G. of AOB = 4/2 = 2.0m 


F, = 1000 x 9.81 x 32.0 x 2.0 
= 627840 N. 





Vertical force, F, is given by 


Fig. 3.31 


F, = Weight of water enclosed or supported (actually or imaginary) by 
~ the curved surface ACB 


= pg X Volume of portion ACB 
= pg X Area of ACB x I 


= 1000 x 9.81 x (Ry x 8.0 = 9810 x za x 8.0 = 493104 N 
It will be acting in the upward direction. 


Resultant force, F= JF + F? = [627840 + 493104 = 798328 N. Ans. 


= == — = 0,7853 
F, 627840 


ai 6 = 31° 8’. Ans. 
Problem 3.25 Find the horizontal and vertical component of water pressure acting on the face of a 


tainter gate of 90° sector of radius 4m as shown in Fig. 3.32. Take width of gate unity. 
Solution. Given : 


: WATER SURFACE A 
Radius of gate, R=4m 


Horizontal component of force acting on the gate is 
F, = Force on area of gate 
projected on vertical plane 
= Force on area ADB 





= pgAh 
where A = AB x Width of gate 
=2xADx1 C- AB = 2AD) 
= 2 x 4 x sin 45° = 8 x .707 = 5.656 m? {7 AD = 4 sin 45°} 
z =- AB _ 5656 


— = —— = 2.828 m 
2 2 


F, = 1000 x 9.81 x 5.656 x 2.828 N = 156911 N. Ans. 
Vertical component 


F; = Weight of water supported or enclosed by the curved surface 
= Weight of water in portion ACBDA 


= pg X Area of ACBDA x Width of gate 
= 1000 x 9.81 x [Area of sector ACBOA — Area of AABO] x 1 
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= 9810 x Ea One [-- AAOB is aright angled] 
= 9810 x Ki g 2a] = 44796 N. Ans. 


Problem 3.26 Calculate the horizontal and vertical components of the water pressure exerted on a 
tainter gate of radius 8 m as shown in Fig. 3.33. Take width of gate unity. 
Solution. The horizontal component of water pressure is given by 


F, = pgAh = Force on the area projected on vertical plane 
= Force on the vertical area of BD “ETERS REE 
where A= BD x Width of gate = 4.0 x 1=4.0m 42 2 == 





h=—x4=2m 
F, = 1000 x 9.81 x 4.0 x 2.0 = 78480 N. Ans. 
Vertical component of the water pressure is given by 


E; = Weight of water supported or enclosed (imaginary) by curved 
surface CB 


= Weight of water in the portion CBDC 
= pg X [Area of portion CBDC] x Width of gate 
= pg X [Area of sector CBO — Area of the triangle BOD] x 1 


= 1000 x 9.81 x É nR? ae 
360 2 


4.0 X 8.8 cos 30° 
ae 
{°« DO = BO cos 30° = 8 x cos 30°} 

= 9810 x [16.755 — 13.856] = 28439 N. Ans. 
Problem 3.27 A cylindrical gate of 4 m diameter 2 m long has water on its both sides as shown in 
Fig. 3.34. Determine the magnitude, location and direction of the resultant force exerted by the water 
on the gate. Find also the least weight of the cylinder so that it may not be lifted away from the floor. 


Fig. 3.33 


= 9810 x Hki - 
12 











Solution. Given : WATER SURFACE A 
Dia. of gate =4m = a 
Radius =2'm 
(i) The forces acting on the left side of the cylinder are: | 4m [L ____-!0O_ ___]D SURFACE 
The horizontal component, F, = te Pasy 
where F, = Force of water on area projected on vertical ___- S / E 
plane a 
= Force on area AOC 
- , Fig. 3.34 

= pgAh where A=AC x Width=4x2 

= 1000 x 9.81 x8 x2 =8m? 

= 156960 N =h=>x4=2m 
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F, = weight of water enclosed by ABCOA 


y 
= 1000 x 9.81 x [že] x 2.0 = 9810 x z x 2? x 2.0 = 123276 N. 
Right Side of the Cylinder 


F, = pgA h2 = Force on vertical area CO 
= 1000 x 9.81 «2x 2x 2} A) =COx1=2x1=2m' ja => =10| 


= 39240 N 
F,, = Weight of water enclosed by DOCD 


= pg x [ze] x Width of gate 


= 1000 x 9.81 x 2 x2? x2 = 61638N 


Resultant force in the direction of x, 
F, = F,, — F,, = 156960 — 39240 = 117720 N 
Resultant force in the direction of y, 
F,=F, + F,,= 123276 + 61638 = 184914 N 
(i) Resultant force, F is given as 


F = „|F? + F2 =\(117720) +(184914)” = 219206 N. Ans. 
(ii) Direction of resultant force is given by 


F, 184914 
tan 8 = — = = 
F, 117720 

“5 8 = 57° 31’. Ans. 
(iii) Location of the resultant force 


4 


1.5707 








; 2x a j 
Force, F, acts at a distance of = 2.67 m from the top surface of water on left side, while F, 


2 
acts at a distance of 3 x 2 = 1.33 m from free surface on the right side of the cylinder. The resultant 


force F, in the direction of x will act at a distance of y from the bottom as 
F, X y = F, [4 - 2.67] - F,, [2 - 1.33] 


or 117720 x y = 156960 x 1.33 — 39240 x .67 = 208756.8 — 26290.8 = 182466 
y= 382406 = 1.55 m from the bottom. 
5 117720 


aX 2D 09488 m How AOC owai 





Force F, acts at a distance . from AOC or at a distance 
left of AOC. 
Also F, acts at a distance = = 0.8488 m from AOC towards the right of AOC. The resultant force 
a T 


F, will act at a distance x from AOC which is given by 


| 
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F, x x= F, X -8488 - F, X .8488 





or 184914 x x = 123276 x .8488 — 61638 x .8488 = .8488 [123276 — 61638] = 52318.4 
x= ——s = 0.2829 m from AOC. 
184914 
(iv) Least weight of cylinder. The resultant force in the upward direction is 
F, = 184914 N 


Thus the weight of cylinder should not be less than the upward force F, Hence least weight of 
cylinder should be at least. 
= 184914 N. Ans. 
Problem 3.28 Fig. 3.35 shows the cross-section of a tank full of water under pressure. The length 
of the tank is 2 m. An empty cylinder lies along the length of the tank on one of its corner as shown. 
Find the horizontal and vertical components of the force acting on the curved surface ABC of the 
cylinder. 


Solution. Radius, R=1Im 0.2 kgficm 
Length of tank, {=2m 
Pressure, p = 0.2 kgf/cm? = 0.2 x 9.81 N/cm? 
= 1.962 N/cm? = 1.962 x 10° N/m? 
4 
Pressure head, h= P. a = 
pg 1000x981 


Free surface of water will be at a height of 2 m from 
the top of the tank. 
Fig. 3.36 shows the equivalent free surface of water. 


(i) Horizontal Component of Force 


F,=pgAh 
where A = Area projected on vertical plane 
= 1:5:% 2.0 = 3.0m? 


h=2+— =2.75 
2 


F, = 1000 x 9.81 x 3.0 x 2.75 
= 80932.5 N. Ans. 
(ii) Vertical Component of Force 





F.. = Weight of water enclosed or supported 
l actually or imaginary by curved surface ABC 
= Weight of water in the portion CODE ABC 
= Weight of water in CODFBC — Weight of water in AEFB 


But weight of water in CODFBC 
= Weight of water in [COB + ODFBO]| 


= pg s +Boxop| %2= 1000 x 9.81 [Ext +10x25| x2 





= 64458.5 N 
Weight of water in AEFB = pg [Area of AEFB] x 2.0 


im 
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= 1000 x 9.81 [Area of (AEFG + AGBH — AHB)| x 2.0 





In AAHO, sin 0 = A a oe. = 045 i 8 =30° 
AO 10 
BH = BO — HO = 1.0-AO cos 9 = 1.0 — 1 x cos 30° = 0.134 
Area, ABH = Area ABO — Area AHO 
2 
- nR? x >20 _ AH X HO _ TR _ 0.5 x 866 = 0.0453 
360 2.0 12 2 


Weight of water in AEFB 
= 9810 x [AE x AG + AG x AH - 0.0453] x 2.0 
= 9810 x [2.0 x .134 + .134 x .5 — .0453] x 2.0 
= 9810 x [.268 + .067 — .0453] x 2.0 = 5684 N 
F, = 64458.5 — 56084 = 58774.5 N. Ans. 


Problem 3.29 Find the magnitude and direction of the resultant water pressure acting on a curved 
2 
a 

face ofa dam which is shaped according to the relation y = a — as shown in Fig. 3.37. The height of the 


water retained by the dam is 10 m. Consider the width of the dam as unity. 
Solution. Equation of curve AB is 





y= x or x?=9y 
9 J 
7 x= „9y =34y 
Height of water, =10m 
Width, i =1im a 
The horizontal component, F, is given by Fig. 3.37 


F, = Pressure due to water on the curved area projected on vertical plane 
= Pressure on area BC 


=pgAh 
where A=BCX1=10x1m,h=+x10=5m 
F, = 1000 x 9.81 x 10 x 5 = 490500 N 
Vertical component, F, is given by 
F , = Weight of water supported by the curve AB 
= Weight of water in the portion ABC 
= pg[Area of ABC] x Width of dam 


10 10 
=pg ‘J re a x 1.0 {Area of strip=xdy .. Area ABC= fray} 
0 0 


= 1000 x 9.81 x [avo ay (x=3J/y)} 


3/2 79 
29430 |2—| =29430x 2 peg = 19620 [10] 
3/2 |, 3 do 


19620 x 31.622 = 620439 N 


|] 


Resultant water pressure on dam 


F= Jr + F? = /(490500)° + (620439) 
= 790907 N = 790.907 kN. Ans. 
Direction of the resultant is given by 


F, _ 620439 


tan 0 = — 





0 = 51° 40’. Ans. 


2 
Problem 3.30 A dam has a parabolic shape y = yo (= as shown in Fig. 3.38 below having x) = 6m 
Xo 


and y, = 9m. The fluid is water with density = 1000 kg/m’. Compute the horizontal, vertical and the 
resultant thrust exerted by water per metre length of the dam. 
Solution. Given : 
Equation of the curve OA is 


Xo 6 36 4 


or v= 4y 
5 x= v4y = 2y!? 
Width of dam, b=1m. 


(i) Horizontal thrust exerted by water 
F, = Force exerted by water on vertical surface 
OB, i.e., the surface obtained by projecting ORIGIN 
the curved surface on vertical plane 


= pgAh 





= 1000 x 9.81 x (9 x 1) x : = 397305 N. Ans. 


(ii) Vertical thrust exerted by water 
F, = Weight of water supported by curved surface OA upto free surface of 
= water 
= Weight of water in the portion ABO 
= pg X Area of OAB x Width of dam 


9 
= 1000 x 9.81 x [faxa] x1.0 
0 
3 2 172 
= 1000 x 9.81 x J 2y"? xd x1.0 (1 x= 2y!) 
0 


3/2 7? 2 
= 19620 x | 2 = 19620 x = [9%] 
(3/2) |, 3 





= 19620 x ; X 27 = 353160 N. Ans. 
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(iii) Resultant thrust exerted by water 


F= JF + F? = (397305 + 353160 = 531574 N. Ans. 


Direction of resultant is given by 
F _ 353160 _ 
F, 397305 


@ = tan™ 0.888 = 41.63°. Ans. 


Problem 3.31 A cylinder 3 m in diameter and 4 m long retains water on one side. The cylinder is 
supported as shown in Fig. 3.39. Determine the horizontal reaction at A and the vertical reaction at B. 





tan 0 = 0.888 


The cylinder weighs 196.2 KN. Ignore friction. WATER SURFACE C 
Solution. Given : í 
Dia. of cylinder =3m 
Length of cylinder =4m 


Weight of cylinder, W = 196.2 kN = 196200 N 
Horizontal force exerted by water 
F, = Force on vertical area BOC 


= pgAh 





where A=BOCx1=3x4=12m?,hi=— x3= 1.5m 


F, = 1000 x 9.81 x 12 x 1.5 = 176580 N 
The vertical force exerted by water 
F, = Weight of water enclosed in BDCOB 


= pg x (zr) x l= 1000 x 9.81 x = x (1.5)? x 4 = 138684 N 


Force F, is acting in the upward direction. 
For the equilibrium of cylinder 
Horizontal reaction at A = F, = 176580 N 
Vertical reaction at B = Weight of cylinder — F, 
= 196200 — 138684 = 57516 N. Ans. 


> 3.7 TOTAL PRESSURE AND CENTRE OF PRESSURE ON LOCK GATES 


Lock gates are the devices used for changing the water level in a canal or a river for navigation. 
Fig. 3.40 shows plan and elevation of a pair of lock gates. Let AB and BC be the two lock gates. Each 
gate is supported on two hinges fixed on their top and bottom at the ends A and C. In the closed 
position, the gates meet at B. 

Let F = Resultant force due to water on the gate AB or BC acting are right angles to the gate 

R = Reaction at the lower and upper hinge 
P = Reaction at the common contact surface of the two gates and acting perpendicular to the 
contact surface. 

Let the force P and F meet at O. Then the reaction R must pass through O as the gate AB is in the 
equilibrium under the action of three forces. Let 0 is the inclination of the lock gate with the normal to 
the side of the lock. 


| 


In ZABO, ZOAB = ZABO = 8. 
Resolving all forces along the gate AB and putting equal to zero, we get 
R cos 80 — P cos 0 =0orR=P «-(3.19) 


WATER SURFACE 


ELEVATION 





Resolving forces normal to the gate AB 
R sin 0+ P sinO-F=0 





or F = R sin 0 + P sin 8 = 2P sin 0 Er RSP) 
P= £ ...(3.20) 
2 sin 80 


To calculate P and R 


In equation (3.20), P can be calculated if F and 8 are known. The value of 0 is calculated from the 
angle between the lock gates. The angle between the two lock gate is equal to 180° — 26. Hence @ can 
be calculated. The value of F is calculated as : 

Let H, = Height of water on the upstream side 

H, = Height of water on the downstream side 
F, = Water pressure on the gate on upstream side 


F, = Water pressure on the gate on downstream side of the gate 
l = Width of gate 





Now F, = pgAyhi 
= pg x Hy x 1x SL 
= pgt Hi [asm xm] 
= pgl > 1 i sM 2 
Similarly, F, = pgA -h2 = pg X (H, X I) x 2 = a 


2 2 

Resultant force F=F,-F,= ee ply 
Substituting the value of 6 and F in equation (3.20), the value of P and R can be calculated. 
Reactions at the top and bottom hinges 


Let R, = Reaction of the top hinge 
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R,, = Reaction of the bottom hinge 
Then R=R,+R, 
The resultant water pressure F acts normal to the gate. Half of the value of F is resisted by the 
hinges of one lock gates and other half will be resisted by the hinges of other lock gate. Also F} acts at 


H ; H, 
a distance of = from bottom while F, acts at a distance of rv from bottom. 


Taking moments about the lower hinge 
FLA Fy A 
—x—-—x 





R,xsin@x H= alo 
2 3 2 3 
where H = Distance between two hinges 
Resolving forces horizontally 
R, sin 0+ R, sin 0 = i n (ii) 


2 

From equations (i) and (ii), we can find R, and R,. 
Problem 3.32 Each gate of a lock is 6 m high and is supported by two hinges placed on the top 
and bottom of the gate. When the gates are closed, they make an angle of 120°. The width of lock is 
5 m. If the water levels are 4m and 2 m on the upstream and downstream sides respectively, determine 
the magnitude of the forces on the hinges due to water pressure. 











Solution. Given : HINGE Rr 
Height of lock =6m 
Width of lock =5m 
Width of each lock gate = AB 
AD 2.5 
or [= = 
cos 30° cos 30° 
= 2.887 m 
Angle between gates = 120° 
180°—120° 60° 
8 = ——=— =30° 
2 2 ; DOWNSTREAM 
Height of water on upstream side 
H,=4m PLAN A ‘30° 
and H,=2m Fig. 3.41 


Total water pressure On upstream side 
F, = pgA,hi, where A, = H, X l = 4.0 x 2.887 m? 


= 1000 x 9.81 x 4 x 2.887 x 2.0 fr =f 4220 m} 


= 226571 N 


= 


Force F, will be acting at a distance of = $ = 1.33 m from bottom. 


»| 


Similarly, total water pressure on the downstream side 
F,= PgAzh2, where A, = H, x | = 2 x 2.887 m2 


= 1000 x 9.81 x 2 x 2.887 x 1.0 ha = S2=== 1.0m 


|] 


= 56643 N 
H, 2 
F, will act at a distance of ae r = 0.67 m from bottom, 


Resultant water pressure on each gate 
F = F, — F, = 226571 — 56643 = 169928 N. 
Let x is height of F from the bottom, then taking moments of F}, F, and F about the bottom, we have 
F x x= F, X 1.33 - F, x 0.67 


or 169928 x x = 226571 x 1.33 — 56643 x 0.67 
_ 226571 x 1.33 — 56643 x 0.67 _ 301339- 37950 _ | z5 m 
169928 169928 ao 


_ F _ 169928 
~ 2sin@ 2 sin 30 
From equation (3.19), R= P= 169928 N. 
If Ry and Rọ are the reactions at the top and bottom hinges, then Ry + Rp = R = 169928 N. 
Taking movements of hinge reactions Ry, Rpg and R about the bottom hinges, we have 
Rrx 6.0+RpxX0=Rx1.55 


Rp ee 1.55 = 43898 N 


Rp = R - Rr = 169928 — 43898 = 126030 N. Ans. 

Aubin 3.33 The end gates ABC of a lock are 9 m high and when closed include an angle of 
120°. The width of the lock is 10 m. Each gate is supported by two hinges located at } m and 6 m 
above the bottom of the lock. The depths of water on the two sides are 8 m and 4 m respectively. Find: 

(i) Resultant water force on each gate, 

(ii) Reaction between the gates AB and BC, and 

(iii) Force on each hinge, considering the reaction of the gate acting in the same horizontal plane 
as resultant water pressure. 

Solution. Given : 


= 169928 N. 








From equation (3.20), 


Height of gate =9m 
Inclination of gate = 120° 
180°—120° 
0= -g "S 30° 





(a) PLAN (b) ELEVATION 
Fig. 3.42 


iE 
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Width of lock =10m 
5 
Width of each lock = —,,, or 1 = 5.773 m 
cos 30) 
Depth of water on upstream side, H,=8m 
Depth of water on downstream side, H,=4m 


(i) Water pressure on upstream side 
F, = pgAyhi 


where A, =/x H, = 5.773 x 8 = 46.184 m, hı = a= = 4.0m 


F, = 1000 x 9.81 x 46.184 x 4.0 = 1812260 N = 1812.26 kN 
Water pressure on downstream side, 

F,= PgAzh2 
= 2.0 
x 2.0 = 453065 N = 453.065 kN 


where A, = lX H, = 5.773 x 4 = 23.092 m, hz = 


N n|jè 


F,= 1000 x 9.81 x 23.09 


Resultant water pressure 
= F, — F, = 1812.26 — 453.065 = 1359.195 kN 


(ii) Reaction between the gates AB and BC. The reaction (P) between the gates AB and BC is 
given by equation (3.20) as 
F- 1339195 
F= S sinð 2xsin 30° 
(iii) Force on each hinge. If Ry and Rẹ are the reactions at the top and bottom hinges then 
Rr + Rg=R 
But from equation (3.19), R = P = 1359.195 
: Ry + Rg = 1359.195 





= 1359.195 kN. Ans. 


2_4 
The force F, is acting at a.z = 2.67 m from bottom and F, at 3" 4° 1.33 m from bottom. 


The resultant force F will act at a distance x from bottom is given by 
F x x= F, X 2.67 - F, x 1.33 
- non F, X2.67 — F, X 1.33 E 1812.26 x 2.67 — 453.065 x 1.33 
F 1359.195 


jp SS OES aE 
1359.195 
Hence R is also acting at a distance 3.11 m from bottom. 
Taking moments of Ry and R about the bottom hinge 
Ry X [6.0 — 1.0] = R x (x — 1.0) 
R x(x —1.0) 1359.195 x 2.11 

hyena AAEN 

5.0 5.0 
Rg = R - Rr = 1359.195 - 573.58 

= 785.615 kN. Ans. 


| 


| 


> 3.8 PRESSURE DISTRIBUTION IN A LIQUID SUBJECTED TO CONSTANT 
HORIZONTAL/VERTICAL ACCELERATION 


In chapters 2 and 3, the containers which contains liquids, are assumed to be at rest. Hence the 
liquids are also at rest. They are in static equilibrium with respect to containers. But if the container 
containing a liquid is made to move with a constant acceleration, the liquid particles initially will move 
relative to each other and after some time, there will not be any relative motion between the liquid 
particles and boundaries of the container. The liquid will take up a new position under the effect of 
acceleration imparted to its container. The liquid will come to rest in this new position relative to the 
container. The entire fluid mass moves as a single unit. Since the liquid after attaining a new position 
is in static condition relative to the container, the laws of hydrostatic can be applied to determine the 
liquid pressure. As there is no relative motion between the liquid particles, hence the shear stresses and 
shear forces between liquid particles will be zero. The pressure will be normal to the surface in contact 
with the liquid, 

The following are the important cases under consideration : 

(i) Liquid containers subject to constant horizontal acceleration. 

(ii) Liquid containers subject to constant vertical acceleration. 
3.8.1 Liquid Containers Subject to Constant Horizontal Acceleration. Fig. 3.43 (a) 
shows a tank containing a liquid upto a certain depth. The tank is stationary and free surface of liquid 
is horizontal. Let this tank is moving with a constant acceleration ‘a’ in the horizontal direction towards 
right as shown in Fig. 3.43 (b). The initial free surface of liquid which was horizontal, now takes the 
shape as shown in Fig. 3.43 (b). Now AB represents the new free surface of the liquid. Thus the free 
surface of liquid due to horizontal acceleration will become a downward sloping inclined plane, with 
the liquid rising at the back end, the liquid falling at the front end. The equation for the free liquid 
surface can be derived by considering the equilibrium of a fluid element C lying on the free surface. 


The forces acting on the element C are : 
Free surface of 
liquid Original liquid 
surface 












Free surface of 
Moving horizontal 


Tank Jok 8 c mxa 
(stationary) A B 
SE i 8 
Front end 8 
Back end <_9) 
or Rear end g0 
a P mxg 


(a) (b) Tank moving 
Fig. 3.43 


(i) the pressure force P exerted by the surrounding fluid on the element C. This force is normal to 
the free surface. 
(ii) the weight of the fluid element i.e., m X g acting vertically downward. 
(iii) accelerating force i.e., m X a acting in horizontal direction. 
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Resolving the forces horizontally, we get 
Psin68+mxa=0 
or P sin 0 =— ma .(i) 
Resolving the forces vertically, we get 
P cos 0 - mg = 0 
or P cos 0=mxg .--(ii) 
Dividing (i) by (i), we get 


tan @=- 4 (or £ Numericaliy | .(3.20A) 
& & 

The above equation, gives the slope of the free surface of the liquid which is contained in a tank 
which is subjected to horizontal constant acceleration. The term (a/g) is a constant and hence tan 8 will 
be constant. The —ve sign shows that the free surface of liquid is sloping downwards. Hence the free 
surface is a straight plane inclined down at an angle @ along the direction of acceleration. 

Now let us find the expression for the pressure at any point D in the liquid mass subjected to 
horizontal acceleration. Let the point D is at a depth of ‘h’ from the free surface. Consider an 
elementary prism DE of height ‘h’ and cross-sectional area dA as shown in Fig. 3.44. 





Lines of constant 
pressure 


Fig. 3.44 
Consider the equilibrium of the elementary prism DE. 
The forces acting on this prism DE in the vertical direction are : 
(i) the atmospheric pressure force (po X dA) at the top end of the prism acting downwards, 
(ii) the weight of the element (p X g X h X dA) at the C.G. of the element acting in the downward 
direction, and 
(iii) the pressure force (p X dA) at the bottom end of the prism acting upwards. 
Since there is no vertical acceleration given to the tank, hence net force acting vertically should be 
Zero. 


p X dA — po X dA — pgh dA = 0 


or P-Po-Pgh=0 or p=po+ pgh 
or P — Po = Pgh 
or gauge pressure at point D is given by 
p = pgh 
or pressure head at point D, Ron h. 
Ps 


|] 


mi 


d 
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From the above equation, it is clear that pressure head at any point in a liquid subjected to a 
constant horizontal acceleration is equal to the height of the liquid column above that point. Therefore 
the pressure distribution in a liquid subjected to a constant horizontal acceleration is same as 
hydrostatic pressure distribution. The planes of constant pressure are therefore, parallel to the inclined 
surface as shown in Fig. 3.44. This figure also shows the variation of pressure on the rear and front 
end of the tank. 

If h, = Depth of liquid at the rear end of the tank 

h, = Depth of liquid at the front end of the tank 

F, = Total pressure force exerted by liquid on the rear side of the tank 

F, = Total pressure force exerted by liquid on the front side of the tank, 
then F, = (Area of triangle AML) x Width 


=(4 xLMxAMxb)=+4 spiz apa Et 
and F, = (Area of triangle BNO) x Width 
pg.b .h; 


=(4 x BNx NO) = 4 X h, X pgh, x b = 


where b = Width of tank perpendicular to the plane of the paper. 
The values of F, and F, can also be obtained as 
[Refer to Fig. 3.44 (a)] 


= "R 
F, =p xg XA, X hı, where A, = h; X b and hi = l 


Z 
h; 1 2 1 
=pXgx(h, x b)x — = — pg. b . hı 
2 2 
“ a iho 
and F, =p xg x Az X lia, where A, = h, X b and h, ==> 


= p x gx (hx b) x ” 


=L pg- bxh. 
It can also be proved that the difference of these two forces (i.e., F,; — F») is equal to the force 
required to accelerate the mass of the liquid contained in the tank i.e., 
F, zae F, = M xa 


where M = Total mass of the liquid contained in the tank 





Fig. 3.44(a) 


a = Horizontal constant acceleration. 
Note : (i) If a tank completely filled with liquid and open at the top is subjected to a constant horizontal 
acceleration, then some of the liquid will spill out from the tank and new free surface with its slope given by 


equation tan 8 = — © will be developed. 
8 
(ii) If a tank partly filled with liquid and open at the top is subjected to a constant horizontal acceleration, 


spilling of the liquid may take place depending upon the magnitude of the acceleration. 
(iii) Ifa tank completely filled with liquid and closed at the top is subjected to a constant horizontal accelera- 
tion, then the liquid would not spill out from the tank and also there will be no adjustment in the surface elevation 


of the liquid. But the equation tan 8 = — fis applicable for this case also. 
g 


(iv) The example for a tank with liquid subjected to a constant horizontal acceleration, is a fuel tank on an 
airplane during take off. 
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Problem 3.34 A rectangular tank is moving horizontally in the direction of its length with a 
constant acceleration of 2.4 m/s’. The length, width and depth of the tank are 6 m, 2.5 m and 2 m 
respectively. If the depth of water in the tank is | m and tank is open at the top then calculate : 


(i) the angle of the water surface to the horizontal, 

(ii) the maximum and minimum pressure intensities at the bottom, 

(iii) the total force due to water acting on each end of the tank. 
Solution. Given : Fror aurlaca 
Constant acceleration, a= 2.4 m/s?. 
Length = 6 m ; Width = 2.5 m and depth = 2 m. 2m| 1- “f o 


= 
p a m a 


Original free 
a 


after acceleration ara 





Depth of water in tank, h= 1 m 


(i) The angle of the water surface to the a = 2.4 m/s? 


horizontal 


Let @ = the angle of water surface to the horizontal R A “Dre 
Using equation (3.20), we get e— 6m 
Fig. 3.45 
mie a e a eeg = 
g 9.81 


(the —ve sign shows that the free surface of water is sloping downward as shown in Fig. 3.45) 
tan 8 = 0.2446 (slope downward) 
6 = tan’! 0.2446 = 13.7446° or 13° 44.6’. Ans. 
Gi The maximum and minimum pressure intensities at the bottom of the tank 
From the Fig. 3.45, 
Depth of water at the front end, 
h, = 1-3 tan @= 1 —3 x 0.2446 = 0.2662 m 
Depth of water at the rear end, 
h,= 1 + 3 tan 0 = 1 + 3 x 0.2446 = 1.7338 m 
The pressure intensity will be maximum at the bottom, where depth of water is maximum. 
Now the maximum pressure intensity at the bottom will be at point A and it is given by, 
=pxgxh, 
= 1000 x 9.81 x 1.7338 N/m? = 17008.5 N/m’. Ans. 
The minimum pressure "he at the bottom will be at point B and it is given by 
=pxgxh, 
= 1000 x 9.81 x 0.2662 = 2611.4 N/m’. Ans. 
(iii) The total force due to water acting on each end of the tank 
Let F, = total force acting on the front side (i.e., on face BD) 
F, = total force acting on the rear side (i.e., on face AC) 


p max 


P min 





Then F, = pgA,ħı, where A} = BD x width of tank = h, x 2.5 = 0.2662 x 2.5 
and fy = FO ah n E i 
2. 2 2 


1000 x 9.81 x (0.2662 x 2.5) x 0.1331 
= 868.95 N. Ans. 


| 





= 1000 x 9.81 x (1.7338 x 2.5) x 0.8669 


= 36861.8 N. Ans. 
Resultant force = F, — Fy 
= 36861.8 N — 868.95 


= 35992.88 N 


Note. The difference of the forces acting on the two ends 
of the tank is equal to the force necessary to accelerate the 
liquid mass. This can be proved as shown below : 

Consider the control volume of the liquid 7.e., control vol- 
ume is ACDBA as shown in Fig. 3.46. The net force acting on 
the control volume in the horizontal direction must be equal to 
the product of mass of the liquid in control volume and accel- 
eration of the liquid. 


(F,-—F,)=Mxa 


Liquid (water) 





E 
e emc 
Fig. 3.46 


= (p x volume of control volume) x a 
= (1000 x Area of ABDCE x width) x 2.4 


= [1000x (42422) 


x ABx wian x2.4 


y Area of trapezium = e 


x an 


1.7338 + 0.2662 


= 1000x ( 
2 


) x6x2.5x2.4 


= 36000 N 


(- AC =h, = 1.7338 m, BD = h, = 0.2662 m, and AB = 6 m, width = 2.5 m) 
The above force is nearly the same as the difference of the forces acting on the two ends of the tank. (ie., 
35992.88 = 36000). 
Problem 3.35 The rectangular tank of the above problem contains water to a depth of 1.5 m. Find 
the horizontal acceleration which may be imparted to the tank in the direction of its length so that 
(i) the spilling of water from the tank is just on the verge of taking place, 
(ii) the front bottom corner of the tank is just exposed, 
(iii) the bottom of the tank is exposed upto its mid-point. 
Also calculate the total forces exerted by the water on each end of the tank in each case. Also prove 
that the difference between these forces is equal to the force necessary to accelerate the mass of water 
tank. 


Solution. Given : 
Dimensions of the tank from previous problem, 
L= 6 m, width (b) = 2.5 m and depth = 2 m 





Depth of water in tank, h=1.5 m 
Horizontal acceleration imparted to the tank 


(i) (a) When the spilling of water from the tank is 
just on the verge of taking place 


Let a = required horizontal acceleration 


When the spilling of water from the tank is just on the 
verge of taking place, the water would rise upto the rear 
top corner of the tank as shown in Fig. 3.47 (a) 

AC (2-15) 05 
= — = ———_ = — = 0.1667 sai ai 

AO 3 3 Fig. 3.47 (a) Spilling of water is just on 
the verge of taking place. 





tan 0 


a 
But from equation (3.20) tan 6 = 5 (Numerically) 


a = g x tan 0 = 9.81 x 0.1667 = 1.635 m/s?. Ans. 
(b) Total forces exerted by water on each end of the tank 


The force exerted by water on the end CE of the tank is 


F, =pgA,hı, where A, = CE x width of the tank = 2 x 2.5 
payg? 
2 
= 1000 x 9.81 x (2 x 2.5) x 1 

= 49050 N. Ans. 


The force exerted by water on the end FD of the tank is 


=Im 


F, = pgA, x h2, where A, = FD x width = 1 x 2.5 


(« AC=BD=0.5m, <. FD=BF-BD=1.5-0.5=1) 
= 1000 x 9.81 x (1 x 2.5) x 0.5 fig = === 0.5m 


= 12262.5 N. Ans. 


(c) Difference of the forces is equal to the force necessary to accelerate the mass of water in the tank 
Difference of the forces = F, — F; 


= 49050 — 12262.5 = 36787.5 N 
Volume of water in the tank before acceleration is imparted to it = L X b x depth of water 
= 6X 2.5 x 1.5 = 22.5 m*. 
The force necessary to accelerate the mass of water in the tank 
= Mass of water in tank x Acceleration 
= (p X volume of water) x 1.635 C? a= 1.635 m/s® 


= 1000 x 22.5 x 1.635 [There is no spilling of water and volume of 
water = 22.5 m°] 


= 36787.5 N 
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Hence the difference between the forces on the two ends of the tank is equal to the force necessary 
to accelerate the mass of water in the tank. 





Volume of water in the tank can also be calculated as volume = 


(=) x EF x Width [Refer to 


Fig. 3.47 (a)] Free surface Original free 
2+1 after acceleration surface 


= (=) 6 x 2.5 = 22.5 m’. 


(ii) (a) Horizontal acceleration when the front 
bottom corner of the tank is just exposed 

Refer to Fig. 3.47 (b). In this case the free sur- 
face of water in the tank will be along CD. 


2 
Let a= required horizontal acceleration. 
In this case, tan 8 = CE_2_1 
ED’ 6 3 





But from equation (3.17), 


Fig. 3.47 (b) 


tan 0 = $ (Numerically) 
& 


a= g x tan 0=9.81 xi = 3.27 m/s”. Ans. 


(b) Total forces exerted by water on each end of the tank 


The force exerted by water on the end CE of the tank is 


F,=pgxA,xhy 
where A; = CE x width = 2 x 2.5 = 5 m? 
iy =F => =1m = 1000 x 9.81 x5x1 


= 49050 N. Ans. 
The force exerted by water on the end BD of the tank is zero as there is no water against the face BD 
F,=0 
Difference of forces = 49050 — 0 = 49050 N 

(c) Difference of forces is equal to the force necessary to accelerate the mass of water in the tank. 

Volume of water in the tank = Area of CED x Width of tank 

CE x ED 
= 


2:5 ("Width of tank = 2.5 m) 


iD E T G A. 





Force necessary to accelerate the mass of water in the tank 
= Mass of water in tank x Acceleration 
= (1000 x Volume of water) x 3.27 


= 1000 x 15 x 3.27 = 49050 N 
Difference of two forces is also = 49050 N 


|] 





Hydrostatic Forces on Surfaces 
Hence difference between the forces on the two ends Free surface Original free 
7 c after acceleration surface 
of the tank is equal to the force necessary to accelerate pa 


the mass of water in the tank. 

(iii) (a) Horizontal acceleration when the bottom of 
the tank is exposed upto its mid-point 

Refer to Fig. 3.47 (c). In this case the free surface of 2m 
water in the tank will be along CD*, where D* is the 
mid-point of ED. 

Let a = required horizontal acceleration from 

Fig. 3.47 (c), it is clear that 








tan 8 = = 2 
ED* 3 Fig. 3.47 (c) 
But from equation (3.20) numerically 
tan 0 = Ê 
& 


a= g x tan 9 = 9.81 x 5 = 6.54 m/s”. Ans. 


(b) Total forces exerted by water on each end of the tank 
The force exerted by water on the end CE of the tank is 
F,=pxgxA,xhi 
where A, = CE x Width =2 x 2.5 =5m° 
hy = oF 2 =1m 
2 2 
= 1000 x 9.81 «5x 1 
= 49050 N. Ans. 
The force exerted by water on the end BD is zero as there is no water against the face BD. 
: F,=0 
Difference of the forces = F, — F, = 49050 — 0 = 49050 N 
(c) Difference of the two forces is equal to the force necessary to accelerate the mass of water 
remaining in the tank 
Volume of water in the tank = Area CED* x Width of tank 
RE erg 2 vocal 
2 2 
Force necessary to accelerate the mass of water in the tank 
= Mass of water x Acceleration 
=p x Volume of water x 6.54 (Ce a = 6.54 m/s’) 
= 1000 x 7.5 x 6.54 
= 49050 N 
This is the same force as the difference of the two forces on the two ends of the tank. 
Problem 3.36 A rectangular tank of length 6 m, width 2.5 m and height 2 m is completely filled with 
water when at rest. The tank is open at the top. The tank is subjected to a horizontal constant linear 
acceleration of 2.4 m/s? in the direction of its length. Find the volume of water spilled from the tank. 


|] 


120 Fluid Mechanics’ 


Solution. Given : 
L= 6 m, b = 2.5 m and height, H = 2 m 
Horizontal acceleration, a= 2.4 mis. 


The slope of the free surface of water after the tank is subjected to linear constant acceleration is 
given by equation (3.20) as 





Original free 
z Free surface , surface 
tan 0 = — (Numerically) after acceleration 
8 -- 
= a = 0.2446 
9.81 
From Fig. 3.48, 
tan 0 = =. 
AB 
BC = AB x tan 0 
= 6 x 0.2446 
(7 AB = Length = 6 m; tan 6 = 0.2446) Fig. 3.48 
= 1.4676 m 
Volume of water spilled = Area of ABC x Width of tank 
= (4x ABx BC) x 2.5 C- Width = 2.5 m) 
=+ x6 x 1.4676 x 2.5 ("| BC = 1.4676 m) 


= 11,007 m°. Ans. 
3.8.2 Liquid Container Subjected to Constant Vertical Acceleration. Fig. 3.49 shows 
a tank containing a liquid and the tank is moving vertically upward with a constant acceleration. The 
liquid in the tank will be subjected to the same vertical acceleration. To obtain the expression for the 
pressure at any point in the liquid mass subjected to vertical upward acceleration, consider a vertical 
elementary prism of liquid CDFE. 


Free surface 


tye 


> ja! 


TE 


F 





jona mja pone] 
þe pga g — 
Fig. 3.49 
Let dA = Cross-sectional area of prism 
h = Height of prism 
Po = Atmospheric pressure acting on the face CE 
p = Pressure at a depth / acting on the face DF 


Il 


The forces acting on the elementary prism are : 

(i) Pressure force equal to po X dA acting on the face CE vertically downward 

(ii) Pressure force equal to p X dA acting on the face DF vertically upward 

(iii) Weight of the prism equal to p X g X dA X h acting through C.G. of the element vertically 
downward. 

According to Newton’s second law of motion, the net force acting on the element must be equal to 
mass multiplied by acceleration in the same direction. 

Net force in vertically upward direction = Mass X acceleration 


p XdA -pX dA - pgdA .h=(PXdAXh)Xa (e Mass = p X dA X h) 
or P-Py—Pgh=phxa (Cancelling dA from both sides) 
or P — Po = Pgh + pha 

= pgh i + ‘| (3.21) 
8 


But (p — po) is the gauge pressure. Hence gauge pressure at any point in the liquid mass subjected to 
a constant vertical upward acceleration, is given by 


Pg = Pgh i + z| ..(3.22) 
8 


= pgh + pha ...(3.22A) 

where p, = p — Po = gauge pressure 

In equation (3.22) p, g and a are constant. Hence variation of guage pressure is linear. Also when 
h = 0, p, = 0. This means p — py = 0 or p = po. Hence when h = 0, the pressure is equal to atmospheric 
pressure. Hence free surface of liquid subjected to constant vertical acceleration will be horizontal. 

From equation (3.224A) it is also clear that the pressure at any point in the liquid mass is greater than 
the hydrostatic pressure (hydrostatic pressure is = pgh) by an amount of p x h x a. 

Fig. 3.49 shows the variation of pressure for the liquid mass subjected to a constant vertical upward 
acceleration. 

If the tank containing liquid is moving vertically downward with a constant acceleration, then the 
gauge pressure at any point in the liquid at a depth of / from the free surface will be given by 






(P — Po) = Pgh | -2 = pgh — pha s DRES) 
£ 
The above equation shows that the pressure at any OA 
point in the liquid mass is less than the hydrostatic pres- E 


sure by an amount of pha. Fig. 3.50 shows the variation od Gass X? 
of pressure for the liquid mass subjected to a constant es? 
vertical downward acceleration. 

If the tank containing liquid is moving downward with 


a constant acceleration equal to g (7.e., when a = g), then pha |- -| 
equation reduces to p — po = 0 or p = po. This means the 3 pgh-+) 
pressure at any point in the liquid is equal to surrounding }+-pah ——+| 
atmospheric pressure. There will be no force on the Fig. 3.50 


walls or on the base of the tank. 

Note. If a tank containing a liquid is subjected to a constant acceleration in the inclined direction, then the 
acceleration may be resolved along the horizontal direction and vertical direction. Then each of these cases 
may be separately analysed in accordance with the above procedure. 


|] 





Problem 3.37 A tank containing water upto a depth of 500 mm is moving vertically upward with 
a constant acceleration of 2.45 m/s”. Find the force exerted by water on the side of the tank. Also 
calculate the force on the side of the tank when the width of tank is 2m and 

(i) tank is moving vertically downward with a constant acceleration of 2.45 m/s’, and 

(ii) the tank is not moving at all. 


Solution. Given : 


= 2.45 m/s? 
Depth of water, h = 500 mm = 0.5 m f Mm 
Vertical acceleration, a= 2.45 m/s? 
Width of tank, b=2m 


To find the force exerted by water on the side 
of the tank when moving vertically upward, let us 





first find the pressure at the bottom of the tank. c D B 
The gauge pressure at the bottom (i.e., at point B) ii] 
for this case is given by equation as = pgh(1+§) >| 


Fig. 3.51 


nisle 
£ 
2.45 


= 1000 x 9.81 x 0.5 (45) = 6131.25 N/m? 
981 


This pressure is represented by line BC. 
Now the force on the side AB = Area of triangle ABC x Width of tank 


= (+x ABx BC) x b 
= (40.5 x 6131.25) x 2 C~- BC = 6131.25 and b = 2 m) 


= 3065.6 N. Ans. 


(i) Force on the side of the tank, when tank is moving vertically downward. 
The pressure variation is shown in Fig. 3.52. For this case, the pressure at the bottom of the tank 
(i.e., at point B) is given by equation (3.23) as 


Pg = Pgh h = 2) 
§ 


= 1000 x 9.81 xos (1-48 
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= 3678.75 N/m? 
This pressure is represented by line BC. D 
E Sath 

Now the force on the side AB = Area of triangle ABC x Width of pgh 9 


= (4x ABx BC) x b 


Pa 
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Fig. 3.52 
(4x 0.5 x 3678.75) x 2 (7 BC = 3678.75, b = 2) 
1839.37 N. Ans. 


Il 
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(ii) Force on the side of the tank, when tank is stationary. 
The pressure at point B is given by, 
Pg= pgh = 1000 x 9.81 x 0.5 = 4905 N/m? 
This pressure is represented by line BD in Fig. 3.52 
Force on the side AB = Area of triangle ABD x Width 
= (4x ABx BD) x b 
= (4 x 0.5 x 4905) x 2 (C BD = 4905) 
= 2452.5 N. Ans. 


For this case, the force on AB can also be obtained as 


Fyp= pga-h 
where A = AB X Width = 0.5 x2 = 1m? 
h= Z8 = 0.25 m = 1000 x 9.81 x 1 x 0.25 


= 2452.5 N. Ans. 
Problem 3.38 A tank contains water upto a depth of 1.5 m. The length and width of the tank are 
4m and 2 m respectively. The tank is moving up an inclined plane with a constant acceleration of 
4 m/s“. The inclination of the plane with the horizontal is 30° as shown in Fig. 3.53. Find, 
(i) the angle made by the free surface of water with the horizontal. 
(ii) the pressure at the bottom of the tank at the front and rear ends. 
Solution. Given : 
Depth of water, h = 1.5 m ; Length, L = 4 m and 
Width, b = 2 m 
Constant acceleration along the inclined plane, 
a = 4 m/s? 
Inclination of plane, œ = 30° 
Let 6 = Angle made by the free surface of water 
after the acceleration is imparted to the tank 
Pa = Pressure at the bottom of the tank at the front end 
and pp = Pressure at the bottom of the tank at the rear i 
end. Fig. 3.53 
This problem can be done by resolving the given acceleration along the horizontal direction and 
vertical direction. Then each of these cases may be separately analysed according to the set procedure. 
Horizontal and vertical components of the acceleration are : 
a, =a cos 0 = 4 cos 30° = 3.464 m/s” 
a, =a sin &= 4 sin 30° = 2 m/s” 
When the tank is stationary on the inclined plane, free surface of liquid will be along EF as shown 
in Fig, 3.53. But when the tank is moving upward along the inclined plane the free surface of liquid 


will be along BC. When the tank containing a liquid is moving up an inclined plane with a constant 
acceleration, the angle made by the free surface of the liquid with the horizontal is given by 





|] 


3 @= tan! 0.2933 = 16.346° or 16° 20.8’. Ans. 
Now let us first find the depth of liquid at the front and rear end of the tank. 
Depth of liquid at front end = A, = AB 

Depth of liquid at rear end = h, = CD 


From Fig. 3.53, in triangle COE, tan 0 = LE 
or CE = EO tan 9 = 2 x 0.2933 (° EO = 2 m, tan 8 = 0.2933) 
= 0.5866 m 
i CD = h, = ED + CE = 1.5 + 0.5866 = 2.0866 m 
Similarly h, = AB = AF — BF 
= 1.5 — 0.5866 (= AF = 1.5, BF = CE:='0.5866) 
= 0.9134 m 


The pressure at the bottom of tank at the rear end is given by, 
ay 
Pp= Pgh, | 1+ g 


= 1000 x 9.81 x 2.0866 (i Hi aa] = 24642.7 N/m’. Ans. 


The pressure at the bottom of tank at the front end is given by 


pgh (12) 
Pa = Pg —_a 
A 1 i 


= 1000 x 9.81 x 0.9134 (i Ë si =10787.2 N/m?. Ans. 
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5. The centre of pressure for a plane vertical surface lies at a depth of two-third the height of the 


| 


6. 


7. 


N 


tas 


uw 


immersed surface. 


The total force on a curved surface is given by F = JE + F} 
where F, = Horizontal force on curved surface and is equal to total pressure force on the projected area 
of the curved surface on the vertical plane, 
=pgAh 
and F,, = Vertical force on sub-merged curved surface and is equal to the weight of liquid actually 
or imaginary supported by the curved surface, 


>| 


The inclination of the resultant force on curved surface with horizontal, tan 8 = —. 


ae 


The resultant force on a sluice gate, F = F, — F, 
where F, = Pressure force on the upstream side of the sluice gate and 


F, = Pressure force on the downstream side of the sluice gate. 
For a lock gate, the reaction between the two gates is equal to the reaction at the hinge, R = P. 


Also the reaction between the two gates, P = 





2 sin 0 
where F = Resultant water pressure on the lock gate = F, — F; 
and 6 = Inclination of the gate with the normal to the side of the lock. 


EXERCISE 


(A) THEORETICAL PROBLEMS 


- What do you understand by ‘Total Pressure’ and ‘Centre of Pressure’ ? 
- Derive an expression for the force exerted on a sub-merged vertical plane surface by the static liquid 


and locate the position of centre of pressure. 


- Prove that the centre of pressure of a completely sub-merged plane surface is always below the centre 


of gravity of the sub-merged surface or at most coincide with the centre of gravity when the plane 
surface is horizontal. 


. Prove that the total pressure exerted by a static liquid on an inclined plane sub-merged surface is the 


same as the force exerted on a vertical plane surface as long as the depth of the centre of gravity of the 
surface is unaltered. 

Derive an expression for the depth of centre of pressure from free surface of liquid of an inclined plane 
surface sub-merged in the liquid. 


6. (a) How would you determine the horizontal and vertical components of the resultant pressure on a sub- 
merged curved surface ? 
(b) Explain the procedure of finding hydrostatic forces on curved surfaces. 
(Delhi University, Dec. 2002) 
7. Explain how you would find the resultant pressure on a curved surface immersed in a liquid. 


. Why the resultant pressure on a curved sub-merged surface is determined by first finding horizontal 


and vertical forces on the curved surface ? Why is the same method not adopted for a plane inclined 
surface sub-merged in a liquid ? 
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9. 
10. 


ll. 
12. 


13. 


14. 
15. 


16. 


1. 





Describe briefly with sketches the various methods used for measuring pressure exerted by fluids. 
Prove that the vertical component of the resultant pressure on a sub-merged curved surface is equal to 
the weight of the liquid supported by the curved surface. 
What is the difference between sluice gate and lock gate ? 
Prove that the reaction between the gates of a lock is equal to the reaction at the hinge. 
F 

2sin0 
where F = Resultant water pressure on lock gate, @ = inclination of the gate with normal to the side of the lock. 
When will centre of pressure and centre of gravity of an immersed plane surface coincide ? 
Find an expression for the force exerted and centre of pressure for a completely sub-merged inclined plane 
surface. Can the same method be applied for finding the resultant force on a curved surface immersed in 
the liquid ? If not, why ? 
What do you understand by the hydrostatic equation ? With the help of this equation derive the expressions 
for the total thrust on a sub-merged plane area and the buoyant force acting on a sub-merged body. 


Derive an expression for the reaction between the gates as P = 





(B) NUMERICAL PROBLEMS 


Determine the total pressure and depth of centre of pressure on a plane rectangular surface of | m wide 
and 3 m deep when its upper edge is horizontal and (a) coincides with water surface (b) 2 m below the 
free water surface. [Ans. (a) 44145 N, 2.0 m, (b) 103005 N, 3.714 m] 


Determine the total pressure on a circular plate of diameter 1.5 m which is placed vertically in water in 
such a way that centre of plate is 2 m below the free surface of water. Find the position of centre of 
pressure also. [Ans. 34668.54 N, 2.07 m] 


A rectangular sluice gate is situated on the vertical wall of a lock. The vertical side of the sluice is 6 m 
in length and depth of centroid of area is 8 m below the water surface. Prove that the depth of centre of 
pressure is given by 8.475 m. 


A circular opening, 3 m diameter, in a vertical side of a tank is closed by a disc of 3 m diameter which can 
rotate about a horizontal diameter. Calculate : (i) the force on the disc, and (ii) the torque required to 
maintain the disc in equilibrium in the vertical position when the head of water above the horizontal 
diameter is 6 m. [Ans. (7) 416.05 KN, (i7) 39005 Nm] 


The pressure at the centre of a pipe of diameter 3 m is 29.43 N/em?. The pipe contains oil of sp. gr. 0.87 
and is filled with a gate valve. Find the force exerted by the oil on the gate and position of centre of 
pressure. {Ans. 2.08 MN, .016 m below centre of pipe] 


Determine the total pressure and centre of pressure on an isosceles triangular plate of base 5 m and 
altitude 5 m when the plate is immersed vertically in an oil of sp. gr. 0.8. The base of the plate is 1 m 
below the free surface of water. [Ans. 261927 N, 3.19 m] 


The opening in a dam is 3 m wide and 2 m high. A vertical sluice gate is used to cover the opening. On 
the upstream of the gate, the liquid of sp. gr. 1.5, lies upto a height of 2.0 m above the top of the gate, 
whereas on the downstream side, the water is available upto a height of the top of the gate. Find the 
resultant force acting on the gate and position of centre of pressure. Assume that the gate is higher at 
the bottom. [Ans. 206010 N, 0.964 m above the hinge] 
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A caisson for closing the entrance to a dry dock is of trapezoidal form 16 m wide at the top and 12 m 
wide at the bottom and 8 m deep. Find the total pressure and centre of pressure on the caisson if the 
water on the outside is 1 m below the top level of the caisson and dock is empty. 
[Ans. 3.164 MN, 4.56 m below water surface] 
A sliding gate 2 m wide and 1.5 m high lies in a vertical plane and has a co-efficient of friction of 0.2 
between itself and guides. If the gate weighs one tonne, find the vertical force required to raise the gate if 
its upper edge is at a depth of 4 m from free surface of water. [Ans. 37768.5 N] 
A tank contains water upto a height of | m above the base. An immiscible liquid of sp. gr. 0.8 is filled on 
the top of water upto 1.5 m height. Calculate : (i) total pressure on one side of the tank, (ii) the position of 
centre of pressure for one side of the tank, which is 3 m wide. [Ans. 76518 N, 1.686 m from top] 
A rectangular tank 4 m long, 1.5 m wide contains water upto a height of 2 m. Calculate the force due to 
water pressure on the base of the tank. Find also the depth of centre of pressure from free surface. 
[Ans. 117720 N, 2 m from free surface] 
A rectangular plane surface | m wide and 3 m deep lies in water in such a way that its plane makes an angle 
of 30° with the free surface of water. Determine the total pressure and position of centre of pressure when 
the upper edge of the plate is 2 m below the free water surface. [Ans. 80932.5 N, 2.318 m] 
A circular plate 3.0 m diameter is immersed in water in such a way that the plane of the plate makes an 
angle of 60° with the free surface of water. Determine the total pressure and position of centre of pressure 
when the upper edge of the plate is 2 m below the free water surface. 
[Ans. 228.69 KN, 3.427 m from free surface] 
A rectangular gate 6 m X 2 m is hinged at its base and inclined at 60° to the horizontal as shown in Fig. 3.54. 
To keep the gate in a stable position, a counter weight of 29430 N is attached at the upper end of the gate. 
Find the depth of water at which the gate begins to fall. Neglect the weight of the gate and also friction at 


the hinge and pulley. [Ans. 3.43 m] 
WATER SURFACE 





Fig. 3.54 Fig. 3.55 


An inclined rectangular gate of width 5 m and depth 1.5 m is installed to control the discharge of water as 
shown in Fig. 3.55. The end A is hinged. Determine the force normal to the gate applied at B to open it. 
[Ans. 97435.8 N] 


A gate supporting water is shown in Fig. 3.56. Find the height FREE WATER SURFACE /7 


‘h of the water so that the gate begins to tip about the hinge. 
Take the width of the gate as unity. [Ans. 3 x J m] 
Find the total pressure and depth of centre of pressure on a 
triangular plate of base 3 m and height 3 m which is immersed in 





water in such a way that plane of the plate makes an angle of 60° Fig. 3.56 
with the free surface. The base of the plate is parallel to water surface and at a depth of 2 m from water 
surface. [Ans. 126.52 kN, 2.996 m] 


| 


128 Fluid Mechanics 





18. Find the horizontal and vertical components of the total force acting on a curved surface AB, which is 
in the form of a quadrant of a circle of radius 2 m as shown in Fig. 3.57. Take the width of the gate 2 m. 
[Ans. F, = 117.72 KN, F, = 140.114 KN] 





Fig. 3.57 Fig. 3.58 


19. Fig. 3.58 shows a gate having a quadrant shape of radius of 3 m. Find the resultant force due to water per 
metre length of the gate. Find also the angle at which the total force will act. [Ans. 82.201 kN, @ = 57° 31°] 
20. A roller gate is shown in Fig. 3.59. It is cylindrical form of 6.0 m diameter. It is placed on the dam. Find 
the magnitude and direction of the resultant force due to water acting on the gate when the water is just 





going to spill. The length of the gate is given 10 m. [Ans. 2.245 MN, 0 = 38° 8’] 

ROLLER 

GATE 
WATER SURFACE 

6.0m 
DAM 
Fig. 3.59 Fig. 3.60 
21. Find the horizontal and vertical components of the water pressure exerted on a tainter gate of radius 

4 m as shown in Fig. 3.60. Consider width of the gate unity. [Ans. F, = 19.62 KN, F, = 7102.44 N] 


22. Find the magnitude and direction of the resultant water 
pressure acting on a curved face of a dam which is shaped <= 














2 \ \A\\\\ 
according to the relation y = = as shown in Fig. 3.61. The 12m AN \ 
\\\\\\ 
A \\\\ 
height of water retained by the dam is 12 m. Take the width 4 AW 
of dam as unity. [Ans. 970.74 KN, 0 = 43° 19°] AANA 
23. Each gate of a lock is 5 m high and is supported by two Fig. 3.61 


hinges placed on the top and bottom of the gate. When the 

gates are closed, they make an angle of 120°. The width of the lock is 4 m. If the depths of water on the two 

sides of the gates are 4 m and 3 m respectively, determine : (i) the magnitude of resultant pressure on each 

gate, and (ii) magnitude of the hinge reactions. [Ans. (7) 79.279 KN, (ii) Rp = 27.924 KN, Rp =51.355 KN] 
24. The end gates ABC of a lock are 8 m high and when closed make an angle of 120°. The width of lock 

is 10 m. Each gate is supported by two hinges located at | m and 5 m above the bottom of the lock. The 

depth of water on the upstream and downstream sides of the lock are 6 m and 4 m respectively. Find : 

(i) Resultant water force on each gate. 


If 


mi 


l 


27. 


28. 


29. 


30. 


31. 


32. 


33. 





(ii) Reaction between the gates AB and BC, and 
(iii) Force on each hinge, considering the reaction of the gate acting in the same horizontal plane as 
resultant water pressure. [Ans. 566.33 kN, (ii) 566.33 KN, and (iii) Rp= 173.64 KN, Rp = 392.69 kN] 
A hollow circular plate of 2 m external and 1 m internal diameter is immersed vertically in water such that 
the centre of plate is 4 m deep from water surface. Find the total pressure and depth of centre of pressure. 
[Ans. 92.508 kN, 4.078 m] 
A rectangular opening 2 m wide and 1 m deep in the vertical side of a tank is closed by a sluice gate of the same 
size. The gate can tum about the horizontal centroidal axis. Determine : (7) the total pressure on the sluice gate 
and (ii) the torque on the sluice gate. The head of water above the upper edge of the gate is 1.5 m. 
[Ans. (7) 39.24 KN, (if) 1635 Nm] 
Determine the total force and location of centre of pressure on one face Of EREE SURFACE OF LIQUID 
the plate shown in Fig. 3.62 immersed in a liquid of specific gravity 0.9. 
[Ans. 62.4 KN, 3.04 m] 
A circular opening, 3 m diameter, in the vertical side of water tank is closed 
by a disc of 3 m diameter which can rotate about a horizontal diameter ? 
Calculate: (7) the force on the disc, and (i) the torque required to maintain 
the disc in equilibrium in the vertical position when the head of water 
above the horizontal diameter is 4 m. [Ans. (7) 270 KN, and (ff) 38 KN m] 
A penstock made up by a pipe of 2 m diameter contains a circular dise of 
same diameter to act as a valve which controls the discharge passing 
through it. It can rotate about a horizontal diameter. If the head of water 
above its centre is 20 m, find the total force acting on the disc and the Fig. 3.62 
torque required to maintain it in the vertical position. 





A circular drum 1.8 m diameter and 1.2 m height is submerged with its axis vertical and its upper end at 
a depth of 1.8 m below water level. Determine : 
(i) total pressure on top, bottom and curved surfaces of the drum, 

(it) resultant pressure on the whole surface, and 

(iii) depth of centre of pressure on curved surface. 

A circular plate of diameter 3 m is immersed in water in such a way that its least and greatest depth from 

the free surface of water are | m and 3 m respectively. For the front side of the plate, find (/) total force 

exerted by water and (ii) the position of centre of pressure. [Ans. (7) 138684 N ; (7) 2.125 m] 

A tank contains water upto a height of 10 m. One of the sides of the tank is inclined. The angle between 

free surface of water and inclined side is 60°. The width of the tank is 5 m. Find : (7) the force exerted by 

water on inclined side and (ii) position of centre of pressure. [Ans. (7) 283.1901 KN, (if) 6.67 m] 

A circular plate of 3 m diameter is under water with its plane making an angle of 30° with the water 

surface. If the top edge of the plate is | m below the water surface, find the force on one side of the plate 

and its location. (J.N.T.U., Hyderabad S 2002) @=30° 

[Hint. d = 3 m, 8 = 30°, height of top edge = 1 m, A = 1 + 1.5 x sin 30° 
= 1.75 


F =pgAh = 1000 x 9.81 x (3x3) X 1.75 = 121.35 kN. 


T j,4\4 1 
Igsin?0 — Aa xa 

+ = yhet 4 41.75 = 0.08 + 1.75 = 1.83 m.] 
Ah gl? )x175 
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BUOYANCY AND 
FLOATATION 


> 4.1 INTRODUCTION 


In this chapter, the equilibrium of the floating and sub-merged bodies will be considered. Thus the 
chapter will include : |. Buoyancy, 2. Centre of buoyancy, 3. Metacentre, 4. Metacentric height, 
5. Analytical method for determining metacentric height, 6. Conditions of equilibrium of a floating 
and sub-merged body, and 7. Experimental method for metacentric height. 


r 4.2 BUOYANCY 


When a body is immersed in a fluid, an upward force is exerted by the fluid on the body. This 
upward force is equal to the weight of the fluid displaced by the body and is called the force of 
buoyancy or simply buoyancy. 


> 4.3 CENTRE OF BUOYANCY 


It is defined as the point, through which the force of buoyancy Is supposed to act. As the force of 

buoyancy is a vertical force and is equal to the weight of the fluid displaced by the body, the centre of 
buoyancy will be the centre of gravity of the fluid displaced. 
Problem 4.1 Find the volume of the water displaced and position of centre of buoyancy for a 
wooden block of width 2.5 m and of depth 1.5 m, when it floats horizontally in water. The density of 
wooden block is 650 kg/m’ and its length 6.0 m. 

Solution. Given : 


Width = 2.5 m 
Depth = 1.5m 
Length = 6.0 m 


Volume of the block = 2.5 x 1.5 x 6.0 = 22.50 m’ 
Density of wood, p = 650 kg/m’ 
Weight of block =p x g x Volume 
= 650 x 9.81 x 22.50 N = 143471 N Fig. 4.1 
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For equilibrium the weight of water displaced = Weight of wooden block 
= 143471 N 
Volume of water displaced 
_ Weight of water displaced — 143471 
~ Weight density of water 1000 x 9.81 
(C? Weight density of water = 1000 x 9.81 N/m?) 
Position of Centre of Buoyancy. Volume of wooden block in water 


= 14.625 m°. Ans. 


= Volume of water displaced 


or 2.5 x h x 6.0 = 14.625 m*, where h is depth of wooden block in water 
p= 14625 0975m 
2.5x6.0 
Centre of Buoyancy = ai = 0.4875 m from base. Ans. 


Problem 4.2 A wooden log of 0.6 m diameter and 5 m length is floating in river water. Find the 
depth of the wooden log in water when the sp. gravity of the log is 0.7. 


B 
Solution. Given : 
Dia. of log = 0.6m 
Length, L=5m 


Sp. gr., 5=0.7 
: Density of log = 0.7 x 1000 = 700 kg/m? 
Weight density of log, w=pxg 
= 700 x 9.81 N/m? 





Find depth of immersion or hr 
Weight of wooden log = Weight density x Volume of log 


= 700 x 9.81 x2 (DP xL 


= 700 x 9.81 x 7 C6)? x 5 N = 989.6 x 9.81 N 


For equilibrium, 


Weight of wooden log = Weight of water displaced 
= Weight density of water x Volume of water displaced 
Volume of water displaced = eee = 0.9896 m° 
1000 x 9.81 


(e Weight density of water = 1000 x 9.81 N/m*) 
Let h is the depth of immersion 
Volume of log inside water = Area of ADCA x Length 
= Area of ADCA x 5.0 


But volume of log inside water = Volume of water displaced = 0.9896 m* 
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0.9896 = Area of ADCA x 5.0 











z. Area of ADCA = — = 0.1979 m? 
But area of ADCA = Area of curved surface ADCOA + Area of AAOC 
š as 1 öxi 
= «tr 360" + 3 r cos 0 x 2r sin 
= nr h- +r’ cos @ sin 6 
ü 180° 
2 6 2 , 
0.1979 = z (.3) | 1— — | + (.3)° cos 8 sin 0 
180 
0.1979 = .2827 — .00157 8 + 0.9 cos 6 sin 8 
or .00157 8 — .09 cos 6 sin 6 = .2827 — .1979 = 0.0848 
2 ae cos ð sin 0 = i 
.00157 .00157 
or 8 — 57.32 cos @ sin 8 = 54.01. 
or 0-57.32 cos 6 sin 6 — 54.01 =0 
For 6 = 60°, 60 — 57.32 x 0.5 x .866 — 54.01 = 60 — 24.81 — 54.01 = — 18.82 
For 6 = 70°, 70 — 57.32 x .342 x 0.9396 — 54.01 = 70 — 18.4 — 54.01 = — 2.41 
For @ = 72°, 72 — 57.32 x .309 x .951 — 54.01 = 72 — 16.84 - 54.01 = + 1.14 
For 6 = 71°, 71 — 57.32 x .325 x .9455 — 54.01 = 71 — 17.61 — 54.01 = — 0.376 
C= 7S": 71.5 — 57.32 x .3173 x .948 — 54.01 = 71.5 — 17.24 — 54.01 = + .248 
Then h= r+rcos 71.5° 


= 0.3 + 0.3 x 0.3173 = 0.395 m. Ans. 


Problem 4.3 A stone weighs 392.4 N in air and 196.2 N in water. Compute the volume of stone 


and its specific gravity. 
Solution. Given: 
Weight of stone in air = 392.4N 
Weight of stone in water = 196.2 N 
For equilibrium, 
Weight in air — Weight of stone in water = Weight of water displaced 


or 392.4 — 196.2 = 196.2 = 1000 x 9.81 x Volume of water displaced 
Volume of water displaced 
Fi re m? = 1. 10° cm? = 2 x 104 cm’. Ans. 
1000 x9.81 50 50 


= Volume of stone 


Volume of stone = 2 x 10* cm’. Ans. 
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Specific Gravity of Stone 
Weight inair 392.4 





Mass of stone = ————_ = — =40 kg 
g 9.81 
Density-of stone = ASSIA, _ OES a = 900 = 
Volume ds m` 


Sp. gr. of stone = Doe e S = tas = 2.0. Ans. 
Density of water 1000 
Problem 4.4 A body of dimensions 1.5 m X 1.0 m X2 m, weighs 1962 N in water. Find its weight 
in air. What will be its specific gravity ? 
Solution. Given : 
Volume of body 1.50 x 1.0 x 2.0 = 3.0 m? 
Weight of body in water = 1962 N 
Volume of the water displaced = Volume of the body = 3.0 m? 
Weight of water displaced = 1000 x 9.81 x 3.0 = 29430 N 
For the equilibrium of the body 
Weight of body in air — Weight of water displaced = Weight in water 
z Wir — 29430 = 1962 
Wir = 29430 + 1962 = 31392 N 
Weight in air _ 31392 








Mass of body = = 3200 kg 
g 9.81 
Density of the body ee 
Volume J 
Sp. gravity of the body = oe = 1.067. Ans. 


Problem 4.5 Find the density of a metallic body which floats at the interface of mercury of 
sp. gr. 13.6 and water such that 40% of its volume is sub-merged in mercury and 60% in water. 
Solution. Let the volume of the body = V m° 


Then volume of body sub-merged in mercury 


sA vanr 
100 
Volume of body sub-merged in water 
60 


= — x V= 0.6 V m? 
100 





For the equilibrium of the body 
Total buoyant force (upward force) = Weight of the body 
But total buoyant force = Force of buoyancy due to water + Force of buoyancy due to mercury 
Force of buoyancy due to water = Weight of water displaced by body 

= Density of water x g X Volume of water displaced 

= 1000 x g X Volume of body in water 
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= 1000 x gx0.6xVN 


and Force of buoyancy due to mercury = Weight of mercury displaced by body 
= g X Density of mercury x Volume of mercury displaced 
= g X 13.6 x 1000 x Volume of body in mercury 
= g X 13.6 x 1000 x0.4 VN 
Weight of the body = Density x g X Volume of body = p xX g xX V 
where p is the density of the body 
For equilibrium, we have 


Total buoyant force = Weight of the body 
1000 x g xX 0.6 x V+ 13.6 x 1000x gx 4V=pxgxV 
or p = 600 + 13600 x .4 = 600 + 54400 = 6040.00 kg/m* 
Density of the body = 6040.00 kg/m*. Ans. 


Problem 4.6 A float valve regulates the flow of oil of sp. gr. 0.8 into a cistern. The spherical float 
is 15 cm in diameter. AOB is a weightless link carrying the float at one end, and a valve at the other 
end which closes the pipe through which oil flows into the cistern. The link is mounted in a frictionless 
hinge at O and the angle AOB is 135°. The length of OA is 20 cm, and the distance between the centre 
of the float and the hinge is 50 cm. When the flow is stopped AO will be vertical. The valve is to be 
pressed on to the seat with a force of 9.81 N to completely stop the flow of oil into the cistern. It was 
observed that the flow of oil is stopped when the free surface of oil in the cistern is 35 cm below the 
hinge. Determine the weight of the float. 





Solution. Given : OIL 
Sp. gr. of oil = 0.8 
<. Density of oil, Po = 0.8 x 1000 
= 800 kg/m? 
Dia. of float, D = 15 cm 
ZAOB = 135° 

OA = 20 cm 
Force, P=9.81N 

OB = 50 cm 


Find the weight of the float. Let it is equal to W. 
When the flow of oil is stopped, the centre of float is shown in Fig. 4.4 
The level of oil is also shown. The centre of float is below the level of oil, by a depth *h’. 


From ABOD, aii a5? C2. BESED BER 





OB OB 50 
50 x sin 45° = 35 +h 
or h = 50 x a 35 = 35.355 — 35 = 0.355 cm = .00355 m. 
V2 


The weight of float is acting through B, but the upward buoyant force is acting through the centre 
of weight of oil displaced. 


Volume of oil displaced -2 te+hx tre | = > 5 = 7.5 cm | 


Y 


iE 


= 4 x mx (.075)* + .00355 x m x (.075)? = 0.000945 m* 
<. Buoyant force = Weight of oil displaced 

= Po X g X Volume of oil 

= 800 x 9.81 x .000945 = 7.416 N 


The buoyant force and weight of the float passes through the same vertical line, passing through B. 
Let the weight of float is W. Then net vertical force on float 


= Buoyant force — Weight of float = (7.416 — W) 
Taking moments about the hinge O, we get 
P x 20 = (7.416 — W) x BD = (7.416 — W) x 50 x cos 45° 


or 9.81 x 20 = (7.416 — W) x 35.355 
W=7.416- 20x3 = 7.416 — 5.55 = 1.866 N. Ans. 
35.355 


> 4.4 META-CENTRE 


It is defined as the point about which a body starts oscillating when the body is tilted by a small 
angle. The meta-centre may also be defined as the point at which the line of action of the force of 
buoyancy will meet the normal axis of the body when the body is given a small angular displacement. 

Consider a body floating in a liquid as shown in Fig. 4.5 (a). Let the body is in equilibrium and G is 
the centre of gravity and B the centre of buoyancy. For equilibrium, both the points lie on the normal 
axis, which is vertical. 


NORMAL AXIS ANGULAR 
M DISPLACEMENT 





NORMAL AXIS 
(b) 


Fig. 4.5 Meta-centre 


Let the body is given a small angular displacement in the clockwise direction as shown in Fig. 4.5 (b). 
The centre of buoyancy, which is the centre of gravity of the displaced liquid or centre of gravity of the 
portion of the body sub-merged in liquid, will now be shifted towards right from the normal axis. Let 
it is at B, as shown in Fig. 4.5 (b). The line of action of the force of buoyancy in this new position, will 
intersect the normal axis of the body at some point say M. This point M is called Meta-centre. 


> 4.5 META-CENTRIC HEIGHT 


The distance MG, i.e., the distance between the meta-centre of a floating body and the centre of 
gravity of the body is called meta-centric height. 
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> 4.6 ANALYTICAL METHOD FOR META-CENTRE HEIGHT 


Fig. 4.6 (a) shows the position of a floating body in equilibrium. The location of centre of gravity 
and centre of buoyancy in this position is at G and B. The floating body is given a small angular 
displacement in the clockwise direction. This is shown in Fig. 4.6 (b). The new centre of buoyancy is 
at B,. The vertical line through B, cuts the normal axis at M. Hence M is the meta-centre and GM is 
meta-centric height. 


ANGULAR 
DISPLACEMENT 
6 dF, 








L 


[AASS 


T PLAN OF BODY AT WATER LINE 


dx 


Fig. 4.6 Meta-centre height of floating body. 


The angular displacement of the body in the clockwise direction causes the wedge-shaped prism 
BOB’ on the right of the axis to go inside the water while the identical wedge-shaped prism represented 
by AOA’ emerges out of the water on the left of the axis. These wedges represent a gain in buoyant 
force on the right side and a corresponding loss of buoyant force on the left side. The gain is 
represented by a vertical force dF, acting through the C.G. of the prism BOB’ while the loss is 
represented by an equal and opposite force dF x, acting vertically downward through the centroid of 
AOA’. The couple due to these buoyant forces dF, tends to rotate the ship in the counterclockwise 
direction. Also the moment caused by the displacement of the centre of buoyancy from B to B} is also 
in the counterclockwise direction. Thus these two couples must be equal. 

Couple Due to Wedges. Consider towards the right of the axis a small strip of thickness dx at a 
distance x from O as shown in Fig. 4.5 (b). The height of strip x x ZBOB’ = x x 0. 

{= ZBOB’ = ZAOA’ = BMB,’ = 8} 


Area of strip = Height x Thickness = x x 0 x dx 
If L is the length of the floating body, then 
Volume of strip = Area x L 


=x KOXE XK dx 


Weight of strip = pg x Volume = pgx OL dx 
Similarly, if a small strip of thickness dx at a distance x from O towards the left of the axis is 
considered, the weight of strip will be pgx9 L dx. The two weights are acting in the opposite direction 
and hence constitute a couple. 
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Moment of this couple = Weight of each strip x Distance between these two weights 
= pgx OL dx [x + x] 
= pgx OL dx x 2x = 2pgx’ OL dx 
Moment of the couple for the whole wedge 


= | 2pgx? OL dx 4.1) 
Moment of couple due to shifting of centre of buoyancy from B to B, 

= Fy X BB, 

=F,x BM x0 {-- BB, = BM x 0 if 6 is very small} 

=WxBMx0® {°° Fp = W} ...(4.2) 


But these two couples are the same. Hence equating equations (4.1) and (4.2), we get 
W x BM x 0 = J 2pgx? @ Ldx 
W x BM x 0 = 2pg0 J x°Ldx 
W x BM = 2pg J Lax 
Now Ldx = Elemental area on the water line shown in Fig. 4.6 (c) and = dA 
W x BM = 2pg J 27dA. 


But from Fig. 4.5 (c) it is clear that 2 J x? dA is the second moment of area of the plan of the body 
at water surface about the axis Y-Y. Therefore 


W x BM = pgl {where I = 2 fx? dA} 
BM = pst 
W 
But W = Weight of the body 


= Weight of the fluid displaced by the body 
= pg X Volume of the fluid displaced by the body 
= pg X Volume of the body sub-merged in water 


=pgxV 
jji- FE (4.3) 
pgxV Y 
GM = BM- BG = Š - BG 
Meta-centric height = GM = L — BG. .(4.4) 


Problem 4.7 A rectangular pontoon is 5 m long, 3 m wide and 1.20 m high. The depth of 
immersion of the pontoon is 0.80 m in sea water. If the centre of gravity is 0.6 m above the bottom of 
the pontoon, determine the meta-centric height. The density for sea water = 1025 kg/m’. 

Solution. Given : 

Dimension of pontoon =Smx3mx1.20m 

Depth of immersion = 0.8 m 
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Distance AG=0.6m p— 3m —+| 
Distance AB = 4 x Depth of immersion 
=4+x.8=04m 
Density for sea water = 1025 kg/m* 
Meta-centre height GM, given by equation (4.4) is 
GM = = - BG 
where Z= M.O. Inertia of the plan of the pontoon about Y-Y axis 5.0 m 
ee «5x3? t= > mé 
12 4 
V = Volume of the body sub-merged in water S 
= ni 3 
=3x0.8x50= 12.0 m PLAN AT WATER SURFACE 
BG = AG - AB = 0.6 - 0.4 = 0.2 m Fig. 4.7 
GM = s x ee O:2= a 0.2 = 0.9375 — 0.2 = 0.7375 m. Ans. 
4 120 48 


Problem 4.8 A uniform body of size 3 m long x2 m wide x 1 m deep floats in water. What is the 
weight of the body if depth of immersion is 0.8 m ? Determine the meta-centric height also. 


Solution. Given : 3.0m 
Dimension of body =3x2x1 re ty 
Depth of immersion =0.8m 


Find (i{)Weight of body, W 
(ii) Meta-centric height, GM 
(i) Weight of Body, W 


= Weight of water displaced 

= pg X Volume of water displaced 

= 1000 x 9.81 x Volume of body in water 
= 1000 x 9.81 x 3 x 2 x 0.8 N 





A 
= 47088 N. Ans. ELEVATION 
(ii) Meta-centric Height, GM Fig. 4.8 
Using equation (4.4), we get 
GM = ie. BG 
Vv 


where I = M.O.I about Y-Y axis of the plan of the body 


1 3x2? 


=—x3x2= = 2.0 m* 
12 


V = Volume of body in water 
=3 x2 x 0.8 = 4.8 m? 
BG = AG - AB = 33 =0.5-04=0.1 


GM= — 0.1 = 0.4167 — 0.1 = 0.3167 m. Ans. 
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Problem 4.9 A block of wood of specific gravity 0.7 floats in water. Determine the meta-centric 
height of the block if its size is 2m x1 m x0.8 m. 
Solution. Given : 


Dimension of block =2x1x0.8 

Let depth of immersion =hm 

Sp. gr. of wood = 0.7 

Weight of wooden piece = Weight density of wood* x Volume 


= 0.7 x 1000 x 9.81 x2 x1 x0.8N 
Weight of water displaced = Weight density of water 


x Volume of the wood sub-merged in water 
= 1000 x9.81x2x1xhN 





For equilibrium, 


Weight of wooden piece = Weight of water displaced 
700 x 9.81 x2x1x0.8= 1000x9.81x2x1xh 
_ 100 x 9.81x2x1x08 = 0.70.8 = 0.56 m 
1000 x9.81x2x1 
Distance of centre of Buoyancy from bottom, i.e., 
AB = Ru L 
2 2 
and AG = 0.8/2.0 = 0.4 m 


3 BG = AG - AB = 0.4 - 0.28 = 0.12 m 
The meta-centric height is given by equation (4.4) or 


cm = - BG 
Vv 


jhe Yu woe. a 
12 6 


V = Volume of wood in water 
= 21 xh=2x 1%56= 1.12 m° 
GM = ; x az — 0.12 = 0.1488 — 0.12 = 0.0288 m. Ans. 
Problem 4.10 A solid cylinder of diameter 4.0 m has a height of 3 metres. Find the meta-centric 
height of the cylinder when it is floating in water with its axis vertical. The sp. gr. of the cylinder 
= 0.6. 
Solution. Given : 


Dia. of cylinder, D= 4.0 m 
Height of cylinder, h= 3.0 m 
* Weight density of wood =p X g, where p = density of wood 


= 0.7 x 1000 = 700 kg/m’. Hence w for wood = 700 x 9.81 N/m’. 
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Sp. gr. of cylinder = 0.6 
Depth of immersion of cylinder 


1.8 
AB = — = 0.9 
5 m 
3 
and AGS > 1s 
BG = AG - AB 
= 1.5- 0.9 = 0.6 m 





Now the meta-centric height GM is given by equation (4.4) 
I 
GM = — - BG 
Vv 
But I = M.O.I. about Y-Y axis of the plan of the body 
= ft =: ™ x (40)! 
64 64 


and V = Volume of cylinder in water 


=— D’x Depth of immersion 


la RIX 


(4)? x 1.8 m? 


T 4 
— x (4.0 
oy (40) 


Q 
= 
1i 


a 8 
q %0 x18 


= Aai pee ET LLAT EE T E O 
16 1.8 1.8 


— ve sign means that meta-centre, (M) is below the centre of gravity (G). 
Problem 4.11 A body has the cylindrical upper portion of 3 m diameter and 1.8 m deep. The lower 
portion is a curved one, which displaces a volume of 0.6 m? of water. The centre of buoyancy of the 
curved portion is at a distance of 1.95 m below the top of the cylinder. The centre of gravity of the 
whole body is 1.20 m below the top of the cylinder. The total displacement of water is 3.9 tonnes. Find 
the meta-centric height of the body. 


Solution. Given : 

Dia. of body =3.0m 
Depth of body =18m 
Volume displaced by curved portion 


= 0.6 m°? of water. 
Let B, is the centre of buoyancy of the curved surface and G is the centre of gravity of the whole 
body. 
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Then EB, =1:95 m 3.0m 
CG = 1.20 m y i 
Total weight of water displaced by body = 3.9 tonnes 
= 3.9 x 1000 = 3900 kgf 
= 3900 x 9.81 N = 38259 N 
Find meta-centric height of the body. 


Let the height of the body above the water surface x m. Total 
weight of water displaced by body 
= Weight density of water x [Volume of water displaced] 
= 1000 x 9.81 x [Volume of the body in water] 


= 9810 [Volume of cylindrical part in water + Volume 
of curved portion] 





A 
ELEVATION 
Fig. 4.11 


= 9810 * X D? x Depth of cylindrical part in water 


+ Volume displaced by curved portion | 


or 38259 = 9810 [žo x(1.8- x )+05] 
T 9 38259 
— (3) x (1.8 — x) + 0.6 = —— =3.9 
gt Re re 


a x 3? x (1.8 — x) = 3.9 - 0.6 = 33 


or 1.8-x= eas, = 0.4668 
nx3x3 


x= 1.8 — .4668 = 1.33 m 


Let B, is the centre of buoyancy of cylindrical part and B is the centre of buoyancy of the whole 
body. 
Then depth of cylindrical part in water = 1.8 — x = 0.467 m 


CB, =x4 a“ = 1.33 + .2335 = 1.5635 m. 


The distance of the centre of buoyancy of the whole body from the top of the cylindrical part is 
given as 
CB = (Volume of curved portion x CB, + Volume of cylindrical part in water x CB,) 
+ (Total volume of water displaced) 
_ 0.6 x1.95+3.3 x 1.5635 _ 1.17 + 5.159 
p (0.6 +33) 39 
Then BG = CB - CG = 1.623 — 1.20 = .423 m. 
Meta-centric height, GM, is given by 


= 1.623 m. 


GM= L -BG 
y 
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where I= M.O.. of the plan of the body at water surface about Y-Y axis 


= Tapta = x 3* m4 
64 64 
VY = Volume of the body in water = 3.9 m* 


4 
GM = a ge — 423 = 1.019 — .423 = 0.596 m. Ans. 
64 3.9 


> 4.7 CONDITIONS OF EQUILIBRIUM OF A FLOATING AND SUB-MERGED 
BODIES 


A sub-merged or a floating body is said to be stable if it comes back to its original position after a 
slight disturbance. The relative position of the centre of gravity (G) and centre of buoyancy (B,) of a 
body determines the stability of a sub-merged body. 


4.7.1 Stability of a Sub-merged Body. The position of centre of gravity and centre of buoy- 
ancy in case of a completely sub-merged body are fixed. Consider a balloon, which is completely sub- 
merged in air. Let the lower portion of the balloon contains heavier material, so that its centre of 
gravity is lower than its centre of buoyancy as shown in Fig. 4.12 (a). Let the weight of the balloon is 
W. The weight W is acting through G, vertically in the downward direction, while the buoyant force Fg 
is acting vertically up, through B. For the equilibrium of the balloon W = Fp. If the balloon is given an 
angular displacement in the clockwise direction as shown in Fig. 4.12 (a), then W and Fẹ constitute a 
couple acting in the anti-clockwise direction and brings the balloon in the original position. Thus the 
balloon in the position, shown by Fig. 4.12 (a) is in stable equilibrium. 





(a) (b) (c) 
STABLE EQUILIBRIUM UNSTABLE EQUILIBRIUM NEUTRAL EQUILIBRIUM 


Fig. 4.12 Stabilities of sub-merged bodies. 


(a) Stable Equilibrium. When W = Fy, and point B is above G, the body is said to be in stable 
equilibrium. 

(b) Unstable Equilibrium. If W = Fp, but the centre of buoyancy (B) is below centre of gravity (G), 
the body is in unstable equilibrium as shown in Fig. 4.12 (b). A slight displacement to the body, in the 
clockwise direction, gives the couple due to W and F} also in the clockwise direction. Thus the body 
does not return to its original position and hence the body is in unstable equilibrium. 

(c) Neutral Equilibrium. If F= W and B and G are at the same point, as shown in Fig. 4.12 (c), the 
body is said to be in neutral equilibrium. 


4.7.2 Stability of Floating Body. The stability of a floating body is determined from the posi- 
tion of Meta-centre (M). In case of floating body, the weight of the body is equal to the weight of liquid 
displaced. 
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(a) Stable Equilibrium. If the point M is above G, the floating body will be in stable equilibrium as 
shown in Fig. 4.13 (a). If a slight angular displacement is given to the floating body in the clockwise 
direction, the centre of buoyancy shifts from B to B, such that the vertical line through B, cuts at M. 
Then the buoyant force Fp through B, and weight W through G constitute a couple acting in the anti- 
clockwise direction and thus bringing the floating body in the original position. 


DISTURBING 


(i) (ii) 





(a) Stable equilibrium M is above G (b) Unstable equilibrium M is below G. 
Fig.4.13 Stability of floating bodies. 


(b) Unstable Equilibrium. If the point M is below G, the floating body will be in unstable equilib- 
rium as shown in Fig. 4.13 (6). The disturbing couple is acting in the clockwise direction. The couple 
due to buoyant force Fẹ and W is also acting in the clockwise direction and thus overturning the 
floating body. 


(c) Neutral Equilibrium. If the point M is at the centre of gravity of the body, the floating body will 
be in neutral equilibrium. 


Problem 4.12 A solid cylinder of diameter 4.0 m has a height of 4.0 m. Find the meta-centric height 
of the cylinder if the specific gravity of the material of cylinder = 0.6 and it is floating in water with its 
axis vertical. State whether the equilibrium is stable or unstable. 


Solution. Given : D=4m a 

Height, h=4m 

Sp. gr. = 0.6 

Depth of cylinder in water = Sp. gr. xh 

= (0.6 x 4.0 = 2.4 m PLAN Iy 
Distance of centre of buoyancy (B) from A 
or AB = as = 1.2m 
2 

Distance of centre of gravity (G) from A 

or aga Ea L aat 
2 2 





BG = AG - AB = 2.0 - 1.2 = 0.8 m 
Now the meta-centric height GM is given by 


F 
GM = 7 — BG 


|] 


Buoyancy and Floatation 145 


where /=M.O.I. of the plan of the body about Y-Y axis 
pF anne GS" 
64 64 


Y = Volume of cylinder in water 


= 5 X D? x Depth of cylinder in water = 7 x 4? x 2.4 m? 


GM = a BG = 0.4167 — 0.8 = — 0.3833 m. Ans. 


-ve sign means that the meta-centre (M) is below the centre of gravity (G). Thus the cylinder is in 
unstable equilibrium. Ans. 
Problem 4.13 A solid cylinder of 10 cm diameter and 40 cm long, consists of two parts made of 
different materials. The first part at the base is 1.0 cm long and of specific gravity = 6.0. The other part 
of the cylinder is made of the material having specific gravity 0.6. State, if it can float vertically in 
water. 


Solution. Given : D = 10 cm X 
Length, L = 40 cm 

Length of Ist part, l = 1.0 cm 

Sp. gr., S, = 6.0 

Density of Ist part, Pp, = 6 x 1000 = 6000 kg/m? 

Length of 2nd part, L = 40 - 1.0 = 39.0 cm 

Sp. gr., S, = 0.6 

Density of 2nd part, Pp, = 0.6 x 1000 = 600 kg/m? 


The cylinder will float vertically in water if its meta-centric height GM is 
positive. To find meta-centric height, find the location of centre of gravity 
(G) and centre of buoyancy (B) of the combined solid cylinder. The distance 
of the centre of gravity of the solid cylinder from A is given as 

AG = [(Weight of Ist part x Distance of C.G. of Ist part from A) 

+ (Weight of 2nd part of cylinder 
x Distance of C.G. of 2nd part from A)] 
+ [Weight of Ist part + weight of 2nd part] 


& D? x L0x60x05)+(4 D? x39.0x 0.6 x (10x 39/2)] 





(z D? x1.0 x6.0 + i D? x39 x05) 


_ 10x60 x 0.5 + 39.0 x .6 x (20.5) 


1.0 x 6.0 + 39.0 x 0.6 
Jee . 3.0 +479.7 482.7 
Cancel — D> in the Numerator and Denominator = ———————— = —— = 16.42. 
4 6.0 + 23.4 29.4 
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To find the centre of buoyancy of the combined two parts or of the cylinder, determine the depth 
of immersion of the cylinder. Let the depth of immersion of the cylinder is 4. Then 
Weight of the cylinder = Weight of water displaced 


x (1)? xT x 600 x9.81 + = ( 1)- * x «6000 x 9.81 = © (1)? x x 1000 x 9.81 
100 100 100 
[7 hisin cm] 
or cancelling 3 (.1)? x ase throughout, we get 


39.0 xX0.6+1.0x60=h or h=23.4+4+ 6.0 = 29.4 
The distance of the centre of the buoyancy B, of the cylinder from A is 
AB=h/2 = = 14.7 
BG = AG — AB = 16.42 — 14.70 = 1.72 cm. 
Mein: centric height GM is given by 


Gwen 2 ipe 
Vv 


where I = M.0.1. of plan of the body about Y-Y axis 


=" pt- (10cm 
64 64 


V = Volume of cylinder in water 
== pxh= = (10? x 29.4 m? 
4 4 


I rq 10° 100 
Aa o ix m z s 
vo! eat ) 16 294 19x294 


4 GM = 0.212 — 1.72 = — 1.508 cm 
As GM is — ve, it means that the Meta-centre M is below the centre of gravity (G). Thus the 
cylinder is in unstable equilibrium and so it cannot float vertically in water. Ans. 
Problem 4.14 A rectangular pontoon 10.0 m long, 7 m broad and 2.5 m deep weighs 686.7 kN. It 
carries on its upper deck an empty boiler of 5.0 m diameter weighing 588.6 KN. The centre of gravity 
of the boiler and the pontoon are at their respective centres along a vertical line. Find the meta-centric 
height. Weight density of sea water is 10.104 kN/m”. 
Solution. Given : Dimension of pontoon = 10 x 7 x 2.5 





Weight of pontoon, W, = 686.7 KN 

Dia. of boiler, D=5.0m 

Weight of boiler, W, = 588.6 kN 

w for sea water = 10.104 kN/m? 

To find the meta-centric height, first determine the common cen- | 
tre of gravity G and common centre of buoyancy B of the boiler and ——7.0 m—>} 
pontoon. Let G, and G, are the centre of gravities of pontoon and Fig. 4.16 


boiler respectively. Then 
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AG, = = = 1.25m Y 


AG, =2.5+ = =25+25=5.0m 


The distance of common centre of gravity G from A is given as 
öğ W, x AG, + W, X AG, 


10.0 
W +W, " 
_ 686.7 X 1.25 + 588.6 x5.0 _ 298 
~~ (686.74+5886) 
Let h is the depth of immersion. Then 
: iler = Wei l ; Y 
Total weight of pontoon and boiler eight of sea water dipiacad | 70m | 
or (686.7 + 588.6) = w x Volume of the pontoon in water 
Fig. 4.17 Plan of the body 
= 10.104 x L x b x Depth of immersion at water-line 
1275.3 = 10.104 x 10X7 x h 
1275.3 


1 = ——_———— = 1.803 m 
10 x7 x 10.104 


The distance of the common centre of buoyancy B from A is 
AB = e_o =.9015 m 
2 2 
BG = AG — AB = 2.98 — .9015 = 2.0785 m = 2.078 m 
Meta-centric height is given by GM = $ - BG 


where Z= M.O.I. of the plan of the body at the water level along Y-Y 
10 x 49 x7 4 
— m 

12 


V = Volume of the body in water 
=LXbx h= 10.0 x7 x 1.857 
A mw DOKIT aO uim 
Y 12x10x7x1857 12 x1.857 


GM = S ~ BG = 2.198 — 2.078 = 0.12 m. 


mh x 10.0x P= 
12 


Meta-centric height of both the pontoon and boiler = 0.12 m. Ans. 
Problem 4.15 A wooden cylinder of sp. gr. = 0.6 and circular in cross-section is required to float 
in oil (sp. gr. = 0.90). Find the L/D ratio for the cylinder to float with its longitudinal axis vertical 
in oil, where L is the height of cylinder and D is its diameter. 
Solution. Given : 


Dia. of cylinder =D 
Height of cylinder =E 
Sp. gr. of cylinder, S, = 0.6 
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Sp. gr. of oil 2=0.9 

Let the depth of cylinder immersed in oil = A 
For the principle of buoyancy 

Weight of cylinder = wt. of oil displaced 


z D? x L x 0.6 x 1000 x 9.81= z D? x h x 0.9 x 1000 x 9.81 


or Lx0.6=h x 0.9 


_06xL_2, 
09 3 








h 


Fig. 4.18 


The distance of centre of gravity G from A, AG = $ 


The distance of centre of buoyancy B from A, 


ap= 4-5 [21)=5 
a 2s] 3 
LoL 


G=tG=< tae HE * 
2 3 6 6 
The meta-centric height GM is given by 
Gi. 1.86 
Vv 


where /= sy D* and Y = Volume of cylinder in oil = z D 


t= (Zot/tpn) = 2 = =? - 2 fe n== 1} 
64 4 2 3 








y 16 h 6x=L 32L 
3 
3D° 
oi- E, 
32L 6 
For stable equilibrium, GM should be +ve or 
GM>0 or a E > 
2L 6 
3D” E 3x6 E 
or —>— a. ~ 
32L 6 32 D“ 
E {8 9 
or rE Sa 
Dp 32 16 
L 9 3 
— < — = 
D lo 4 
L/D < 3/4. Ans. 


Problem 4.16 Show that a cylindrical buoy of 1 m diameter and 2.0 m height weighing 7.848 kN 
will not float vertically in sea water of density 1030 kg/m°. Find the force necessary in a vertical 
chain attached at the centre of base of the buoy that will keep it vertical. 
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Solution. Given : Dia. of buoy, D = 1 m 


Height , H = 2.0 m 
Weight, W = 7.848 kN 

= 7.848 x 1000 = 7848 N 
Density, p = 1030 kg/m? 


(i) Show the cylinder will not float vertically. 
(ii) Find the force in the chain. 
Part I. The cylinder will not float if meta-centric height is —ve. 
Let the depth of immersion be h 
Then for equilibrium, Weight of cylinder 
= Weight of water displaced 


= Density X g X Volume of cylinder in water la 1 


7848 = 1030 x 9.81 x z D? xh Fig. 4.19 


= 10104.3 x © (1)? xh 


pe E Nm 
10104.33 x T 
The distance of centre of buoyancy B from A, 
AB = Ba PAN cii 
2 2 


And the distance of centre of gravity G, from A is AG = = = 1.0m 


BG = AG — AB = 1.0 — 494 = .506 m. 
Now meta-centric height GM is given by GM = $ — BG 


where [=—~ D¢=—— x(1)* m4 
64 


and V = Volume of cylinder in water = F D? xh= $ 1? x .989 


K egz l l 
— X x —_ = —————_ = 
16 989 16 x.989 
GM = .063 — .506 = — 0.443 m. Ans. 


As the meta-centric height is —ve, the point M lies below G and hence the cylinder will be in 
unstable equilibrium and hence cylinder will not float vertically. 


0.063 m 
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Part II. Let the force applied in a vertical chain attached at the centre 
of the base of the buoy is T to keep the buoy vertical. 

Now find the combined position of centre of gravity (G’) and centre of 
buoyancy (B^). For the combined centre of buoyancy, let 
h’ = depth of immersion when the force T is applied. Then 

Total downward force = Weight of water displaced 
or (7848 + T) = Density of water x g x Volume of cylinder in water 











= 1030 x 9.81 x 2 D’ x h [ where h’ = depth of immersion ] 


y 
7848+T  __ T8BA8+T  _101043+T Fig. 4.20 


= —$§$—— 
101043 x 7 xD? 101083 x7 x1? 7935.9 


AB’ = KART], 7848 + T 
~ 2 2L 79359 J 158718 
The combined centre of gravity (G’) due to weight of cylinder and due to tension T in the chain 


from A is 
AG’ = [Wt. of cylinder x Distance of C.G. of cylinder from A 


+ T x Distance of C.G. of T from A] + [Weight of cylinder + T] 
7848 

memesan T 

7848 +T 


B’G’ = AG’ — AB’ = 7848 _ (7848+ T) 
(7848+T) 158718 


The meta-centric height GM is given by GM = = — BG’ 


= (7848 x5+7x0) + [7848 + T] = 


where = x D* = — x 


— m 
64 64 64 
and Hea ia eat, ED TE 
4 4 7935.9 4 7935.9 
Tt 
E o 64 amA 7935.9 
v  n(7848+T) 16 (7848+T) 
4 79359 
_ 79359 | 7848  (7848+T) 
16 (7848 +T) |(7848+T) 15871.8 
For stable equilibrium GM should be positive 
or GM > 0 
or a ea SA 


7935.9 -| 7848 a] 


16(7848+7T) |(7848+7T) 158718 
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7935.9 7848 7848 + T 


16(7848+T) (7848+T) 158718 
7935.9 — 16 X 7848 z (7848 + T) 


or 
16 (7848 + T) 158718 
-117632 (7848 + T) 
or ——— t 
16 (7848+T) 158718 
m (7848 + T) , __117632 
158718 16 (7848 + T) 
or (7848 + 7) > 147632 x 15871.8 





> 116689473.5 
> (10802.3)? 
7848 + T> 10802.3 
T > 10802.3 — 7848 
> 2954.3 N. Ans. 


The force in the chain must be at least 2954.3 N so that the cylindrical buoy can be kept in 
vertical position. Ans. 
Problem 4.17 A solid cone floats in water with its apex downwards. Determine the least apex angle 
of cone for stable equilibrium. The specific gravity of the material of the cone is given 0.8. 
Solution. Given : 


Sp. gr. of cone = 0.8 
Density of cone, p = 0.8 x 1000 = 800 kg/m? 
Let D = Dia. of the cone 
d = Dia. of cone at water level PLAN OF 
20 = Apex angle of cone WES ONE 
H = Height of cone ji—— Dr 


h = Depth of cone in water 

G = Centre of gravity of the cone 

B = Centre of buoyancy of the cone 
For the cone, the distance of centre of gravity from the apex A is 


AC = + height of cone = 3H 





also AB = 3 depth of cone in water = $} 
Volume of water displaced = + mr xh 
Volume of cone =ixnR? xh 
<. Weight of cone = 800 xg x4 xnR? xH 
Now from AAEF, tan 9 = nd 
EA H 
af R =H tan 8 
Similarly, r=htan@6 
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800 xg xr x H? tan° 0 


. Weight of cone = 800x gx + xnxx (H tan 0)’ x H= ; 


<. Weight of water displaced = 1000 x gx 4 X n7? x h 


1000 x gx mxh* tan’ @ 


= 1000 x gx 4x m(h tan 0) X h = ad 


For equilibrium 


Weight of cone = Weight of water displaced 
a 800 xg xm x H° tan?0 — 1000x981 xnxh* x tan’ 0 
3.0 3.0 
or 800 x H° = 1000 x h? 
1000 \'® 
pe paige = (=) 
800 h 800 


For stable equilibrium, Meta-centric height GM should be positive. But GM is given by 
GM = M BG 
Vv 


where /= M.O.I. of cone at water-line = a d 


YV = Volume of cone in water =5 = d? xh 
oo at [ext a xh 
vV 64 3 4 

1x3 d? _ 3d _ 3 


x—= N, A 
16 h 16h 16h 4 h 


oo ene) to- r=htan 8} 
4 h 


= ih tan’ 
and BG = AG - AB= 34H - $h=2(H-h) 
a GM = 3h tan’ @- 4 (H — h) 
For stable equilibrium GM should be positive or 
3h tan? @- 4(H-h)>0 or h tan? @ -(H-h)>0 
or h tan? @ > (H —h) or htan?0@+h>H 





or h[tan?6+1])>H or 1+tan?@>H/h_ or sec? > 


1/3 
But Bs (ar = 1,077 
h 800 





sec? 0 > 1.077 or cos?@> = (0.9285 


l 
1.077 
cos 8 > 0.9635 
68> 15°30’ or 20> 31° 
Apex angle (26) should be at least 31°. Ans. 
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Problem 4.18 A cone of specific gravity S, is floating in water with its apex downwards. It has a 


2 gift] 
diameter D and vertical height H. Show that for stable equilibrium of the cone H < 2 i 3 


2|2-s” 
Solution. Given : jo gel 
Dia. of cone =D 
Height of cone = H 
PLAN OF 
Sp. gr. of cone = § ; CONE AT 
Let G = Centre of gravity of cone eee 
B = Centre of buoyancy 
20 = Apex angle 


A = Apex of the cone 


h = Depth of immersion 
d = Dia. of cone at water surface 


Then AG= : H 





AB= = h 
4 
Also weight of cone =Weight of water displaced. 


1000 Sx gx $ nR? x H = 1000 x g x $n? x h or SRH=rh 





SR- H 

h= 7 

r 
But tan 6 = Pci! 
H h 


R = H tan 9, r = h tan 0 


h Sx(H tan 0} x H 


2 





(h tan 8) 
2 2 3 
ipa AE, aN or k= 5SH? 
h” tan“ 0 ho 
or h=(SH*)'® = $'? H adj 
Distance, BG = AG - AB 
3 3 3 3 «1/3 1/3 
=—H-—h=— (A-fA)=—(4-S“ k= S7 H 
4 4 a 4 ( 2) a ( H) th } 
3 1/3 
=— Hl- S wif 
4 [ ] (2) 
Also l= M.O. Inertia of the plan of body at water surface 


d 


Ẹla 


x il ș 
Y = Volume of cone in water = ~X — X d° X h= 


LE g? [H.S] 
3° 4 34 
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T 


— 4 r 
F ea” _ Bar 
ah à = 13 
a td H.si 16.4.5 
Now Meta-centric height GM is given as 
ne ce 
Vv 16.H.S 4 
GM should be +ve for stable equilibrium or GM > 0 
3d? 3H 3 
or ——,, -— (1-S")>0 
HS? 4 | 
3d? 3H 3 
or — r > — (1-95 4a 
16.H.S'° 4 í } 4 
Also we know R = H tan 9 and r = h tan 0 
R HDB 
r h d 
Dh D 


d= —=— x HS” = DS? 
H H 


Substituting the value of d in equation (3), we get 





9 
3(ps'?) 2 If 
Ti > 3 s o DSR A 
pD*.s'8 

p?.s'3 2 z 

or ais) or- He 4(1-s'?) 
1[ p?.s"3 Ha 

or H < Se . Ans. 


> 4.8 EXPERIMENTAL METHOD OF DETERMINATION OF META-CENTRIC 
HEIGHT 


The meta-centric height of a floating vessel can be determined, provided we know the centre of 
gravity of the floating vessel. Let w, is a known weight placed over the centre of the vessel as shown in 
Fig. 4.23 (a) and the vessel is floating. 





(a) Floating body (b) Tilted body 


Fig. 4.23 Meta-centric height. 
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Let W= Weight of vessel including w, 
G = Centre of gravity of the vessel 
B = Centre of buoyancy of the vessel 
The weight w, is moved across the vessel towards right through a distance x as shown in Fig. 4.23 (b). 
The vessel will be tilted. The angle of heel 8 is measured by means of a plumbline and a protractor 
attached on the vessel. The new centre of gravity of the vessel will shift to G, as the weight w, has been 
moved towards the right. Also the centre of buoyancy will change to B, as the vessel has tilted. Under 
equilibrium, the moment caused by the movement of the load w, through a distance x must be equal to 
the moment caused by the shift of the centre of gravity from G to G,. Thus 
The moment due to change of G=GG, x W= Wx GM tan 8 
The moment due to movement of w, = w, Xx 
wx = WGM tan 0 
Hence GM = Mmr. (4.5) 
W tan 0 
Problem 4.19 A ship 70 m long and 10 m broad has a displacement of 19620 kN. A weight of 
343.35 kN is moved across the deck through a distance of 6 m. The ship is tilted through 6°. The 
moment of inertia of the ship at water-line about its fore and aft axis is 75% of M.O.1. of the 
circumscribing rectangle. The centre of buoyancy is 2.25 m below water-line. Find the meta-centric 
height and position of centre of gravity of ship. Specific weight of sea water is 10104 N/m’. 


Solution. Given: 


Length of ship, L=70m 

Breadth of ship, b=10m 

Displacement, W = 19620 KN 

Angle of heel, 0 =6° 

M.O.I. of ship at water-line = 75% of M.O.1. of circumscribing rectangle 
w for sea-water = 10104 N/m? = 10.104 kN/m* 

Movable weight, w, = 343.35 kN 

Distance moved by w}, x=6m 

Centre of buoyancy = 2.25 m below water surface 


Find (i) Meta-centric height, GM 
(ii) Position of centre of gravity, G. 
(i) Meta-centric height, GM is given by equation (4.5) 
wx — 343.35 KN x 6.0 


GM = 
Wtan@ 19620 KN x tan 6° 


_ 343.35 KN x6.0 
19620 KN x .1051 
(ii) Position of Centre of Gravity, G 


= 0.999 m. Ans. 


cm =. BG 
Vv 


where /=M.O.1. of the ship at water-line about Y-Y 


| 





Y 
H—10 m= 


Fig. 4.24 Fig. 4.25 


= 15% of x 70 x 10° = 75 x -5 x 70 x 10° = 4375 m° 





ai yavoliieerdipi wre VOR _— DD rga a? 
Weight density of water 10.104 
A e ayi 
Y 1941.74 


GM = 2.253 - BG or .999 = 2.253 - BG 


: BG = 2.253 — .999 = 1.254 m. 
From Fig. 4.25, it is clear that the distance of G from free surface of the water = distance of B 
from water surface — BG 
= 2.25 — 1.254 = 0.996 m. Ans. 
Problem 4.20 A pontoon of 15696 KN displacement is floating in water. A weight of 245.25 KN is 
moved through a distance of 8 m across the deck of pontoon, which tilts the pontoon through an angle 
4°. Find meta-centric height of the pontoon. 


Solution. Given : 
Weight of pontoon = Displacement 


or W = 15696 kN 
Movable weight, w, = 245.25 kN 
Distance moved by weight w,, x= 8m 
Angle of heel, @=4° 
The meta-centric height, GM is given by equation (4.5) 
m gus Wia 245.25 kN x 8 
Wtan@ 15696 KN x tan 4° 
= a. = 1.788 m. Ans. 
15696 x 0.0699 


> 4.9 OSCILLATION (ROLLING) OF A FLOATING BODY 


Consider a floating body, which is tilted through an angle by an overturning couple as shown in 
Fig. 4.26. Let the overturning couple is suddenly removed. The body will start oscillating. Thus, the 


|] 


Buoyancy and Floatation 157 





body will be in a state of oscillation as if suspended at the meta-centre M. This is similar to the case of 
a pendulum. The only force acting on the body is due to the restoring couple due to the weight W of 


the body force of buoyancy Fp. 





Fig. 4.26 
Restoring couple = Wx Distance GA 
= Wx GM sin @ 
This couple tries to decrease the angle 
d° 





Angular acceleration of the body, o = — ae" 
r 


—ve sign has been introduced as the restoring couple tries to decrease the angle 8. 
= Moment of Inertia about Y-Y x Angular acceleration 


Torque due to inertia 





Fett _ de 
wane dt 


W a 
where W = Weight of body, K = Radius of gyration about Y-Y 
z| ad? Win dt 
Inertia torque = = K“ |- S)=-Xx 3 
g dt” 





g dt” 
Equating (i) and (ii), we get 














WeOM in dag ee a Gili 
g dt” g dt” 
For small angle 0, sin ð = ð 
MRO a EED i omon 
g dt g dt“ 
k? 2 
#0, GMxgx® _ 4 


Dividing by —_, we get 5 
at! § 8 dt“ K- 


The above equation is a differential equation of second degree. The solution is 


(Gm. GM.g xt 
8=C, sin = x t + C, cos a and 








SD 


sD 


(iii) 


iE 


where C, and C, are constants of integration. 
The values of C, and C, are obtained from boundary conditions which are 
(i) atr=0,0=0 


Tr 
ii) att= —,0=0 
(ii) 7 


where T is the time period of one complete oscillation. 
Substituting the Ist boundary condition in (iii), we get 





0=C,x0+C,x1 {*- sin 8 = 0, cos 0 = 1} 
mH C,=0 
Substituting 2nd boundary conditions in (iii), we get 
M. T 
0=C, sin o 8 x= 
K“ 2 


But C, cannot be equal to zero and so the other alternative is 


sin | ae = sin Tt {-. sin t= 0} 
K- 2 


> 


GM.g Ke 
K? GM.g 
Time period of oscillation is given by equation (4.6). 

Problem 4.21 The least radius of gyration of a ship is 8 m and meta-centric height 70 cm. Calcu- 
late the time period of oscillation of the ship. 

Solution. Given: 

Least radius of gyration, K = 8m 

Meta-centric height, GM = 70 cm = 0.70 m 

The time period of oscillation is given by equation (4.6). 


T2 = = 2% ee = 19.18 sec. Ans. 
GM.g 0.7 x 9.81 


Problem 4.22 The time period of rolling of a ship of weight 29430 KN in sea water is 10 seconds. 
The centre of buoyancy of the ship is 1.5 m below the centre of gravity. Find the radius of gyration of 
the ship if the moment of inertia of the ship at the water line about fore and aft axis is 1000 m“. Take 
specific weight of sea water as = 10100 N/m’. 

Solution. Given : 





“N 








X—=n or T=22 ... (4.6) 


N 





Time period, T = 10 sec 

Distance between centre of buoyancy and centre of gravity, BG = 1.5 m 
Moment of Inertia, I= 10000 mt 

Weight, W = 29430 kN = 29430 x 1000 N 


Let the radius of gyration = K 
First calculate the meta-centric height GM, which is given as 


GM= BM -BG = ~ BG 
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where 1 = M.O. Inertia 





and Y = Volume of water displaced 
- Weight of ship Z 29430 x 1000 = 2912.6 m? 
Sp. weight of sea water 10104 
GM = : — 1.5 = 3.433 — 1.5 = 1.933 m. 
2912.6 
K? 
Using equation (4.6), we get T =2r |- ———— 
GM Xg 
K? 2nK 


or 10=2 


r | = 
1933x981 1933x981 
g = 10x 1933x981 


21 


or = 6.93 m. Ans. 


HIGHLIGHTS 


1. The upward force exerted by a liquid on a body when the body is immersed in the liquid is known as 
buoyancy or force of buoyancy. 

The point through which force of buoyancy is supposed to act is called centre of buoyancy. 

The point about which a body starts oscillating when the body is tilted is known as meta-centre. 

The distance between the meta-centre and centre of gravity is known as meta-centric height. 


2 
3 
4 


5. The meta-centric height (GM) is given by GM = 2 — BG 


where / = Moment of Inertia of the floating body (in plan) at water surface about the axis Y-Y 
V = Volume of the body sub-merged in water 


BG = Distance between centre of gravity and centre of buoyancy. 
Conditions of equilibrium of a floating and sub-merged body are : 


Equilibrium Floating Body Sub-merged Body 


6 








(i) Stable Equilibrium M is above G B is above G 
(ii) Unstable Equilibrium M is below G B is below G 
(fit) Neutral Equilibrium M and G coincide B and G coincide 
7. The value of meta-centric height GM, experimentally is given as GM = -e ð 


where w, = Movable weight 
x = Distance through which w, is moved 
W = Weight of the ship or floating body including w, 
6 = Angle through the ship or floating body is tilted due to the movement of w}. 
K? 
GM xg 


+ 


The time period of oscillation or rolling of a floating body is given by 7 = 27 





where K = Radius of gyration, GM = Meta-centric height 
T = Time of one complete oscillation. 


mi 
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EXERCISE 


(A) THEORETICAL PROBLEMS 


. Define the terms ‘buoyancy’ and ‘centre of buoyancy’. 


Explain the terms ‘meta-centre’ and ‘meta-centric height’. 


- Derive an expression for the meta-centric height of a floating body. 


Show that the distance between the meta-centre and centre of buoyancy is given by BM = s 


where / = Moment of inertia of the plan of the floating body at water surface about longitudinal axis. 


YV = Volume of the body sub-merged in liquid. 
What are the conditions of equilibrium of a floating body and a sub-merged body ? 
How will you determine the meta-centric height of a floating body experimentally ? Explain with neat 
sketch. 
Select the correct statement : 
(a) The buoyant force for a floating body passes through the 
(i) centre of gravity of the body (ii) centroid of volume of the body 
(iii) meta-centre of the body (iv) centre of gravity of the sub-merged part of the body 
(v) centroid of the displaced volume. 
(b) A body sub-merged in liquid is in equilibrium when ; 
(i) its meta-centre is above the centre of gravity 
(ii) its meta-centre is above the centre of buoyancy 
(ii) its centre of gravity is above the centre of buoyancy 
(iv) its centre of buoyancy is above the centre of gravity 
(v) none of these. [Ans. 7 (a) (v), (b) (iv)] 
Derive an expression for the time period of the oscillation of a floating body in terms of radius of gyration 
and meta-centric height of the floating body. 
Define the terms : meta-centre, centre of buoyancy, meta-centric height, gauge pressure and absolute 
pressure. 
What do you understand by the hydrostatic equation ? With the help of this equation, derive the expression 
for the buoyant force acting on a sub-merged body. 
With neat sketches, explain the conditions of equilibrium for floating and sub-merged bodies. 
Differentiate between : 
(i) Dynamic viscosity and kinematic viscosity, (if) Absolute and gauge pressure (iii) Simple and 
differential manometers (iv) Centre of gravity and centre of buoyancy. 
(Delhi University, Dec. 2002) 


(B) NUMERICAL PROBLEMS 


. A wooden block of width 2 m, depth 1.5 m and length 4 m floats horizontally in water. Find the volume 


of water displaced and position of centre of buoyancy. The specific gravity of the wooden block is 0.7. 
[Ans. 8.4 m*, 0.525 m from the base] 


i= 
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A wooden log of 0.8 m diameter and 6 m length is floating in river water. Find the depth of wooden 
log in water when the sp. gr. of the wooden log is 0.7. [Ans. 0.54 m] 
A stone weighs 490.5 N in air and 196.2 N in water. Determine the volume of stone and its specific 
gravity. [Ans. 0.03 m? or 3 x 10* cm’, 1.67] 
A body of dimensions 2.0 m x 1.0 m x 3.0 m weighs 3924 N in water. Find its weight in air. What will be 
its specific gravity ? [Ans. 62784 N, 1.0667] 
A metallic body floats at the interface of mercury of sp. gr. 13.6 and water in such a way that 30% of its 
volume is sub-merged in mercury and 70% in water. Find the density of the metallic body. 

[Ans. 4780 kg/m*} 
A body of dimensions 0.5 m x 0.5 m x 1.0 m and of sp. gr. 3.0 is immersed in water. Determine the least 
force required to lift the body. [Ans. 4905 N] 
A rectangular pontoon is 4 m long, 3 m wide and 1.40 m high. The depth of immersion of the pontoon is 
1.0 m in sea-water. If the centre of gravity is 0.70 m above the bottom of the pontoon, determine the meta- 


centric height. Take the density of sea-water as 1030 kg/m? } [Ans. 0.45 m] 
A uniform body of size 4 m long x 2 m wide x 1 m deep floats in water. What is the weight of the body if 
depth of immersion is 0.6 m ? Determine the meta-centric height also. [Ans. 47088 N, 0.355 m] 
A block of wood of specific gravity 0.8 floats in water. Determine the meta-centric height of the block if 
its size is3mx2mxi m. [Ans. 0.316 m] 
A solid cylinder of diameter 3.0 m has a height of 2 m. Find the meta-centric height of the cylinder when 
it is floating in water with its axis vertical. The sp. gr. of the cylinder is 0.7. [Ans. 0.1017 m] 


A body has the cylindrical upper portion of 4 m diameter and 2 m deep. The lower portion is a curved one, 
which displaces a volume of 0.9 m°? of water, The centre of buoyancy of the curved portion is at a distance 
of 2.10 m below the top of the cylinder. The centre of gravity of the whole body is 1.50 m below the top 
of the cylinder. The total displacement of water is 4.5 tonnes. Find the meta-centric height of the body. 
[Ans. 2.387 m] 
A solid cylinder of diameter 5.0 m has a height of 5.0 m. Find the meta-centric height of the cylinder if 
the specific gravity of the material of cylinder is 0.7 and it is floating in water with its axis vertical. State 
whether the equilibrium is stable or unstable. {Ans. — 0.304 m, Unstable Equilibrium] 
A solid cylinder of 15 cm diameter and 60 cm long, consists of two parts made of different materials. The 
first part at the base is 1.20 cm long and of specific gravity = 5.0, The other parts of the cylinder is made 
of the material having specific gravity 0.6. State, if it can float vertically in water. 
[Ans. GM = — 5,26, Unstable, Equilibrium] 
A rectangular pontoon 8.0 m long, 7 m broad and 3.0 m deep weighs 588.6 KN. It carries on its upper deck 
an empty boiler of 4.0 m diameter weighing 392.4 KN. The centre of gravity of the boiler and the pontoon 
are at their respective centres along a vertical line. Find the meta-centric height. Weight density of sea- 
water is 10104 N/m’, [Ans. 0.325 m] 
A wooden cylinder of sp. gr. 0.6 and circular in cross-section is required to float in oil (sp. gr. 0.8). Find 
the L/D ratio for the cylinder to float with its longitudinal axis vertical in oil where L is the height of 
cylinder and D is its diameter. [Ans. (L/D) < 0.8164] 
Show that a cylindrical buoy of 1.5 m diameter and 3 m long weighing 2.5 tonnes will not float vertically 
in sea-water of density 1030 kg/m? . Find the force necessary in a vertical chain attached at the centre of the 


base of the buoy that will keep it vertical. [Ans. 10609.5 N] 
A solid cone floats in water its apex downwards. Determine the least apex angle of cone for stable equilib- 
rium. The specific gravity of the material of the cone is given 0.7. [Ans. 39° 7°] 


A ship 60 m long and 12 m broad has a displacement of 19620 kN. A weight of 294.3 KN is moved across 
the deck through a distance of 6.5 m. The ship is tilted through 5°. The moment of inertia of the ship at 


19. 





water line about its force and aft axis is 75% of moment of inertia the circumscribing rectangle. The centre 
of buoyancy is 2.75 m below water line. Find the meta-centric height and position of centre of gravity of 
ship. Take specific weight of sea water = 10104 Nin’, [Ans. 1.1145 m, 0.53 m below water surface] 


A pontoon of 1500 tonnes displacement is floating in water. A weight of 20 tonnes is moved through 
a distance of 6 m across the deck of pontoon, which tilts the pontoon through an angle of 5°. Find 


meta-centric height of the pontoon. [Ans. 0.9145 m] 
Find the time period of rolling of a solid circular cylinder of radius 2.5 m and 5.0 m long. The specific 
gravity of the cylinder is 0.9 and is floating in water with its axis vertical. [Ans. 0.35 sec] 


y 
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A. KINEMATICS OF FLOW 


> 5.1 INTRODUCTION 


Kinematics is defined as that branch of science which deals with motion of particles without 
considering the forces causing the motion. The velocity at any point in a flow field at any time is 
studied in this branch of fluid mechanics. Once the velocity is known, then the pressure distribution 
and hence forces acting on the fluid can be determined. In this chapter, the methods of determining 
velocity and acceleration are discussed. 


> 5.2 METHODS OF DESCRIBING FLUID MOTION 


The fluid motion is described by two methods. They are —(r) Lagrangian Method, and (if) Eulerian 
Method. In the Lagrangian method, a single fluid particle is followed during its motion and its 
velocity, acceleration, density, etc., are described. In case of Eulerian method, the velocity, accelera- 
tion, pressure, density etc., are described at a point in flow field. The Eulerian method is commonly 
used in fluid mechanics. 


> 5.3 TYPES OF FLUID FLOW 


The fluid flow is classified as : 
(Ò Steady and unsteady flows ; 
(iD Uniform and non-uniform flows ; 
(ut) Laminar and turbulent flows ; 
(iv) Compressible and incompressible flows ; 
(v) Rotational and irrotational flows ; and 
(vi) One, two and three-dimensional flows. 


5.3.1 Steady and Unsteady Flows. Steady flow is defined as that type of flow in which the fluid 
characteristics like velocity, pressure, density, etc., at a point do not change with time. Thus for 
steady flow, mathematically, we have 
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av) o) ofe = 
(F). el) a C 7° 


Xos Yo % 
where (Xo, Yo, Zo) is a fixed point in fluid field. 
Unsteady flow is that type of flow, in which the velocity, pressure or density at a point changes with 
respect to time. Thus, mathematically, for unsteady flow 


ov op 
a), , _ #0; FA + 0 etc. 


Xy Yor W 
5.3.2 Uniform and Non-uniform Flows. Uniform flow is defined as that type of flow in 
which the velocity at any given time does not change with respect to space (i.e., length of direction of 
the flow). Mathematically, for uniform flow 


(=) =0 
ds t= constant 


where ðV = Change of velocity 
ds = Length of flow in the direction S. 
Non-uniform flow is that type of flow in which the velocity at any given time changes with respect 
to space. Thus, mathematically, for non-uniform flow 


ƏV 
Š #0. 
( ds t = constant 


5.3.3 Laminar and Turbulent Flows. Laminar flow is defined as that type of flow in which 
the fluid particles move along well-defined paths or stream line and all the stream-lines are straight and 
parallel. Thus the particles move in laminas or layers gliding smoothly over the adjacent layer. This 
type of flow is also called stream-line flow or viscous flow. 

Turbulent flow is that type of flow in which the fluid particles move in a zig-zag way. Due to the 
movement of fluid particles in a zig-zag way, the eddies formation takes place which are responsible 


Xos Yot% 


VD 
for high energy loss. For a pipe flow, the type of flow is determined by a non-dimensional number— 
v 


called the Reynold number, 
where D = Diameter of pipe 

V = Mean velocity of flow in pipe 
and v = Kinematic viscosity of fluid. 

If the Reynold number is less than 2000, the flow is called laminar. If the Reynold number is more 
than 4000, it is called turbulent flow. If the Reynold number lies between 2000 and 4000, the flow may 
be laminar or turbulent. 

5.3.4 Compressible and Incompressible Flows. Compressible flow is that type of flow in 
which the density of the fluid changes from point to point or in other words the density (p) is not 
constant for the fluid. Thus, mathematically, for compressible flow 

p # Constant 

Incompressible flow is that type of flow in which the density is constant for the fluid flow. Liquids 
are generally incompressible while gases are compressible. Mathematically, for incompressible flow 

p = Constant. 
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5.3.5 Rotational and Irrotational Flows. Rotational flow is that type of flow in which the 
fluid particles while flowing along stream-lines, also rotate about their own axis. And if the fluid 
particles while flowing along stream-lines, do not rotate about their own axis then that type of flow is 
called irrotational flow. 


5.3.6 One-, Two- and Three-Dimensional Flows. One-dimensional flow is that type of 
flow in which the flow parameter such as velocity is a function of time and one space co-ordinate only, 
say x. For a steady one-dimensional flow, the velocity is a function of one-space-co-ordinate only. The 
variation of velocities in other two mutually perpendicular directions is assumed negligible. Hence 
mathematically, for one-dimensional flow 

u = f(x), v= 0 and w=0 
where u, v and w are velocity components in x, y and z directions respectively. 

Two-dimensional flow is that type of flow in which the velocity is a function of time and two 
rectangular space co-ordinates say x and y. For a steady two-dimensional flow the velocity is a function 
of two space co-ordinates only. The variation of velocity in the third direction is negligible. Thus, 
mathematically for two-dimensional flow 

u = fix, y), v = f(x, y) and w = 0. 

Three-dimensional flow is that type of flow in which the velocity is a function of time and three 
mutually perpendicular directions. But for a steady three-dimensional flow the fluid parameters are 
functions of three space co-ordinates (x, y and z) only. Thus, mathematically, for three-dimensional 
flow 


u = f(x, y, Z), v = fay, y, z) and w = fz(x, y, Z). 


> 5.4 RATE OF FLOW OR DISCHARGE (Q) 


It is defined as the quantity of a fluid flowing per second through a section of a pipe or a channel. 
For an incompressible fluid (or liquid) the rate of flow or discharge is expressed as the volume of fluid 
flowing across the section per second. For compressible fluids, the rate of flow is usually expressed as 
the weight of fluid flowing across the section. Thus 

(i) For liquids the units of Q are m?/s or litres/s 
(ii) For gases the units of Q is kgf/s or Newton/s 
Consider a liquid flowing through a pipe in which 
A = Cross-sectional area of pipe 
V = Average velocity of fluid across the section 
Then discharge Q=AXV. A5.1) 


> 5.5 CONTINUITY EQUATION 


The equation based on the principle of conservation of mass is called continuity equation. Thus for 
a fluid flowing through the pipe at all the cross-section, the quantity of fluid per second is constant. 
Consider two cross-sections of a pipe as shown in Fig. 5.1. 
Let V, = Average velocity at cross-section 1-1 
pı = Density at section 1-1 
A, = Area of pipe at section I-1 
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and V3, Po, A, are corresponding values at section, 2-2. © © 
Then rate of flow at section 1-1 = p,A,V, sata aetna te 
Rate of flow at section 2-2 = PÁV DIRECTION | i 
According to law of conservation of mass OF FLOW 
Rate of flow at section 1-1 = Rate of flow at section 2-2 
or PAV, = PrA2V2 D 
Equation (5.2) is applicable to the compressible as well as incom- Fig. 5.1 Fluid flowing through 
pressible fluids and is called Continuity Equation. If the fluid is in- a pipe. 
compressible, then p, = p, and continuity equation (5.2) reduces to 
A,V, =A V2 Aho 


Problem 5.1 The diameters of a pipe at the sections 1 and 2 are 10 cm and 15 cm respectively. Find 
the discharge through the pipe if the velocity of water flowing through the pipe at section I is 
5 m/s. Determine also the velocity at section 2. 

Solution. Given : 


At section 1, D, =10cm=0.1 m — 2 
A} = (D? = (.1)? = 0.007854 m? 


= —» :D;=10cm D.=15¢em 





V,=5 mis. 
At section 2, D, = 15 cm = 0.15 m 
T 2 2 
A, =— (.15)° = 0.01767 m 
2774 (.15) Fig. 5.2 


(i) Discharge through pipe is given by equation (5.1) 
or Q=A, x V; 
= 0.007854 x 5 = 0.03927 m*/s. Ans. 
Using equation (5.3), we have A, V; = AV; 
_ AV _ 0.007854 


ii) .. V= = .0 = 2.22 m/s. Ans. 
(ii) a 0.01767 x5 m/s. Ans 


Problem 5.2 A 30 cm diameter pipe, conveying water, branches into two pipes of diameters 
20 cm and 15 cm respectively. If the average velocity in the 30 cm diameter pipe is 2.5 m/s, find the 
discharge in this pipe. Also determine the velocity in 15 cm pipe if the average velocity in 20 cm 
diameter pipe is 2 m/s. 

Solution. Given : 






V4 = 2.5m/sec 
D; = 30cm 


| 





D, = 30 cm = 0.30 m 


A= ; D?Z= 3 x .3?= 0.07068 m°? 


Vi = 2:5 m/s 
D, = 20 cm = 0.20 m 


A, =~ (2)? == x 4 = 0.0314 m?, 
a 4 


2 = 2 m/s 
D, = 15 cm = 0.15 m 
T 2 N 2 
A; =a (.15)° a x 0.225 = 0.01767 m“ 


Find (i) Discharge in pipe 1 or Q, 
(ii) Velocity in pipe of dia. 15 cm or V, 

Let Q,;, Q, and Q, are discharges in pipe 1, 2 and 3 respectively. 
Then according to continuity equation 

Qi =Q, + Q; sAN) 
(i) The discharge Q, in pipe | is given by 

Q, = A,V, = 0.07068 x 2.5 m*/s = 0.1767 m*/s. Ans. 
(ii) Value of V, 

Q, = AV, = 0.0314 x 2.0 = 0.0628 m*/s 
Substituting the values of Q, and Q, in equation (1) 

0.1767 = 0.0628 + Q, 
a Q, = 0.1767 — 0.0628 = 0.1139 m*/s 
But Q, = A, X V, = 0.01767 x V, or 0.1139 = 0.01767 x V; 
0.1139 


0.01767 
Problem 5.3 Water flows through a pipe AB 1.2 m diameter at 3 m/s and then passes through a 
pipe BC 1.5 m diameter. At C, the pipe branches. Branch CD is 0.8 m in diameter and carries one- 
third of the flow in AB. The flow velocity in branch CE is 2.5 m/s. Find the volume rate of flow in 
AB, the velocity in BC, the velocity in CD and the diameter of CE. 


Solution. Given : 


3 = 6.44 m/s. Ans. 


Diameter of pipe AB, Dag = 1.2m 
Velocity of flow through AB, V,, = 3.0 m/s 
Dia. of pipe BC, Dgc = 1.5 m 


Dia. of branched pipe CD, Dep = 0.8 m 
Velocity of flow in pipe CE, Veg = 2.5 m/s 


Let the flow rate in pipe AB = Q m°?/s 
Velocity of flow in pipe BC = Vgc m/s 
Velocity of flow in pipe CD = Vep m/s 


|] 





Vog= 2.5 m/sec 
Fig. 5.4 
Diameter of pipe CE = Deg 
Then flow rate through CD = Q/3 
and flow rate through CE=Q-Q/3= a 


(i) Now volume flow rate through AB = Q = Vy, x Area of AB 
=3.0x 7 (D,a)? = 3.0 x : (1.2)? = 3.393 m/s. Ans. 


(ii) Applying continuity equation to pipe AB and pipe BC, 
Vg X Area of pipe AB = Vgc X Area of pipe BC 





or 3.0 x= (Dys)? = Vpe X= (Dgo) 
4 4 
or 3.0 x (1.2)? = Vgc x (1.5) | Divide by 4 
or Vea? x 7 = 1.92 m/s. Ans. 
(iii) The flow rate through pipe 
CD = Q,= g = = 1.131 m*/s 


Qı = Vep X Area of pipe CD xt Day 


or 1.131 = Vep xt x 0.8? = 0.5026 Vp 


1.131 


cP ~ 0.5026 
(iv) Flow rate through CE, 


Q, = Q - Q, = 3.393 - 1.131 = 2.262 m/s 


= 2.25 m/s. Ans. 





Q- = Veg X Area of pipe CE = Very (Dex) 


at 2.263 = 2.5 xt x (Dez) 
- paa  ef a an 
250% 


Diameter of pipe CE = 1.0735 m. Ans. 
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Problem 5.4 A 25 cm diameter pipe carries oil of sp. gr. 0.9 at a velocity of 3 m/s. At another 
section the diameter is 20 cm. Find the velocity at this section and also mass rate of flow of oil. 


Solution. Given : 
at section 1, D, = 25 cm = 0.25 m 
A, =% D}? = x 0.25? = 0.049 m3 
4 4 
V, =3 m/s 
at section 2, D, = 20 cm = 0.2 m 
A, =" (0.2)? = 0.0314 m2 
V, = ? 
Mass rate of flow of oil = ? 
Applying continuity equation at sections | and 2, 





AVi = AV 
or 0.049 x 3.0 = 0.0314 x V, 
f OA ii ni a 
E 0.0314 
Mass rate of flow of oil = Mass density x Q = p x A, x V, 
Sp. gr. of oil = eee 
Density of water 
Density of oil = Sp. gr. of oil x Density of water 
= 0.9 x 1000 kg/m? = 2008 
i 
Mass rate of flow = 900 x 0.049 x 3.0 kg/s = 132.23 kg/s. Ans. 


Problem 5.5 A jet of water from a 25 mm diameter nozzle is directed vertically upwards. Assuming 
that the jet remains circular and neglecting any loss of energy, that will be the diameter at a point 4.5 m 
above the nozzle, if the velocity with which the jet leaves the nozzle is 12 m/s. 


Solution. Given : 


Dia. of nozzle, D, = 25 mm = 0.025 m 
Velocity of jet atnozzle, V,= 12 m/s 
Height of point A, h=45m 


Let the velocity of the jet at a height 4.5 m = V, 


Consider the vertical motion of the jet from the outlet of the 
nozzle to the point A (neglecting any loss of energy). 


Initial velocity, u=V,=12m/s 

Final velocity, V=V, 

Value of g=-981 m/s? and h = 4.5 m 
Using, V- w= 2gh, we get 


V,? — 12? = 2 x (-9.81) x 4.5 
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i =/12 -2x981 x 4.5 = 4/144- 88.29 = 7.46 m/s 


Now applying continuity equation to the outlet of nozzle and at point A, 





we get 
A\V, = AV, 
TD? xV, 2 
z 1 1 > 
or AeA Ooo a EONO E AOT 
V; V, 4x746 
Let D, = Diameter of jet at point A. 
Then A, == D,? or 0.0007896 =7 x D? 
Dra ns OUT n= ian 
T 


> 5.6 CONTINUITY EQUATION IN THREE-DIMENSIONS 


Consider a fluid element of lengths dx, dy and dz in the direction of x, y and z. Let u, v and w are the 
inlet velocity components in x, y and z directions respectively. Mass of fluid entering the face ABCD 
per second 

=p x Velocity in x-direction x Area of ABCD 


=p Xu x (dy x dz) 
Then mass of fluid leaving the face EFGH per second = pu dydz 2 (pu dydz) dx 
X 


Gain of mass in x-direction 
= Mass through ABCD — Mass through EFGH per second 


= pu dydz — pu dydz — 2 (pu dydz)dx 
x 


= =. (pu dydz) dx 
ox 






=- a (pu) dx dydz 
ox 


Similarly, the net gain of mass in y-direction 


{*. dydz is constant} 


=- a (pv) dxdydz 
dy 

and in z-direction == a (pw) dxdydz = 
dz Y Fig. 5.6 


ox oy az 


Since the mass is neither created nor destroyed in the fluid element, the net increase of mass per unit 
time in the fluid element must be equal to the rate of increase of mass of fluid in the element. But mass 


Net gain of masses = {2 (om + a (pv)+ Ca (w)| dxdydz 
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d 
of fluid in the element is p. dx. dy. dz and its rate of increase with time T (p dx. dy. dz) or 


op 
— .dxdy dz. 
re 
Equating the two expressions, 
or {2 (pu) + Slp) + 2 (on) dxdydz = e, dxdydz 
or nF 2 (pe) + Bipi + 2 ig = 0 [Cancelling dx.dy.dz from both sides] ...(5.3A) 
ot ox oy az R 


Equation (5.3A) is the continuity equation in cartesian co-ordinates in its most general form. This 
equation is applicable to : 
(i) Steady and unsteady flow, 
(ii) Uniform and non-uniform flow, and 
(iii) Compressible and incompressible fluids. 


ð 
For steady flow, = (0) and hence equation (5.3A) becomes as 


ð ð ð 
manai u — y eee y= eel DoS 
ay (Pu) +5,,(0 )+ 5; (Pw) = 0 (5.38) 
If the fluid is incompressible, then p is constant and the above equation becomes as 
ðu ðv ðw 
—+—+—=0 (5.4 
ax oy az 


Equation (5.4) is the continuity equation in three-dimensions. For a two-dimensional flow, the com- 
ponent w = 0 and hence continuity equation becomes as 


ou | ov =0. 5.5) 


ox oy 

5.6.1 Continuity Equation in Cylindrical Polar Co-ordinates. The continuity equation in 
cylindrical polar co-ordinates (i.e., r, 8, z co-ordinates) is derived by the procedure given below. 

Consider a two-dimensional incompressible flow field. The 
two-dimensional polar co-ordinates are r and 8. Consider a fluid uy + 246 | 49 u, + a ip 
element ABCD between the radii r and r + dr as shown in 39 o 
Fig. 5.7. The angle subtended by the element at the centre is d8. 
The components of the velocity V are u, in the radial direction 
and uy, in the tangential direction. The sides of the element are 
having the lengths as 

Side AB = rd, BC = dr, DC = (r + dr) dð, AD = dr. 

The thickness of the element perpendicular to the plane of 
the paper is assumed to be unity. 

Consider the flow in radial direction 

Mass of fluid entering the face AB per unit time 





= p X Velocity in r-direction x Area 


Fig. 5.7 
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=p Xu, x (AB x 1) (° Area = AB x Thickness = rd@ x 1) 
=pxu,x(rd0x l)=p.u,. rdO 
Mass of fluid leaving the face CD per unit time 
= p X Velocity x Area 


=p x(u 


=p u + x ar) x (r + dr)dð [+ CD = (r + dr) d0] 
r 
=p du + du, (an | dð 
or 


=o |æ 


[The term containing (dr)? is very small and has been neglected] 





| xoxo (° Area = CD x 1) 














Gain of mass in r-direction per unit time 
= (Mass through AB — Mass through CD) per unit time 


ar dé 


=p. u, rdð-— p. u,. r. dd- o| 23 w. | dð 
r 


=- p | is r ar). dð 
[This is written in this form because 
ae oft + Se] r.dr.dQ  (r- dO. dr. 1) is equal to volume of 
or element] 





=p. u,. rd0- o| $ 








Now consider the flow in O-direction 
Gain in mass in 6-direction per unit time 
= (Mass through BC — Mass through AD) per unit time 
= [p x Velocity through BC x Area — p x Velocity through AD x Area] 


= [o-u .dr x1 -ofu + Ss ap) x dr X ] 


=- o( Sao] drx 1 (° Area = dr X 1) 


ð 
= p nee [Multiplying and dividing by 7] 
z 


Total gain in fluid mass per unit time 


u, ou dug rdð. dr 
=- p| —+ Pedr Ao- pa MM .(5.5A 
p|" T =| r. dr p 50 5 ( ) 
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But mass of fluid element = p X Volume of fluid element 
= p x [rd x dr x 1] 
=pxrd0.dr 
Rate of increase of fluid mass in the element with time 
0 dp 
= — [p.rd0. dr] = —. rdð dr ..(5.5B) 
dt Ip or 


(. rd@.dr.1 is the volume of element and is a constant quantity) 
Since the mass is neither created nor destroyed in the fluid clement, hence net gain of mass per unit 
time in the fluid element must be equal to the rate of increase of mass of fluid in the element. 
Hence equating the two expressions given by equations (5.5 A) and (5.5 B), we get 


of + Se T e =o rd@ dr 
r 








or ð č r ot 
u, Ou du, 1 ap 
or -p|—-+—|-p—?.-=— Cancelling rdr . dO from both sides 
p|” =| ay rot i 
op u, du du, | 
or —+p|—-_+— |+p—.-— =0 „45.5 
ot o| r d | P 00 r 5350) 
Equation (5.5 C) is the continuity equation in polar co-ordinates for two-dimensional flow. 
op 


For steady flow r = () and hence equation (5.5 C) reduces to 


u, ðu Ou, | 
SE Le | ip Ei 
| j pi 








r dr r 
or u, + a on =0 
or Ž (ru,) +f (ug) = 0 k Z (ru )=r. ihe + | A5.5D) 


Equation (5.5 D) represents the continuity equation in polar co-ordinates for two-dimensional steady 
incompressible flow. 


Problem 5.5A Examine whether the following velocity components represent a physically possible 


flow ? 


u, = r sin Q, ug = 2r cos 8. 
Solution. Given : u,=rsin @ and ug = 2r cos 6 
For physically possible flow, the continuity equation, 


2 (ru,) 2 (ug) = 0 should be satisfied. 


Now u,=rsin® 
Multiplying the above equation by r, we get 
oes 
ru,=r sin 8 
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Differentiating the preceding equation w.r.t. r, we get 
ð È ona 
— (ru,)= — (° sin 8) 
or € ðr 
=2rsin 8 (~ sin O is constant w.r.t. r) 
Now Ug = 2r cos 8 
Differentiating the above equation w.r.t. 8, we get 


z (Ug) = a (2r cos 0) 


00 00 
= 2r (— sin 8) (~ 2r is constant w.r.t. 0) 
=-2rsin@ 


2. 

or 

Hence the continuity equation is satisfied. Hence the given velocity components represent a physi- 
cally possible flow. 


(ru) + (ug) = 2r sin 8 — 27 sin 0 = 0 


> 5.7 VELOCITY AND ACCELERATION 


Let V is the resultant velocity at any point in a fluid flow. Let u, v and w are its component in x, y and 
z directions. The velocity components are functions of space-co-ordinates and time. Mathematically, 
the velocity components are given as 
u = fix, y, z, t) 
v = f(x, y, z, t) 
w = f(x, Y, Z, t) 


and Resultant velocity, V=ui+vyj+wk= yu +y? +w? 


Let a,, a, and a, are the total acceleration in x, y and z directions respectively. Then by the chain 
rule of differentiation, we have 


_ du ðu dx ou dy du dz ou 


a.=—= fo k 
“dt ox dt oydt oz dt oat 
But a = pa v ma =W 
dt dt dt 


dt ox dy dz dt 
oda ðv ov ðv ðv 


a, = —=u—+v—+w—+— 
Y da œ ð dz ðt 


dw ðw ðw ðw ðw 
a, = — = U — + vV — + w — + — 


* dt ox oy ð ðt 


Similarly, (5.6) 


ƏV 
For steady flow, — = 0, where V is resultant velocity 


ot 
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ou 0.2” ow 
or — =) = 0 and— =0 
d or or 
Hence acceleration in x, y and z directions becomes 


du ou ou ou 
=—=u—+y—+W 


= ox oy az 


dv o av ðv 
OO gp Me (5.7 
tt ae y ee os 


2 


Acceleration vector (5.8) 





5.7.1 Local Acceleration and Convective Acceleration. Local acceleration is defined as 
the rate of increase of velocity with respect to time at a given point in a flow field. In the equation given 


ou d 
by (5.6), the expression — >’ von or © is known as local acceleration. 
Convective acceleration is defined as the rate of change of velocity due to the change of position of 


du ðv ow 
ar’ at sass 5 


fluid particles in a fluid flow. The expressions other than— in equation (5.6) are known 


as convective acceleration. 


Problem 5.6 The velocity vector in a fluid flow is given 
V = 4x°i — 10x°yj + 2tk. 

Find the velocity and acceleration of a fluid particle at (2, 1, 3) at time t = 1. 
Solution. The velocity components u, v and w are w= 4x°, vy = — 10x" y, w = 2t 
For the point (2, 1, 3), we have x = 2, y= | and z= 3 at time f= 1. 

Hence velocity components at (2, 1, 3) are 
u= 4x (2)°= 32 units 
v = — 10(2)*(1) = — 40 units 
w=2X1=2 units 
Velocity vector V at (2, 1, 3) = 321 — 407 + 2k 


or Resultant velocity = yu? +v’ +w? 
= 32? +(-40)° +2? =,/1024+1600+4 = 51.26 units. Ans. 


Acceleration is given by equation (5.6) 
ou ðu ðu 


ou 
a, =u—+v—+w—t 


ox oy dz or 


|] 


| 


ou > Ou ou ou 
i, ee eg, ee ae 
ov ðv > v_n ðv 
m eG “i= 
ðw ow ow ð 

= at oe, 0 and 3 = 2.1 


Substituting the values, the acceleration components at (2, 1, 3) at time f= 1 are 

a, = 4x° (12x*) + (— 10x°y) (0) + 2t x (0) + 0 
= 48x° = 48 x (2) = 48 x 32 = 1536 units 

a,= 4° (— 20xy) + (- 10x°y) (- 10x°) + 2t (0)+0 

== 80x*y + 100x4y 

= — 80 (2)*(1) + 100 (2)* x 1 = — 1280 + 1600 = 320 units. 

a, = 4x° (0) + (— 10x7y) (0) + (2) (0) + 2.1 = 2.0 units 

Acceleration is A= a,i + a,j + ak = 1536i + 320j + 2k. Ans. 


or Resultant A = (1536) + (320) +(2)° units 
=,/2359296 + 102400 + 4 = 1568.9 units. Ans. 


Problem 5.7 The following cases represent the two velocity components, determine the third com- 
ponent of velocity such that they satisfy the continuity equation : 
E 2 > 2 3 > 
(i) u=x +y +z ; v=xy —yr + xy 
s 2 
(ii) v = 2y", w = 2xyz. 
Solution. The continuity equation for incompressible fluid is given by equation (5.4) as 


ðu ðv ðw 
—+—+— =0 
ox oy az 
Case I. waxrey’ +2 OH 94 
ox 
v = xy? — yz? + xy : a a 


Substituting the values of on and a in continuity equation. 
x y 


2x + Ta = 0 
az 


or = =- 3x- 2xy + z? or ðw = (— 3x — 2xy + z’) Oz 
z 
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Integration of both sides gives | dw = \(-3x —2xy +2? ) dz 


3 
z 5 9 
or w= (- 3xz — 2xyz + 5] + Constant of integration, 
where constant of integration cannot be a function of z. But it can be a function of x and y that is f (x, y). 


3 
w -[-3xz - 2xyz + z) + f(x, y). Ans. 


Case II. p= ov: ds 
oy 
w=2xyz .» me = 2xy 
dz 


a 
Substituting the values of x and = in continuity equation, we get 
y Z 


M iy 2xy=0 


Ox 


X 


> 


Integrating, we get u=—4xy- 25 + f(y, Z) = — 4xy - x’y + f(y, z). Ans. 


Problem 5.8 A fluid flow field is given by 

V= xyi + ya — (2xyz + yz")k 
Prove that it is a case of possible steady incompressible fluid flow. Calculate the velocity and accel- 
eration at the point (2, 1, 3). 


Solution. For the given fluid flow field u = xy a a = 2xy 
xX 
dv 
2 
v= yz 2 = = 2yz 
a 
ow 


w=- 2xyz- yz" —— =- 2xy - 2yz. 
dz 


For a case of possible steady incompressible fluid flow, the continuity equation (5.4) should be 
satisfied. 


i.e w + a + aw = 
rom ox oy az 
Substituting the values of N. oy and Ka we get 
ðx dy dz 
ae OY. Ov = 2xy + 2yz — 2xy — 2yz = 0 
ox ody a 


iE 





Hence the velocity field V= xyi + yzj — (2xyz + yz’) k is a possible case of fluid flow. Ans. 
Velocity at (2, 1, 3) 
Substituting the values x=2, y= l and z = 3 in velocity field, we get 


V = xyi + yj — (2xyz + yz’) k 
=2°xli+1?x3j-(2x2x1Xx3+1x3 k 
= 4i + 3j- 21k. Ans. 


and Resultant velocity =,/4? + 3° + (-21) = /16+9+ 441 =/466 = 21.587 units. Ans. 
Acceleration at (2, 1, 3) 
The acceleration components a,, a, and a_ for steady flow are 


a a 
vax oy dz 
a eh ig BE ig 
n oy dz 
a ey i 
Eo D dy dz 
> ou ou 3 ou 
= x°y,— = 2xy, — = x^ and — = 0 
Pm “oy dz 
> Ov ov ðo žá 3; 
= yz, —= 0, —= 2y, —= y? 
CR ge yy ae 


w =— 2xyz- fe —2yz, ow -2x7 -z?, aw = — 2xy — 2yz. 
ox oy az 


Substituting these values in acceleration components, we get acceleration at (2, 1, 3) 
a= xy (2xy) + yz (œ -( 2xyz + yz’) (0) 
= 2x7 y? + x°y"z 
=2(2)°17+2?x 17%3=2x8+ 12 
= 16 + 12 = 28 units 
a,= wy (0) + yz (2yz) — (2xyz + yz’) (y’) 
“a 22 _2 xyz 2 ye? 
=2x1°x3?-2x2x 1°x3- 1° x3? =18- 12-9 =-3 units 
a, = xy (— 2yz) + yz (— 2xz - 2”) — (xyz + yz") (- 2xy - 2yz) 
=- 2x?y?z - ayz - v2 + [4x7y*z + 2xy z + 4xy?2? + 2y*23 ] 
s= 2x2? 17x 3=2%2 «1703? ~— 17 43? 
+[4x2x« 1? x342x2xK Px 37?44x2x 1? x3? 42x Px 3] 
— 24 — 36 — 27 + [48 + 36 + 72 + 54] 
— 24 — 36 — 27 + 48 + 36 + 72 + 54 = 123 
Acceleration = a,i + a,j + ak = 281 — 3j + 123k. Ans. 
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or Resultant acceleration = (28° +(—3) +123? =/784 +9 + 15129 


= /15922 = 126.18 units. Ans. 


Problem 5.9 Find the convective acceleration at the middle of a pipe which converges uniformly 
from 0.4 m diameter to 0.2 m diameter over 2 m length, The rate of flow is 20 lit/s. If the rate of flow 
changes uniformly from 20 I/s to 40 I/s in 30 seconds, find the total acceleration at the middle of the 
pipe at I5th second. 

Solution. Given: 

Diameter at section 1, D, =0.4m;D,=0.2 m,L =2 m, Q = 20 I/s = 0.02 m*/s as one litre 

= 0.001m? = 1000 cm? 

Find (i) Convective acceleration at middle i.e., at A when Q = 20 //s. 

(ii) Total acceleration at A when Q changes from 20 //s to 40 //s in 30 seconds. 

Case I. In this case, the rate of flow is constant and equal to 0.02 m/s. The velocity of flow is in 
x-direction only. Hence this is one-dimensional flow and velocity components in y and z directions are 
zero or v=0,z=0. 





du 

Convective acceleration = Udy only wh 

` du ; y 
Let us find the value of u and ax at a distance x from inlet © x 

x 
The diameter (D,) at a distance x from inlet or at section X-X is given by, T 
0.4 - 0.2 0.4m 
D,=0.4- 2 xx 
= (0.4-—0.1 x) m i 


The area of cross-section (A,) at section X-X is given by, 


T T 
A, = —D? =— (0.4-0.1 x 
ray = 4h 7 





Velocity (u) at the section X-X in terms of Q (i.e., in terms of rate of flow) 


a py 2 << O 
Ara A, Tp n (0.4-0.1) 
| x 
4 
=e 5.1979 94-01 7 mie i 
04-01 ~ Q (0.4 — 0.1 x)~ m/s ...(ii) 


ou 
To find J we must differentiate equation (¿i) with respect to x. 
x 


ðu ð 2 
S= gy L2 0.0.4 - 0.1)" 


= 1.273 Q (- 2) (0.4 - 0.1 X x (- 0.1) [Here Q is constant] 
= 0.2546 0 (0.4-0.1 x)! ...(iii) 


Substituting the value of u and a in equation (7), we get 
x 


Convective acceleration = [1.273 Q (0.4 -0.1 x? x [0.2546 Q (0.4 - 0.1 xy] 
= 1.273 x 0.2546 x Q? x (0.4- 0.1.4) 
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= 1.273 x 0.2546 x (0.02)? x (0.4 - 0.1 x)? [7 Q = 0.02 m?/s] 
..Convective acceleration at the middle (where x = 1 m) 
1.273 x 0.2546 x (0.02)? x (0.4 — 0.1 x 1)? m/s? 
1.273 x 0.2546 x (0.02)? x (0.3)? m/s? 
= 0.0048 m/s”. Ans. 

Case II. When Q changes from 0.02 m*/s to 0.04 m*/s in 30 seconds, find the total acceleration 
at x= 1 m and t= 15 seconds. 

Total acceleration = Convective acceleration + Local acceleration at f= 15 seconds. 

The rate of flow at f= 15 seconds is given by 


Q=Q, Ok. x 15 where Q, = 0.04 m*/s and Q, = 0.02 m*/s 


a (0.04 — 0.02) 
30 


= 0.02 x15= 0.03 m*/s 


ou 
The velocity (u) and gradient & ) in terms of Q are given by equations (ii) and (iii) respectively 


; : du 
~. Convective acceleration = u. — 


ox 
= [ 1.273 0 (0.4-0.1 x) 7] x [0.2546 O (0.4-0.1 x) |] 
= 1.273 x 0.2546 Q* x (0.4-0.1 x 1)? 
.. Convective acceleration (when Q = 0.03 m*/s and x= 1 m) 
= 1.273 x 0.2546 x (0.03)* x (0.4 - 0.1 x I? 
= 1.273 x 0.2546 x (0.03)? x (0.3) ° m/s? 


= 0.0108 m/s* wiv) 
Local acceleration = a = A [1.273 Q (0.4 - 0.1 yy 
elenna = mE .273 Q (0.4 - 0.1 x 


[ < u from equation (ii) is u = 1.273 Q (0.4 - 0.1 xy? 


= 1.273 x (0.4 -0.1 x)? x ue 


[ = Local acceleration is at a point where x is constant but Q is changing] 
Local acceleration (at x= 1 m) 


= 1.273 x (0.4 - 0.1 x 1)? x ae 
or 
a 0.02 dQ Q-Q, 0.04-0.02 0.02 
= 1.273 x 03)" x 4 Eee frt mn] 
= 0.00943 m/s? (v) 


Hence adding equations (iv) and (v), we get total acceleration. 


<. Total acceleration = Convective acceleration + Local acceleration 
= 0.0108 + 0.00943 = 0.02023 m/s?. Ans. 
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> 5.8 VELOCITY POTENTIAL FUNCTION AND STREAM FUNCTION 


5.8.1 Velocity Potential Function. It is defined as a scalar function of space and time such 
that its negative derivative with respect to any direction gives the fluid velocity in that direction. It is 
defined by 6 (Phi). Mathematically, the velocity, potential is defined as 6 = f (x, y, z) for steady flow 
such that 


d$ 


yo — 
ox 


v= _% (5.9) 
oy 


do 

dz 
where u, v and w are the components of velocity in x, y and z directions respectively. 

The velocity components in cylindrical polar co-ordinates in terms of velocity potential function are 
given by 


ae 
"Or 
i) 
uj === ..(5.9A) 
° +30 
where u,= velocity component in radial direction (i.e., in r direction) 
and ug = velocity component in tangential direction (i.e., in O direction) 
The continuity equation for an incompressible steady flow is a + z + æ =0. 
x dy z 


Substituting the values of u, v and w from equation (5.9), we get 


S 


do 3$ d 
ox? dy" 


© 


=0. .(5.10) 











or 


Equation (5.10) is a Laplace equation. 


ao dO 
— = (). wD 
ax? i oy” ely 


If any value of © that satisfies the Laplace equation, will correspond to some case of fluid flow. 








For two-dimension case, equation (5.10) reduces to 


Properties of the Potential Function. The rotational components* are given by 


o <1 ("au 
= 23x ay 


* Please, refer to equation (5.17) on page 192. 
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get 

o.=1|2/_%% -2(-æ) „E| %o | 0% 
©“ 2/)ax\ ay) ay\ ax/| 2] axdy dydx 
sie 2(-2)-2(-2) _!|_ oo , ao 
Y 2laz\ ax) ax zJ| 2| azdx axdz 
1| ə 2) a({ do)|_ 1] o ə% 

d =-= -5]-= -2 |->- 
= = 1} 2( az = | | ot 2 

If © is a continuous function, ne oe we at: + etc 


Qxdy  dyox adk axdz’ 
®. = W, = @, = 0. 


When rotational components are zero, the flow is called irrotational. Hence the properties of the 
potential function are : 


1. If velocity potential (@) exists, the flow should be irrotational. 


2. If velocity potential () satisfies the Laplace equation, it represents the possible steady incom- 
pressible irrotational flow. 


5.8.2 Stream Function. It is defined as the scalar function of space and time, such that its partial 
derivative with respect to any direction gives the velocity component at right angles to that direction. It 
is denoted by y (Psi) and defined only for two-dimensional flow. Mathematically, for steady flow it is 
defined as y = f (x, y) such that 


ow =y 
ox (5.12) 
and d =-u 
oy 
The velocity components in cylindrical polar co-ordinates in terms of stream function are given as 
1 ow ow 
u,= —— and uy = -— .(5.12A) 
” rð S or 
where u,= radial velocity and u, = tangential velocity 
The continuity equation for two-dimensional flow is = + = = 0. 
xX oy 
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Substituting the values of u and v from equation (5.12), we get 
a{ ow) a (æ) Fy ay 
Sf | | —— soe = 0. 
ox í oy }: dy \ ox = dxðy : Oxdy 


Hence existence of y means a possible case of fluid flow. The flow may be rotational or irrotational. 








The rotational component œ, is given by œ, = a (> -%) 


2\ðx ody 


Substituting the values of u and v from equation (5.12) in the above rotational component, we get 


T. a(¥)-2 _2v)|_1) ow , ay 
=~ 2} ax ax) ayl ay 2| əx? ay’ 


i s : a ð 
For irrotational flow, @, = 0. Hence above equation becomes as y + Ya 0 


ax? ay? 














which is Laplace equation for y. 

The properties of stream function (wy) are : 

1. If stream function (y) exists, it is a possible case of fluid flow which may be rotational or 
irrotational. 

2. If stream function (y) satisfies the Laplace equation, it is a possible case of an irrotational flow. 


5.8.3 Equipotential Line. A line along which the velocity potential @ is constant, is called 
equipotential line. 


For equipotential line = Constant 
S dy=0 
But ¢ = f(x, y) for steady flow 
LL 
do = — dx + — dy 
$ ox oy ` 
a a | 
= — udx — vdy “ =u, Ey 
i | Ox ox 
= — (udx + vdy). 
For equipotential line, do =0 
or — (udx + vdy) = 0 or udx + vdy = 0 
a = 8 ..(5.13) 
dx v 
dy ; MEET 
But as = Slope of equipotential line. 
ie 
5.8.4 Line of Constant Stream Function 
y = Constant 
dy =0 
But dy = M ri aa piia mis ce ae 
ox dy ` ox d) 


| 
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For a line of constant stream function 
= dy = 0 or vdx — udy = 0 
dy v 


or — =— (5.14 
dx u l ) 


dy . : 
But z is slope of stream line. 
x 


From equations (5.13) and (5.14) it is clear that the product of the slope of the equipotential line and 
the slope of the stream line at the point of intersection is equal to — 1. Thus the equipotential lines are 
othogonal to the stream lines at all points of intersection. 


5.8.5 Flow Net. A grid obtained by drawing a series of equipotential lines and stream lines is called 
a flow net. The flow net is an important tool in analysing two-dimensional irrotational flow problems. 


5.8.6 Relation between Stream Function and Velocity Potential Function 


From equation (5.9), 


d% d$ 
we have u= =- — and v= —-— 
ox oy 
From equation (5.12), we have u = ot and v= oy 
oy ax 
Thus, we have gi ics prety re nE 
ox oy dy ox 
Hence % S ov. 
ox ay 
(5.15) 
and d$ = _ ow 
oy ox 
Problem 5.10 The velocity potential function () is given by an expression 
3 3 
xy Rpt S. oa 
=-=- x ++ 
$ 7 3°? 


(i) Find the velocity components in x and y direction. 
(ii) Show that 0 represents a possible case of flow. 


xy? 
Solution. Given : o= ae hee 


The partial derivatives of @ w.r.t. x and y are 


dð y? 4 xy 





(1) 





ax 3 3 
2 3 
and d$ _ _ 34y + 42y odk) 
oy 3 3 


|] 
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(i) The velocity components u and v are given by equation (5.9) 


3 2 3 
u= wE ro n A =} 42x- xy 
3 3 3 ` 














u= S +2x- x’y. Ans. 
dd Bay? a? A r z © 
p= -== -|-—— + — + 2y | = —— -— -2y= -—- 2y. 
"= ay 3 S Aea a Toy T 
Ans. 
(ii) The given value of ¢, will represent a possible case of flow if it satisfies the Laplace equation, i.e., 
Ra 3 ag ig 
ax? dy? 
From equations (1) and (2), we have 
Now d$ =- yB —2x+ xy 
ox 
ee 
ox” 
3 
and fad =- xy" aap 2y 
oy 3 
ð $ =-2xy+2 
do 3$ 
= + — = (—2 + 2xy) + ( 2xy + 2) = 0 
Bat Oy? ( xy) + (— 2xy + 2) 


Laplace equation is satisfied and hence © represent a possible case of flow. Ans. 


Problem 5.11 The velocity potential function is given by @ = 5 (x? — y”). 
Calculate the velocity components at the point (4, 5). 


Solution. o=5(x7-y’) 
dh = 10x 
x 
do 
— =- 10y. 
dy e 
But velocity components u and v are given by equation (5.9) as 
u=—-— =- 10x 
v=- % = —(- 10y) = 10y 
dy 


The velocity components at the point (4, 5), i.e., atx =4,y=5 
=- 10x 4=- 40 units. Ans. 
v= 10 x 5 = 50 units. Ans. 


iE 
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Problem 5.12 A stream function is given by Ų = 5x — 6y. 
Calculate the velocity components and also magnitude and direction of the resultant velocity at any 
point. 

Solution. y = 5x — 6y 


oy oy 


.— =5 and — =-6. 
ox oy 
But the velocity components u and vy in terms of stream function are given by equation (5.12) as 
u=- x = — (— 6) = 6 units/sec. Ans. 
y 


aw 


y= rv = 5 units/sec. Ans. 


xX 
Resultant velocity =u? +v? = 67 +5? = /36+25 =V61 = 7.81 unit/sec 


Direction is given by, tan 0 = *=2 = 0.833 


= 


is 9 = tan! .833 = 39° 48’. Ans. 
Problem 5.13  /f for a two-dimensional potential flow, the velocity potential is given by 


=x(2y-1 
determine the velocity at the ae es ek also the value of stream function y at the point P. 
Solution. Given : d= x (2y - 1) 
(i) The velocity components in the direction of x and y are 
do d 
ma T AO Bye late 
v=- tot [x (2y - 1)] = - [2x] = - 2x 


At the point P (4, 5), i.e.. atx=4,y=5 
u= 1—2 x5 =-— 9 units/sec 
v=-2x4=-—8 units/sec 


Velocity at P =- 91-8 
or Resultant velocity at P =f? +8? =./81+64 = 12.04 units/sec = 12.04 units/sec. Ans. 
(ii) Value of Stream Function at P 
We know that w =-u=-(l-2y)=2y-1 sakt) 
dy 
and N =yv=-—2x aces) 
ox 


Integrating equation (i) w.r.t. ‘y’, we get 


J dy = J (2y-1) dy or y= = — y + Constant of integration. 


im 
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The constant of integration is not a function of y but it can be a function of x. Let the value of 
constant of integration is k. Then 


yey -ytk. iii) 
Differentiating the above equation w.r.t. “x’, we get 
oy. _ Ok 
Ox ax” 


But from equation (ii), w =-2x 
x 


ok 
Equating the value of w, we get — =-= 2x. 
x 


ox 


Integrating this equation, we get k = J - 2xdx =- = =- x, 
Substituting this value of k in equation (iii), we get y = y? -y- x’, Ans. 
Stream function y at P (4, 5) = 5° - 5 — 4° = 25 — 5 — 16 = 4 units. Ans. 
Problem 5.14 The stream function for a two-dimensional flow is given by w = 2xy, calculate the 
velocity at the point P (2, 3). Find the velocity potential function }. 


Solution. Given : w = 2xy 
The velocity components u and v in terms of y are 
oy d 
u = -=— =- — (2xy)=- 2x 
as ay (2xy) 
v= OY, 8 (2xy) = 2y 
ox 


At the point P (2, 3), we get u = — 2 x 2 = —4 units/sec 
v=2x3= 6 units/sec 


Resultant velocity at P =u? +y’ = V¥ +6 = J16 +36 = v52 = 7.21 units/sec. 


Velocity Potential Function 


ð 
We know oe =-—u=-—(-—2x)=2x wid) 
ax 
ao z 
IY, amsa y .(ii) 
oy 7 
Integrating equation (i), we get 
Í dọ = Í 2xdx 
2x? 2 a 
or o= ry +C=x +C ..(tit) 
where C is a constant which is independent of x but can be a function of y. 
ð OC 


Differentiating equation (iii) w.r.t. *y’, we get 





dy 


iE 





But from (ii), =-2y 


=—2y 


d 
dy 
ac 
dy 


Integrating this equation, we get C= f-2y dy =- m =- y 

Substituting this value of C in equation (iii), we get @ = x? - y*. Ans. 
Problem 5.15 Sketch the stream lines represented by Y = x° + y”. 
Also find out the velocity and its direction at point (1, 2). 

Solution. Given : y= +y 

The velocity components u and v are 





oy oy 
v= wo (x? + y?) = 2x 4 UNITS/SEC 


; ' Fig. 5.9 
At the point (1, 2), the velocity components are 


u = — 2 x 2 = — 4 units/sec 
v=2x 1 = 2 units/sėc 


Resultant velocity = Ju? +y = Jar +2? 
=/20 = 4.47 units/sec 
and tan 6 = —=—=— 


0 = tan”! . 5 = 26° 34’ 
Resultant velocity makes an angle of 26° 34’ with x-axis. 
Sketch of Stream Lines 





werd+y’ 
Let y = 1, 2,3 and so on. rip 8 
Then we have bax? + y 

2=x + y? 

3=r+y 


and so on. 
Each equation is a equation of a circle. Thus we shall get concentric circles of different diameters 
as shown in Fig. 5.10. 


Problem 5.16 The velocity components in a two-dimensional flow field for an incompressible 
fluid are as follows : 


3 
u= > + 2x- x yand v = xy -2y - x°/3 


obtain an expression for the stream function y. 
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Solution. Given : u=y/3 + 2x- xy 
vy =ay’-2y- 2°73. 
The velocity components in terms of stream function are 


ow 





— =v=nxy'-2y-2'3 ..-(i) 

ox 
ow, =-u=-y/3-2x4+xy ..-(ii) 

oy 

Integrating (7) w.r.t. x, we get y = J ay? - 2y- x°)3) dx 
2-3 4 

x"y x y 
or = —— -2xy- +k, aii 
r TT eR 


where k is a constant of integration which is independent of x but can be a function of y. 
Differentiating equation (iii) w.r.t. y, we get 





2 
ag = ony sae = x"y- 2x + ok 
dy 2 dy dy 

But from (ii), ~ =-y/3-2x+x’y 
zX 


Comparing the value of w we get xy — 2x =-y'/3-2x4+2°y 
y y 





k 
3 =-y/⁄3 
dy 
4 4 
; 2 =T =% 
Integrating, we get k= J — y°/3) dy = —_ = —_ 
g 8 g (— y'/3) d) ina iA 
Substituting this value in (jii), we get 
2,2 4 4 
xy x. J 
= —2xy - — - —. Ans 
: 2 p 12 12 


Problem 5.17 In a two-dimensional incompressible flow, the fluid velocity components are given by 
u=x-4yand vy =—-y-—4x. 
Show that velocity potential exists and determine its form. Find also the stream function. 


Solution. Given : u=x-4y and v=-y-4x 
ou ov 
—=!l and — =-1 
ox 
ae + on Ee 
ox oy 
Hence flow is continuous and velocity potential exists. 
Let = Velocity potential. 


|] 


Let velocity components in terms of velocity potential is given by 


9% =-u=-(x-4y)=-—x+ 4y (1) 
ox 

and 26 =-v=-(-y-4y)=y+4e sued) 
oy 

Integrating equation (i), we get 0 = — = + 4xy + C (iii) 


where C is a constant of integration, which is independent of x. 
This constant can be a function of y. 
Differentiating the above equation, i.e., equation (iii) with respect to ‘y’, we get 
d! aC 
ad =0+4x+ — 


dy dy 


But from equation (iii), we have w =y+4x 
y 


06 


Equating the two values of F’ we get 
y 


gE =y+4x or 
oy 


w 
218 


Integrating the above equation, we get 


5 


= 


we 0 
2 


where C, is a constant of integration, which is independent of x and y. 


> 


y . 





Taking it equal to zero, we get C = 


Substituting the value of C in equation (iii), we get 
2 


2 
x” y 
= —-—+4xy +—. Ans. 
2 “ 2 


Value of Stream functions 
Let y = Stream function 
The velocity components in terms of stream function are 


pa = v=-y-4x (iv) 
ow 

and — =-—u=-(x—-4y) =-x+4y -(V) 
dy 


Integrating equation (iv) w.r.t. x, we get 


> 





+k (vi) 


=- yx- 


where k is a constant of integration which is independent of x but can be a function of y. 


iE 
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Differentiating equation (vi) w.r.t. y, we get oy =-—x-O+ x 
oy oy 
But from equation (v), we have m =-x+4y 
y 
ð 


Equating the two values of ae we get -x qe =-—x+4y or ak = 4y 
oy oy oy 


2 
Integrating the above equation, we get k -4 2y? 


Substituting the value of k in equation (vi), we get 
W=-yx- 2x? + 2y°. Ans. 


> 5.9 TYPES OF MOTION 


A fluid particle while moving may undergo anyone or combination of following four types of 
displacements : 
(i) Linear Translation or Pure Translation, 
(ii) Linear Deformation, 
(iii) Angular Deformation, and 
(iv) Rotation. 


5.9.1 Linear Translation. Itis defined as the movement of a fluid element in such a way that it 
moves bodily from one position to another position and the two axes ab and cd represented in new 
positions by a’b’ and c’d’ are parallel as shown in Fig. 5.11 (a). 


5.9.2 Linear Deformation. Itis defined as the deformation of a fluid element in linear direction 
when the element moves. The axes of the element in the deformed position and un-deformed position 
are parallel, but their lengths change as shown in Fig. 5.11 (5). 

Y 





(c) ANGULAR DEFORMATION (d) PURE ROTATION 


Fig. 5.11. Displacement of a fluid element. 
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5.9.3 Angular Deformation or Shear Deformation. It is defined as the average change in 
the angle contained by two adjacent sides. Let A0, and AQ, is the change in angle between two 
adjacent sides of a fluid element as shown in Fig. 5.11 (c), then angular deformation or shear strain 
rate 


l 
= [AG +483] 
Now eh sg OO OH and A@, = du Ay _ ou 
dx Axr dx “dy Ay oy 


Angular deformation = $ [A6, + 40] 


ðv ou 
E i ME 
ox + a S , 


5.9.4 Rotation. It is defined as the movement of a fluid element in such a way that both of its 
axes (horizontal as well as vertical) rotate in the same direction as shown in Fig. 5.11] (d). It is equal 


Y ðv ðu 


to zla =) for a two-dimensional element in x-y plane. The rotational components are 


ox oy 
o <1 (a_ au 
° 2\ax ay 


(> - x) (5.17) 


we -3($-2) 
* 2\3z ax 


5.9.5 Vorticity. It is defined as the value twice of the rotation and hence it is given as 20. 
Problem 5.18 A fluid flow is given by V = 8x°i — 10x°yj. 
Find the shear strain rate and state whether the flow is rotational or irrotational. 

Solution. Given : V = 8x°i — 10x°yj 


1 
or Shear strain rate = | 


0, = 


u= 8x, ou = 24x", ou ='0 
ox oy 
and v= — 10x°y, D a 20xy, n 10x7 
ox oy 


(i) Shear strain rate is given by equation (5.16) as 


H23); (— 20xy + 0) = — 10xy. Ans. 


|] 
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(ii) Rotation in x - y plane is m by equation (5.17) or 
ðv ðu 
@.=5 2AN Bees ee => 20xy — 0) = — 10xy 
ox dy 
As rotation @, # 0. Hence flow is rotational. Ans. 
Problem 5.19 The velocity components in a two-dimensional flow are 
u = y'/3 + 2x—x’y and v = xy’ — 2y-x°73. 
Show that these components represent a possible case of an irrotational flow. 
Solution. Given : u=y/3 + 2x- xy 


ou 





— =2—-2xy 
ox s 
du Y popa 
oy 3 
Also v = xy’ - 2y- 1/3 
oF. =2xy-2 
oy 
ov 2 3x7 2 2 
— =y- =y -x 
x 3 
; 2 3 oe) ` u ðv 
(i) For a two-dimensional flow, continuity equation is at oie =0 
B 
Substituting the value of a and an we get 
ox oy 
ou mv 
—+— =2-2ry + 2xy-2=0 
te oy 
It is a possible case of fluid flow. 
ov ou 1 2 2 2 2 
(ii) Rotation, ®, is given by o, = —| —-—]=—[ -x)- 0 -x )]=0 
g y 2 (2 =| z [0 J ] 


Rotation is zero, which means it is case of irrotational flow. Ans. 


> 5.10 VORTEX FLOW 


Vortex flow is defined as the flow of a fluid along a curved path or the flow of a rotating mass of 
fluid is known a ‘Vortex Flow’. The vortex flow is of two types namely : 

1. Forced vortex flow, and 

2. Free vortex flow. 
5.10.1 Forced Vortex Flow. Forced vortex flow is defined as that type of vortex flow, in 
which some external torque is required to rotate the fluid mass. The fluid mass in this type of flow, 


rotates at constant angular velocity, œ. The tangential velocity of any fluid particle is given by 
v=@xr 5:18) 


iE 


mi 


d 


where r = Radius of fluid particle from the axis of rotation. 


| CENTRAL AXIS 


LIQUID 






VERTICAL 
CYLINDER 





(a) CYLINDER IS STATIONARY (b) CYLINDER IS ROTATING 


Fig.5.12 Forced vortex flow. 


Hence angular velocity @ is given by 


> = Constant. 25.19) 
Examples of forced vortex are : 
1. A vertical cylinder containing liquid which is rotated about its central axis with a constant 
angular velocity œ, as shown in Fig. 5.12. 
2. Flow of liquid inside the impeller of a centrifugal pump. 
3. Flow of water through the runner of a turbine. 


5.10.2 Free Vortex Flow. When no external torque is required to rotate the fluid mass, that 
type of flow is called free vortex flow. Thus the liquid in case of free vortex is rotating due to the 
rotation which is imparted to the fluid previously. 


Examples of the free vortex flow are : 

1. Flow of liquid through a hole provided at the bottom of a container. 

2. Flow of liquid around a circular bend in a pipe. 

3. A whirlpool in a river. 

4. Flow of fluid in a centrifugal pump casing. 

The relation between velocity and radius, in free vortex is obtained by putting the value of external 
torque equal to zero, or, the time rate of change of angular momentum, i.e., moment of momentum 
must be zero. Consider a fluid particle of mass ‘m’ at a radial distance r from the axis of rotation, 
having a tangential velocity v. Then 

Angular momentum = Mass x Velocity = m X v 

Moment of momentum = Momentum X r=mxvxr 


d 
Time rate of change of angular momentum = J (mvr) 
t 


For free vortex a (mvr)=0 


ðt 


i 4 Constant 
Integrating, we get mvr = Constant or vr = ————— = Constant ...(5.20) 
m 
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5.10.3 Equation of Motion for Vortex Flow. Consider a fluid element ABCD (shown 
shaded) in Fig. 5.13 rotating at a uniform velocity in a horizontal plane about an axis perpendicular to 
the plane of paper and passing through O. 
Let r= Radius of the element from O. 
A9 = Angle subtended by the element at O. 
Ar = Radial thickness of the element. 
AA = Area of cross-section of element. 
The forces acting on the element are : 
(i) Pressure force, pAA, on the face AB. 


(ii) Pressure force p+ 2 ar) AA on the face CD. o 
r 





à 
es i mv” pa TN 
(iii) Centrifugal force, —— acting in the direction away 
r 


from the centre, O. Fig. 5.15 
Now, the mass of the element = Mass density x Volume 
=pxAAxAr 
Centrifugal force = pAAAr Ea 
r 
Equating the forces in the radial direction, we get 
ð ? 
[p+ 2 ar) AA - pAA = pAAAr &— 
or r 
or F ap AA pakn. 
ðr r 
j z Op v? 
Cancelling Ar x AA from both sides, we get Fr =p — (5.21) 
r r 


Equation (5.21) gives the pressure variation along the radial direction for a forced or free vortex 


So S , . g 0; 
flow in a horizontal plane. The expression P is called pressure gradient in the radial direction. As 


or or 
is positive, hence pressure increases with the increase of radius ‘r’. 
The pressure variation in the vertical plane is given by the hydrostatic law, i.e., 
d 
E pg (F272) 
Əz 


In equation (5.22), z is measured vertically in the upward direction. 
The pressure, p varies with respect to r and z or p is a function of r and z and hence total derivative 
of pis 
OP 4,4 P 


dp = 30S 


0; 
Substituting the values of = from equation (5.21) and £ from equation (5.22), we get 
r z 


im 


2 


dp =p T dr — pgdz (5.23) 


Equation (5.23) gives the variation of pressure of a rotating fluid in any plane. 


5.10.4 Equation of Forced Vortex Flow. For the forced vortex flow, from equation (5.18), 
we have 
v=oxr 
where œ = Angular velocity = Constant. 
Substituting the value of v in equation (5.23), we get 
12 


jome 
r 


Consider two points | and 2 in the fluid having forced vortex flow as shown in Fig. 5.14. 
Integrating the above equation for points 1 and 2, we get 


fæ = f po?rar - fpeaz 





dr — pg dz. 








2 r? , 2 
or (Po = pı) = fpo z] -= Pg [z]; 
l 
O 2 
or (P-P) = > [ro -— ry] - pg [22 - 24) 
sai [o?r 2_ wr 2) 
= 2 m 1 1— pg [22 - 2] 
oP e 22 wal ie Fig. 5.14 
7 [v> -vi ]- Pg [z ad v, = Or, | 1g 


If the points 1 and 2 lie on the free surface of the liquid, then p; = p, and 
hence above equation becomes 











0= È iv? - vièl- pg i2- 
or pg Izz- zil = È [v - vi? 
1 2 2 
or iz- zı] = — [v> -v ]. 
2g 
If the point 1 lies on the axis of rotation, then v, = @ Xr, = @ x 0 = 0. The above ie 
equation becomes as 
2-2 v2 n” 
2 1 2g 2 2g 
n oxn? 
Let Z2 — Z; = Z, then we have Z = 2. = — . (5.24) 
E 2 2g 
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Thus Z varies with the square of r. Hence equation (5.24) is an equation of parabola. This means 
the free surface of the liquid is a paraboloid. 


Problem 5.20 Prove that in case of forced vortex, the rise of liquid level at the ends is equal to 
the fall of liquid level at the axis of rotation. 


Solution. Let R = radius of the cylinder. 
O-O = Initial level of liquid in cylinder when the cylinder is not rotating. 
~<. Initial height of liquid = (A + x) 
<. Volume of liquid in cylinder = TR? x Height of liquid 
= MR? x (h + x) (i) 


Let the cylinder is rotated at constant angular velocity œ. The liquid will rise at the ends and will fall 
at the centre. 
Let y = Rise of liquid at the ends from O-O 
x = Fall of liquid at the centre from O-O. 
Then volume of liquid 
= [Volume of cylinder upto level B-B] 
— [Volume of paraboloid] 
= [nR* x Height of liquid upto level B-B] 


‘| 
' 


IO 
= " 


á 


= z x Height of paraboloid | 


al 
A 
i) 
a 





Ra 
a 


2 
= mR x(h+ x+y) x (x4 y) 











ROTATION 
5 5 2 Fig. 5.16 
= nR X h+ nR (x+y) - R x (x + y) 
= mR? xh+ 7 (x+y) ..-(11) 
Equating (i) and (ii), we get 
TR? (h + x) = mR? xh = (x+y) 
or MR7h + Rx = NR? x h gan x T y 
> TR? 2 2 2 
or mR°“x — —— x= —— y or ——x=—y or x=y 
2 2 2 


or Fall of liquid at centre = Rise of liquid at the ends. 


Problem 5.21 An open circular tank of 20 cm diameter and 100 cm long contains water upto a 
height of 60 cm. The tank is rotated about its vertical axis at 300 r.p.m., find the depth of parabola 
formed at the free surface of water. 

Solution. Given : 


Diameter of cylinder = 20 cm 
Radius, R= > = 10cm 
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Height of liquid, H = 60 cm 
Speed, N = 300 r.p.m. 
Angular velocity, ma a ARE 4: e 
60 60 
Let the depth of parabola =Z 
k á on? 
Using equation (5.24), Z= 2 =, where r, = R 
8 
2 p2 2 2 
= oR = (31.41)" x (10)" = 50.28 cm. Ans. 
2g 2x981 


Problem 5.22 An open circular cylinder of 15 cm diameter and 100 cm long contains water upto 
a height of 80 cm. Find the maximum speed at which the cylinder is to be rotated about its vertical 
axis so that no water spills. 

Solution. Given : 








Diameter of cylinder = 15 cm 
s. Radius, R= $ = 7.5 cm 
Length of cylinder, L= 100 cm 
Initial height of water = 80 cm. 
Let the cylinder is rotated at an angular speed of @ rad/sec, when the water is about to spill. Then 
using, 
Rise of liquid at ends = Fall of liquid at centre 
But rise of liquid at ends = Length — Initial height 
= 100 - 80 = 20 cm 
Fall of liquid at centre = 20 cm 
Height of parabola = 20 + 20 = 40 cm 
Z= 40 cm 
29 2 2 
D UE 
Using the relation, Z= sail , we get 40 = o3) 
2x981 
Hs 40x2x981 = 1395.2 
7.5x7.5 
© = ./1395.2 = 37.35 rad/s 
20N 
<. Speed, N is given b = — 
p e y 60 
ou: 
or N= ee = ee. = 356.66 r.p.m. Ans. 
2m 2x 


Problem 5.23 A cylindrical vessel 12 cm in diameter and 30 cm deep is filled with water upto the 
top. The vessel is open at the top. Find the quantity of liquid left in the vessel, when it is rotated about 
its vertical axis with a speed of (a) 3000 r.p.m., and (b) 600 r.p.m. 

Solution. Given : 


Diameter of cylinder = 12 cm 
Radius, R=6cm 
Initial height of water = 30 cm 
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Initial volume of water = Area x Initial height of water 


: x 12? x 30 cm? = 3392.9 cm? 


(a) Speed, N = 300 r.p.m. 
Q= e, = es = 31.41 rad/s 
60 60 


wR? _ (3141) x6 
2g 2x981 


As vessel is initially full of water, water will be spilled if it is rotated. Volume of water spilled is 
equal to the volume of paraboloid. 


Height of parabola is given by Z = = 18.10 cm. 


But volume of paraboloid = [Area of cross-section X Height of parabola] + 2 
= © ptxZ 2% x 12? xB = 1023.53 cm? 
4 2 4 2 
Volume of water left = Initial volume — Volume of water spilled 
= 3392.9 — 1023.53 = 2369.37 cm’. Ans. 
(b) Speed, N= 600 r.p.m. 
O= ZNN. = rl = 62.82 rad/s 
60 60 


5% 282)? x6? 
Height of parabola, Z= ae = ee ee = 72.40 cm. 


As the height of parabola is more than the height of cylinder the shape of imaginary parabola will be 
as shown in Fig. 5.17. 





Let r = Radius of the parabola at the bottom of the vessel. 
Height of imaginary parabola eet 
= 72.40 — 30 = 42.40 cm. f j F 
Volume of water left in the vessel | 
= Volume of water in portions ABC and DEF 30cm i 
= Initial volume of water i B © 7 p E 
— Volume of paraboloid AOF H E TE Fim 
+ Volume of paraboloid COD. i ‘ | Í i 
Now volume of paraboloid 42.4cm; \ I 7 ! 
E g / 
AOF = Č x D? x Height of parabola | X F 
äi a par JA JH 
T 2 72.47 3 F i? 
=— x 12°x = 4094.12 cm IMAGINARY IMAGINARY 
4 CYLINDER PARABOLA 
For the imaginary parabola (COD), @ = 62.82 rad/sec Fig. 5.17 
Z= 42.4 cm 


r= Radius at the bottom of vessel 
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2.2 2 2 
or nenti 62.82“ xr 
2g 2x981 





Using the relation 


Px 2 x 981 x 42.40 = 21.079 
62.82 x 62.82 


r= 421.079 = 4.59 cm 


Volume of paraboloid COD 


x Area at the top of the imaginary parabola x Height of parabola 


Ni N|= 


x mtr x 42.4 5 x 1 x 4.597 x 42.4 = 1403.89 cm* 


Volume of water left = 3392.9 — 4094.12 + 1403.89 = 702.67 cm*. Ans. 
Problem 5.24 An open circular cylinder of 15 cm diameter and 100 cm long contains water upto 
a height of 70 cm. Find the speed at which the cylinder is to be rotated about its vertical axis, so that 


the axial depth becomes zero. | 
Solution. Given : | 











Diameter of cylinder = 15 cm 
<. Radius, R= 2 = 7.5 cm 
Length of cylinder = 100 cm 
Initial height of water = 70 cm. 
When axial depth is zero, the depth of paraboloid = 100 cm. 
2 p2 
Using the relation, z=2 = , we get 
_ errs? 
~ 2x981 
2_ 100x2x9.81 
TIRTS 
as 100x 2 x 9.81 z 442.92 = 59.05 rad/s 
75x75 7.5 
2nH 
.. Speed, N is given b = — 
p e y 60 
or N= Sasis = nianl = 563.88 r.p.m. Ans. 
2n 2n 


Problem 5.25 For the problem (5.24), find the difference in total pressure force (i) at the bottom 
of cylinder, and (ii) at the sides of the cylinder due to rotation. 
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Solution. (i) The data is given in Problem 5.24. The difference in total pressure force at the 
bottom of cylinder is obtained by finding total hydrostatic force at the bottom before rotation and after 
rotation. 





Before rotation, force = pgAh 


where p = 1000 kg/m’, A = Area of bottom == D =7 x (0.15)? m?, h = 70 cm = 0.70 m 


Force = 1000 x 9.81 xt x (0.15)? x 0.7 N = 121.35 N 


After rotation, the depth of water at the bottom is not constant and hence pressure force due to the 
height of water, will not be constant. Consider a circular ring of radius r and width dr as shown in 
Fig. 5.19. Let the height of water from the bottom of the tank upto free surface of water at a radius 


or 
2g 
Hydrostatic force on ring at the bottom, 
dF = pg Xx Area of ring xX Z 





Poss 


1000 x 9.81 x 2nrdr x © 





>... 
á 


Or 


9810 x 2 x mr x x dr 





Total pressure force at the bottom 


2.2 
Oor 





= faF = f 9810 x2 x mrx 


.075 2 
-f 19620x r x &— r° dr 
0 2g 





From Problem 5.24, @ = 59.05 rad/s 
R = 7.5 cm = .075 m. 
Substituting these values, we get total pressure force 


_ 19620 x z x (59.05)? [ rt 1°” 
7 2x981 4 


0 


_ 19620 x r x (59.05)? 5 (.075)* oe eae 
2x981 4 

Difference in pressure forces at the bottom 

121.35 — 86.62 = 34.73 N. Ans. 
(ii) Forces on the sides of the cylinder 
Before rotation = pgAh 

where A = Surface area of the sides of the cylinder upto height of water 
= nD x Height of water = m x .15 x 0.70 m? = 0.33 m? 


iE 
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h = C.G. of the wetted area of the sides 
= ; x height of water = a = 0.35 m 


Force on the sides before rotation = 1000 x 9.81 x 0.33 x 0.35 = 1133 N 
After rotation, the water is upto the top of the cylinder and hence force on the sides 


= 1000 x 9.81 x Wetted area of the sides x ; x Height of water 


= 9810 x RD x 1.0 x > x 1.0 = 9810 x mx .15 x $ = 2311.43 N 


Difference in pressure on the sides 
2311.43 — 1133 = 1178.43 N. Ans. 


5.10.5 Closed Cylindrical Vessels. If a cylindrical vessel is closed at the top, which contains 
some liquid, the shape of paraboloid formed due to rotation of the vessel will be as shown in Fig. 5.20 
for different speed of rotations. 

Fig. 5.20 (a) shows the initial stage of the cylinder, when it is not rotated. Fig. 5.20 (b) shows the 
shape of the paraboloid formed when the speed of rotation is @,. If the speed is increased further say 
©, the shape of paraboloid formed will be as shown in Fig. 5.20 (c). In this case the radius of the 
parabola at the top of the vessel is unknown. Also the height of the paraboloid formed corresponding 
to angular speed @, is unknown. Thus to solve the two unknown, we should have two equations. One 
equation is 





2g 
The second equation is obtained from the fact that for closed vessel, volume of air before rotation 
is equal to the volume of air after rotation. 
Volume of air before rotation = Volume of closed vessel — Volume of liquid in vessel 


Š 
TEE 
Volume of air after rotation = Volume of paraboloid formed = = : 








(a) (b) (c) 

Fig. 5.20 
Problem 5.26 A vessel, cylindrical in shape and closed at the top and bottom, contains water upto 
a height of 80 cm. The diameter of the vessel is 20 cm and length of vessel is 120 cm. The vessel is 
rotated at a speed of 400 r.p.m. about its vertical axis. Find the height of paraboloid formed. 
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Solution. Given : 





Initial height of water = 80 cm i a 
Diameter of vessel = 20 cm z = 
<. Radius, R = 10 cm ey | E 
Length of vessel = 120 cm T SEEE 
Speed N = 400 r.p.m 100 | Eee 
p ’ -p-m. 80 oe Se 
2nN 2n x 400 =F x 
s w = —— = ——— = 41.88 rad/s eee 
60 60 SSS 
When the vessel is rotated, let Z TE 
= Height of paraboloid formed | | 
r= Radius of paraboloid at the top of the vessel = 
This is the case of closed vessel. Fig. 5.21 
Volume of air before rotation = Volume of air after rotation 
or T DPxL- Ë D x80=nr x2 
4 4 2 


where Z = Height of paraboloid, r = Radius of parabola. 


ae Xp xin pawn k2 
4 4 2 





or 2 x 19) =) = 2 Dd = exe 
4 4 2 
or © 20? x 40 = 4000 x m= nr x = 
Pz = LO XE x2 _ gn00 a0 
T 
Using relation Z= RE we get Z= LE RT = ae = 0.894 r° 
2g 2g 2 x981 
Pat 
0.894 
Substituting this value of r° in (i), we get 
x Z= 8000 
0.894 


Z = 8000 x 0.894 = 7152 


ai Z = 47152 = 84.56 cm. Ans. 
IInd Method 

Let Z, = Height of paraboloid, if the vessel would not have been 
closed at the top, corresponding to speed, 








N= 400 r.p.m. 
or @ = 41.88 rad/s 
2 p2 2 2 
Then Z= e = ZIA K O, = 89.34 cm. 


2g 2x981 
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Half of Z, will be below the initial height of water in the vessel 


i.e., AO = — = —— = 44.67 cm 


But height of paraboloid for closed vessel 
= CO = CA + AO = (120 — 80) + 44.67 cm 
= 40 + 44.67 = 84.67 cm. Ans. 
Problem 5.27 For the data given in Problem 5.26, find the speed of rotation of the vessel, when 


nr 


axial depth of water is zero. 
Solution. Given : 











Diameter of vessel = 20 cm 
<. Radius, R=10cm 
Initial height of water = 80 cm an 
Length of vessel = 120 cm 
Let @ is the angular speed, when axial depth is zero. 
When axial depth is zero, the height of paraboloid is 120 cm and 
radius of the parabola at the top of the vessel is r. 
<. Using the relation, Zee" or 12022 *" Fig. 5.23 
2g 2x 980 
wr = 2 x 980 x 120 = 235200 soil) 


Volume of air before rotation = Volume of air after paraboloid 
TR? x (120 — 180) = Volume of paraboloid 





=arPxZ 
2 
zy 2 
or tsien EE ae re 
2 2 
a Pa EX10 x40 x2 _ 8000 _ 56.67 
mx 120 120 


Substituting the value of r? in equation (i), we get 
w? x 66.67 = 235200 


Q= ZOD = 59.4 rad/s 
y 66.67 





Speed N is given by @= ak 
60 
or N= ee = xs = 567.22 r.p.m. Ans. 
2m 2m 


Problem 5.28 The cylindrical vessel of the problem 5.26 is rotated at 700 r.p.m. about its vertical 
axis. Find the area uncovered at the bottom of the tank. 
Solution. Given : 


Initial height of water = 80 cm 
Diameter of vessel = 20 cm 
Radius, R= 10cm 


120 cm 


Length of vessel 
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Speed, N= 700 r.p.m. 
o= 2N. „XRX is irad: 
60 60 


If the tank is not closed at the top and also is very long, then the height of parabola corresponding 
to œ = 73.3 will be 


w XR? 73.3 x107 








= ——— = ————————— = 274.12 cm 
2xg 2 x980 
From Fig. 5.24, 
xı + 120 + x = 274.12 
or xı + x, = 274.12 — 120 = 154.12 cm ...(i) 
From the parabola, KOM, we have 
9 9 2 2 
or TIS KT 
120 + x) = = s =L Ai 
( ) 2x980 G 
For the parabola, LON, we have 
or ā BF xr i 
x, = — = ——__— .- (lil) 
2g 2x 980 
Now, volume of air before rotation = Volume of air after rotation 
Volume of air before rotation = mR? x (120 — 80) = 2 x 10? x 40 = 12566.3 cm* ..-(iv) 
Volume of air after rotation = Volume of paraboloid KOM — volume of paraboloid LON 
120 +2 
= wrx LOE) gy 2 BL wO 
Equating (iv) and (v), we get 
nr (120+x,) nr? x 
j2566.3= Mi 20+) _ mae xm ...(vi) 


2 2 
Substituting the value of r,” from (ii) in (vi), we get 
(120 +x,)x2x980 (120+x,) nr? +x; 
A X NS SS 
73.3? 2 2 


~ a 2X980x(120 +x) 
o From (ii), y = ——— s 
(73.3) 


12566.3= 7 X 


5 
Tr; X xi 
2 

Substituting the value of x, from (iii) in the above equation 


or 12566.3 = 0.573 (120 + x,)? - 





2 x 980 2 2 x 980 


= 0.573 (120 + 2.74 ry? — 4.3 x ry x ry 
= 0.573 [1207 + 2.747 r,* + 2 x 120 x 2.74 r,”] - 4.3 r,' 


2 2\2 2 222 
12566.3 = 0.573 Co I IOS Ne. 


|] 


= 0.573 [14400 + 7.506 r,* + 657.6 ry] - 4.3 r,* 
12566.3 
0.573 
or ry" (7.506 — 4,3) + 657.6 ry” + 14400 — 21930 = 0 
or 3.206 r,* + 657.6 r, — 7530 = 0 


3 —657.6Ł 657.6" — 4 x (—7530) x (3.206) 


nH = 


™ 2 x 3.206 


— 657.6 + /432437.76 + 96564.72 


6.412 


= 26576 2732 _ 915.98 of 10.87 
6.412 


= 21930 = 14400 + 7.506 r,* + 657.6 r7 — 4.3 7," 


Negative value is not possible 
‘ ry = 10.87 cm? 
~. Area uncovered at the base = nry = 1% X 10.87 = 34.149 cm’. Ans. 
Problem 5.29 A closed cylindrical vessel of diameter 30 cm and height 100 cm contains water 
upto a depth of 80 cm. The air above the water surface is at a pressure of 5.886 N/cm’. The vessel is 
rotated at a speed of 250 r.p.m. about its vertical axis. Find the pressure head at the bottom of the 
vessel : (a) at the centre, and (b) at the edge. 
Solution. Given : 








Diameter of vessel = 30 cm 
“. Radius, R= 15cm 
Initial height of water, H = 80 cm 
Length of cylinder, L= 100 cm 
Pressure of air above water = 5.886 N/cm? 
or p = 5.886 x 10* y 
mn 
Head due to pressure, h= plpg 
5.886 x 10* 
= —— = 6m of water 
1000 x 9.81 
Speed, N= 250 r.p.m. 
@ = mm = ahaa = 26.18 rad/s 
60 60 


Let x, = Height of paraboloid formed, if the vessel is assumed open at the top and it is very long. 


Then we have x= © R _ 2618 x15" 
2g 2x981 


Let r, is the radius of the actual parabola of height x, 





= 78.60 cm (i) 


im 


Then gee EER (ii) 
25 3g x98! 


The volume of air before rotation 
= TR? (100 — 80) = n x 15° x 20 = 14137 cm? 
Volume of air after rotation = Volume of paraboloid EOF 


l x mr,’ x 
== r x 
3 I 2 
But volume of air before and after rotation is same. 


14137 = : x tr? x x5 


But from (i), x = 0.35 n 
14137 = 5 x nr? x 0.35 r? 


K a 2 x14137 
n x 0.35 
r, = (25714)"* = 12.66 cm 
Substituting the value of r, in (ii), we get 
x, = 0.35 x 12.667 = 56.1 cm 
Pressure head at the bottom of the vessel 


= 25714 


(a) At the centre. The pressure head at the centre, i.e., at H = Pressure head due to air + OH 


= 6.0 + (HL — LO) {-- OH = LH - LO} 
w HL=100cm=1m 
= 6.0 + (1.0 — 0.561) 
LO = x, = 56.1 cm = .561 m 
= 6.439 m of water. Ans. 
(b) At the edge, i.e., at G = Pressure head due to air + height of water above G 
= 6.0 + AG = 6.0 + (GM + MA) = 6.0 + (HO + x,) 
= 6.0 + HO + 0.786 {*" x, = 78.6 cm = 0.786 m} 


f HO = LH - LO =100- oH 


= 7.225 m of water. Ans. 
Problem 5.30 A closed cylinder of radius R and height H is completely filled with water. It is 
rotated about its vertical axis with a speed of ® radians/s. Determine the total pressure exerted by 
water on the top and bottom of the cylinder. 
Solution. Given : 


Radius of cylinder =R 
Height of cylinder =H 
Angular speed =o 


| 
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As the cylinder is closed and completely filled with water, the rise of water level at the ends and 
depression of water at the centre due to rotation of the vessel, will be prevented. Thus the water will 
exert force on the complete top of the vessel. Also the pressure will be exerted at the bottom of the 
cylinder. 

Total Pressure exerted on the top of cylinder. The top of cylinder 
is in contact with water and is in horizontal plane. The pressure variation 
at any radius in horizontal plane is given by equation (5.21) 


5 
or £= = =por {7 v=0Xr} 
r 
Integrating, we get 


por 
2 
Consider an elementary circular ring of radius r and width dr on the top 
of the cylinder as shown in Fig. 5.26. 
Area of circular ring = 2%rdr 





Jdp=Spw’rdr or p= =£ wr? 





Fig. 5.26 
Force on the elementary ring = Intensity of pressure X Area of ring 8 
= p x 2nrdr 
= Ê œr x Qnrdr frz p= P o?r} 
2 ` 2 


Total force on the top of the cylinder is obtained by integrating the above equation between the 
limits 0 and R. 


R > i R 

Total force or Fp= i Por x 2nrdr =P w? x20 Í, r°òdr 
4 R 4 
=P o x2r |> oe Pg? erg A 
2 4), 2 4 


= x xR‘ (5.25) 


Total pressure force on the bottom of cylinder, Fp 
= Weight of water in cylinder + total force on the top of cylinder 


= pg x nR? x H+ Ê ox nR = pg x mR? x H + Fr ...(5.26) 
p = Density of water. 
Problem 5.31 A closed cylinder of diameter 200 mm and height 150 mm is completely filled with 
water. Calculate the total pressure force exerted by water on the top and bottom of the cylinder, if it 
is rotated about its vertical axis at 200 r.p.m. 
Solution. Given : 


Dia. of cylinder = 200 mm = 0.20 m 
Radius, R=0.1m 
Height of cylinder, H = 150 mm = 0.15 m 
Speed, N = 200 r.p.m. 
Angular speed, ® = omy = bad = 20.94 rad/s 
60 60 
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Total pressure force on the top of the cylinder is given by equation (5.25) 
Fr= z xo x mx Rt = a x 20.94 x m x (0.1)* = 34.44 N. Ans. 


Now total pressure force on the bottom of the cylinder is given by equation (5.26) as 
F,= pg x UR’ xX H+ Fy 
= 1000 x 9.81 x m x (0.1)? x 0.15 + 34.44 
= 46.22 + 34.44 = 80.66 N. Ans. 
For the free vortex, from equation (5.20), we have 


5.10.6 Equation of Free Vortex Flow. 
v X r= Constant = say c 


or pecs 
? 
Substituting the value of v in equation (5.23), we get 
y2 e 2 
dp = p — dr - pg dz = P X — dr - pg dz = p x — dr - pg dz 
r ERT r 





Consider two points | and 2 in the fluid having radius r, and r, from the central axis respectively as 
shown in Fig. 5.27. The heights of the points from bottom of the vessel is z, and 2). 
Integrating the above equation for the points 1 and 2, we get 


2 2 2 2 
p3 _ - pe o á 
J dp = J 3 dr J pgdz 
or P2- Py = pe? I r° dr-pg fa 


2 


sie pe A % 
= pc" 5 ~ 08 [aa - Zl = > ba “ry 1— p8 [2-21] 
1 





ea ee ee Le 
2 E =| psc. zı] È | pefe: z] 


* c c 
2 Vv, =—,y =— 


=- f; = vi |- psz: =] 
= Ef -v3]-pg [z =] 


Dividing by pg, we get 


P= Pi yv s 
p8 2g l-a] 


Pip iia (5.27) 





2 

or Pi + AL: + Zi = 
pg 2g pg 28 

Equation (5.27) is Bernoulli's equation. Hence in case of free vortex 





Fig. 5.27 


flow, Bernoulli’s equation is applicable. 


|] 


Problem 5.32 Jn a free cylindrical vortex flow, at a point in the fluid at a radius of 200 mm and 
at a height of 100 mm, the velocity and pressures are 10 m/s and 117.72 kN/m? absolute. Find the 
pressure at a radius of 400 mm and at a height of 200 mm. The fluid is air having density equal to 


1.24 kg/m. 
Solution. At Point 1 : Given : 
Radius, r, = 200 mm = 0.20 m 
Height, z, = 100 mm = 0.10 m 
Velocity, v, = 10 m/s 
Pressure, p, = 117.72 kN/m? = 117.72 x 10° N/m? 
At Point 2 : r = 400 mm = 0.4 m 


Z = 200 mm = 0.2 m 
P, = pressure at point 2 
p = 1.24 kg/m* 
For the free vortex from equation (5.20), we have 
v X r= constant Or viri = V> 








“I vxi 10 x 0.2 ERR 
7 T 0.4 
Now using equation (5.27), we get 
pg 28 pg 28 
But p = 1.24 kg/m? 
3 2 2 
117.72 x 10 į 10 60a = a 5 +02 
124x981 2x981 pg 2x981 


3 9 


p2 _ 117.72x10° | 10°) Sig 
pge 124x981 2x981 2x981 

= 9677.4 + 5.096 + 0.1 — 1.274 — 0.2 = 9676.22 
P> = 9676.22 x pg = 9676.22 x 1.24 x 9.81 
117705 Nim? = 117.705 x 10° N/m? 
117.705 kN/m? (abs.) = 117.705 kN/m?. Ans. 





or 


(B) IDEAL FLOW (POTENTIAL FLOW) 


> 5.11 INTRODUCTION 


Ideal fluid is a fluid which is incompressible and inviscid. Incompressible fluid is a fluid for which 
density (p)remains constant. Inviscid fluid is a fluid for which viscosity (u) is zero. Hence a fluid for 
which density is constant and viscosity is zero, is known as an ideal fluid. 


The shear stress is given by, T= LL a Hence for ideal fluid the shear stress will be zero as u = 0 
y 


for ideal fluid. Also the shear force (which is equal to shear stress multiplied by area) will be zero in 
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case of ideal or potential flow. The ideal fluids will be moving with uniform velocity. All the fluid 
particles will be moving with the same velocity. 

The concept of ideal fluid simplifies the typical mathematical analysis. Fluids such as water and air 
have low viscosity. Also when the speed of air is appreciably lower than that of sound in it, the 
compressibility is so low that air is assumed to be incompressible. Hence under certain conditions, 
certain real fluids such as water and air may be treated like ideal fluids. 


> 5.12 IMPORTANT CASES OF POTENTIAL FLOW 


The following are the important cases of potential flow : 
(i) Uniform flow, (ii) Source flow, 
(iii) Sink flow, (iv) Free-vortex flow, 
(v) Superimposed flow. 


> 5.13 UNIFORM FLOW 


In a uniform flow, the velocity remains constant. All the fluid particles are moving with the same 
velocity. The uniform flow may be : 
(i) Parallel to x-axis (ii) Parallel to y-axis. 


5.13.1 Uniform Flow Parallel to x-Axis. Fig. 5.27 (a) shows the uniform flow parallel to 
x-axis. In a uniform flow, the velocity remains constant. All the fluid particles are moving with the 
same velocity. 


Fig. 5.27 (a) 


Let U = Velocity which is uniform or constant along x-axis 
u and v = Components of uniform velocity U along x and y-axis. 
For the uniform flow, parallel to x-axis, the velocity components u and v are given as 


u=Uandv=0 ...(5.28) 
But the velocity uv in terms of stream function is given by, 
gat 
dy 
and in terms of velocity potential the velocity u is given by, 
u= kad 
ox 
dy _ 3$ 
“= — = — .»»(5.29) 
ðy ax 
ieme a tee ...(5.29A) 
ax dy 


But u = U from equation (5.28). Substituting u = U in equation (5.29), we have 


im 


mi 


l 


dw a0 
= — = — ... (5.30 
U a ok (5.30) 
or y= Yani nino t= a 
y ox 


First part gives dy = U dy whereas second part gives do = U dx. 
Integration of these parts gives as 
yw = Uy + C, and 6 = Ux + C, 
where C, and C, are constant of integration. 
Now let us plot the stream lines and potential lines for uniform flow parallel to x-axis. 
Plotting of Stream lines. For stream lines, the equation is 
w=Uxy+C, 

Let y = 0, where y = 0. Substituting these values in the above equation, we get 

0=Ux0+C,orC,=0 

Hence the equation of stream lines becomes as y 

w=U.y S31) 

The stream lines are straight lines parallel to x-axis and at a 
distance y from the x-axis as shown in Fig. 5.28. In equation 
(5.31), U. y represents the volume flow rate (i.e., m°/s) be- 
tween x-axis and that stream line at a distance y. 

Note. The thickness of the fluid stream perpendicular to the 
plane is assumed to be unity, Then y x | or y represents the area of 
flow. And U . y represents the product of velocity and area, Hence 
U. y represents the volume flow rate. 


Stream lines 





Plotting of potential lines. For potential lines, the equation is Fig. 5.28 
o=U.x+C, ...(5.32) 
Let = 0, where x = 0. Substituting these values in the above equation, we get G, = 0. 
Hence equation of potential lines becomes as 
o=U.x 
The above equation shows that potential lines are straight lines parallel to y-axis and at a distance of 
x from y-axis as shown in Fig. 5.29. 
Fig. 5.30 shows the plot of stream lines and potential lines for uniform flow parallel to x-axis. The 
stream lines and potential lines intersect each other at right angles. 





Potential lines 
Potential 
lines 





Fig. 5.29 Fig. 5.30 
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5.13.2 Uniform Potential Flow Parallel to y-Axis. Fig. 5.31 shows the uniform potential 
flow parallel to y-axis in which U is the uniform velocity along y-axis. 


Fig. 5.31 
The velocity components u, v along x-axis and y-axis are given by 
u=Oandv=U ...(5.33) 
These velocity components in terms of stream function (y) and velocity potential function (0) are 
given as 


dy do 
a ea .3(5,.34 
u D E ( ) 
ow do 
d = -< — = — sb ees 
an 1 ay (5.35) 


But from equation (5.33), v = U. Substituting vy = U in equation (5,35), we get 


--%.2 or y= - and aso U = È 


First part gives dy = — U dx whereas second part gives do = U dy. 
Integration of these parts gives as 
w=-U.x+C, ando=U.y+C, sa (3.36) 

where C, and C, are constant of integration. Let us now plot the stream lines and potential lines. 

Plotting of Stream lines. For stream lines, the equation is y = U.x + C, 

Let y = 0, where x = 0. Then C, = 0. 

Hence the equation of stream lines becomes as y = — U.x ita 

The above equation shows that stream lines are straight lines parallel to y-axis and at a distance of x from 
the y-axis as shown in Fig. 5.32. The —ve sign shows that the stream lines are in the downward direction. 


Stream lines 





1 
PE 
" 
x 
i 
Fig. 5.32 
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Plotting of Potential lines. For potential lines, the equation is @ = U.y + C, 

Let @ = 0, where y = 0. Then C, = 0. 

Hence equation of potential lines becomes as 6 = U.y ... (5.38) 

The above equation shows that potential lines are straight lines parallel to x-axis and at a distance of 
y from the x-axis as shown in Fig. 5.32. 


> 5.14 SOURCE FLOW 


The source flow is the flow coming from a point (source) and 
moving out radially in all directions of a plane at uniform rate. 
Fig. 5.33 shows a source flow in which the point O is the source 
from which the fluid moves radially outward. The strength of a o 
source is defined as the volume flow rate per unit depth. The unit 
of strength of source is m/s. It is represented by q. Sais ar 
Let u, = radial velocity of flow at a radius r from the source O (S) 
q = volume flow rate per unit depth 
r= radius 

The radial velocity wu, at any radius r is given by, 

q Fig. 5.33 Source flow (Flow away 
u, = — wh 5.59) 
Inr from source) 

The above equation shows that with the increase of r, the radial velocity decreases. And at a large 
distance away from the source, the velocity will be approximately equal to zero. The flow is in radial 
direction, hence the tangential velocity ua = 0. 

Let us now find the equation of stream function and velocity potential function for the source flow. 
As in this case, ug = 0, the equation of stream function and velocity potential function will be obtained 
from u,. 


Equation of Stream Function 


By definition, the radial velocity and tangential velocity components in terms of stream function are 
given by 


u, = A oe and ig =- ad [See equation (5.12A)] 
r 00 or 
But u,= — [See equation (5.39)] 
2mr 
A. E 
ro nr 
or dw =r. —-.de = — ao 
2mr 2m 
Integrating the above equation w.r.t. 6, we get 
q 


y= an x 8+ C,, where C} is constant of integration. 


Let w= 0, when @ = 0, then C, = 0. 
Hence the equation of stream function becomes as 


|] 
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y= 4 9 ...(5.40) 


In the above equation, q is constant. 

The above equation shows that stream function is a function of 8. For a given value of 6, the 
stream function y will be constant. And this will be a radial line. The stream lines can be plotted by 
having different values of O. Here @ is taken in radians. v=4 

Plotting of stream lines 


When 6=0, y=0 












Stream lines 
g=45°= = radians, y = 4 7.4 units are radial 
4 2x 4 8 
@ = 90° = = radians, y= —-.2=4 units = w_9 wine 
2 2x 2 4 2 
6 = 135° = on radians, y = oe units ¥=5 x 
4 2x 4 8 
The stream lines will be radial lines as shown in Fig. 5.34. 
Equation of Potential Function ‘3 =F 
By definition, the radial and tangential components in Fig. 5.34 Stream line for 
terms of velocity function are given by source flow. 
ao 1 do 
u,= — and uy = —.— See equation (5.9A 
r or 0 r 30 [ q ( I 
But from equation (5.39), u,= A 
T 
Equating the two values of u,, we get 
dð _ q q 
= = or dp = dr 
or 2rr 2mr 
Integrating the above equation, we get 
J do = J 1dr Potential lines 
27r are circle 
or ġ= 4 J $ dr |: 1 is a constant term | 
2nd r 2m 
q 
= — log.r .. (5.41) 
on Ze 


In the above equation, q is constant. 

The above equation shows, that the velocity potential function is 
a function of r. For a given value of r, the velocity function 6 will be 
constant. Hence it will be a circle with origin at the source. The 
velocity potential lines will be circles with origin at the source as 
shown in Fig. 5.35. 

Let us now find an expression for the pressure in terms of 
radius. 


Fig. 5.35 Potential lines for source. 
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Pressure distribution in a plane source flow 


The pressure distribution in a plane source flow can be obtained with the help of Bernoulli's equa- 
tion. Let us assume that the plane of the flow is horizontal. In that case the datum head will be same 
for two points of flow. 

Let p= pressure at a point | which is at a radius r from the source at point 1 
u, = velocity at point | 
Po = pressure at point 2, which is at a large distance away from the source. The velocity will 
be zero at point 2. [Refer to equation (5.39)] 
Applying Bernoulli's equation, we get 





Fi Bia: ge ABT ED ue. 
pg 2g pg ps 2g 
<U;, 
or (p- po =~ PS 


But from equation(5.39), u, = 4 
2tr 
Substituting the value of uv, in the above equation, we get 


_y__(®) (4) 
i EE 


-pr 
8r'r? 
In the above equation, p and q are constants. 
The above equation shows that the pressure is inversely proportional to the square of the radius 
from the source. 


...(5.42) 


> 5.15 SINK FLOW 


The sink flow is the flow in which fluid moves radially 
inwards towards a point where it disappears at a constant rate. 
This flow is just opposite to the source flow. Fig. 5.36 shows 
a sink flow in which the fluid moves radially inwards towards 
point O, where it disappears at a constant rate. The pattern of 
stream lines and equipotential lines of a sink flow is the same ee 
as that of a source flow. All the equations derived for a source Sink 
flow shall hold to good for sink flow also except that in sink 
flow equations, g is to be replaced by (— q). 


Problem 5.33 Plot the stream lines for a uniform flow of : 
(i) 5 m/s parallel to the positive direction of the x-axis and Fig. 5.36 Sink flow 
(ii) 10 m/s parallel to the positive direction of the y-axis. (Flow toward centre) 

Solution. (i) The stream function for a uniform flow parallel to the positive direction of the 
x-axis is given by equation (5.31) as 

w=Uxy 

The above equation shows that stream lines are straight lines parallel to the x-axis at a distance y 

from the x-axis. Here U = 5 m/s and hence above equation becomes as 


o 


im 


| 
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y= 5y 
For y=0, stream function y= 0 
For y= 0.2, stream function y= 5 x 0.2 = I unit 
For y= 0.4, stream function y= 5 x 0.4 = 2 unit 
The other values of stream function can be obtained by substituting the different values of y. The 


stream lines are horizontal as shown in Fig. 5.36 (a). 
y 


0.8 
0.6 


0.4 


0.2 





(ii) The stream function for a uniform flow parallel to the positive direction of the y-axis is given by 
equation (5.37) as 
=- Uxx 
The above equation shows that stream lines are straight lines parallel to the y-axis at a distance x 
from the y-axis. Here U = 10 m/s and hence the above equation becomes as 


y=-10xx 


The negative sign shows that the stream lines are in the downward direction. 
For x= 0, the stream function w=0 


For x= 0.1, the stream function wọ =- 10 x 0.1 =- 1.0 unit 
For x= 0.2, the stream function w =- 10 x 0.2 =- 2.0 unit 
For x= 0.3, the stream function w =- 10 x 0.3 =- 3.0 unit 


The other values of stream function can be obtained by substituting the different values of x. The 
stream lines are vertical as shown in Fig. 5.36 (b). 
y 





0 01 02 03 
Fig. 5.36 (b) 


iE 


Problem 5.34 Determine the velocity of flow at radii of 0.2 m, 0.4 m and 0.8 m, when the water 
is flowing radially outward in a horizontal plane from a source ata strength of 12 m/s. 


Solution. Given : 
Strength of source, g = 12 m/s 
The radial velocity uw, at any radius r is given by equation (5.39) as 





q 
u.=—— 
"DAF 
12 
When r= 0.2 m, u, = ———— = 9.55 m/s. Ans. 
2n x 0.2 
12 
When r= 0.4 m, u,= ——— = 4.77 mis. Ans. 
2n x04 
12 
When r= 0.8 m, u,= = 2.38 m/s. Ans. 
27 x 0.8 


Problem 5.35 Two discs are placed in a horizontal plane, one over the other. The water enters at 
: : P 2 
the centre of the lower disc and flows radially outward from a source of strength 0.628 m/s. The 
. . 2 : 
pressure, at a radius 50 mm, is 200 kN/m“. Find : 


or 


(i) pressure in kN/m? at a radius of 500 mm and 

(ii) stream function at angles of 30° and 60° if w= 0 at 0 = 0°. 
Solution. Given: 
Source strength, q = 0.628 m*/s 
Pressure at radius 50 mm, p, = 200 kN/m? = 200 x 10° N/m? 
(i) Pressure at a radius 500 mm 
Let p, = pressure at radius 500 mm 

(u,), = velocity at radius 50 mm 


(u,) = velocity at radius 500 mm 
The radial velocity at any radius r is given by equation (5.39) as 


=) 
ape 2nr 
When r=50mm=0.05m, (u) = ee = 1.998 m/s = 2 m/s 
2n x 0.05 
Wher 7=500mm=05m, @),=—°S 02 mn 
“  2nx0.5 


Applying Bernoulli’s equation at radius 0.05 m and at radius 0.5 m, 


> 
- 


Pi, (u,); P2 














iE 


Kinematics of Flow and Ideal Flow 219 


or —__ 








or 200 + 2 = —— + 0.02 
i000 
or ~P2_ = 202 - 0.02 = 201.98 
1000 


ù P- = 201.98 x 1000 N/m? = 201.98 kN/m?. Ans. 
(ii Stream functions at @ = 30° and @ = 60° 
For the source flow, the equation of stream function is given by equation (5.40) as 


y= a .6, where 9 is in radians 








When 8 = 30°, = ae x 30x % le @=30°= mx radians 
Qn 180 180 
= 0.0523 m’/s. Ans. 


_ 0.628 o 60r _ 0.1046 m?/s. Ans. 


When @ = 60°, 
= 2n 180 





> 5.16 FREE-VORTEX FLOW 


Free-vortex flow is a circulatory flow of a fluid such that its stream lines are concentric circles. 
For a free-vortex flow, ug X r = constant (say C) 
Also, circulation around a stream line of an irrotation vortex is 


C= 2nr X tg = 2 xC (2 7X =C) 
where uv, = tangential velocity at any radius r from the centre. 
gE 
2mr 


The circulation T is taken positive if the free vortex is anticlockwise. 
For a free-vortex flow, the velocity components are 
F 
Ug= >=— and u,=0 
2nr 


Equation of Stream Function 
By definition, the stream function is given by 


Ug = zay and u,= 1 oF [See equation (5.12A)] 
or r 00 
In case of free-vortex flow, the radial velocity (u,) is zero. Hence equation of stream function will 
be obtained from tangential velocity, ug. The value of ug is given by 
F 
5 2rr 
Equating the two values of ug, we get 


| 





oy [> E 
e dy =- —d 
Or 2nr = g 2rr á 


Integrating the above equation, we get 
fay= f-Zar=(-E)fžar 
27r 2n//r 


r 
or y= (- Z) log,r (z x is a constant term | .--(5.43) 


The above equation shows that stream function is a function of 
radius. For a given value of r, the stream function is constant. Hence 
the stream lines are concentric circles as shown in Fig. 5.37. 

Equation of potential function. By definition, the potential 
function is given by, 

1 00 ap 


a= —— and u.=— See equation (5.9A 
9” r 00 "ar a t l 





P 3 . 
Here u, = 0 and ug = eax" Hence, the equation of potential 
nr 


function will be obtained from ug. 
Equating the two values of ug, we get 


1 do F r T 
a Si =r.—— .d0= = dd 
roð 2nr ae 2nr 2n 
Integrating the above equation, we get 
r p r 
do = | —d0 = — | d0=—.0 ...(5.44 
J $ [z a a 2n í i 


The above equation shows that velocity potential function is a function of 6. For a given value of 0, 
potential function is a constant. Hence equipotential lines are radial as shown in Fig. 5.38. 


Velocity potential 
lines 





Fig. 5.38 Potential lines are radial. 
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> 5.17 SUPER-IMPOSED FLOW 


The flow patterns due to uniform flow, a source flow, a sink flow and a free vortex flow can be 
super-imposed in any linear combination to get a resultant flow which closely resembles the flow 
around bodies. The resultant flow will still be potential and ideal. The following are the important 
super-imposed flow : 

(i) Source and sink pair 
(ii) Doublet (special case of source and sink combination) 
(iii) A plane source in a uniform flow (flow past a half body) 
(iv) A source and sink pair in a uniform flow 

(v) A doublet in a uniform flow. 


5.17.1 Source and Sink Pair. Fig. 5.39 shows a source and a sink of strength q and (- q) 
placed at A and B respectively at equal distance from the point O on the x-axis. Thus the source and 
sink are placed symmetrically on the x-axis. The source of strength q is placed at A and sink of 
strength (— q) is placed at B. The combination of the source and the sink would result in a flownet 
where stream lines will be circular arcs starting from point A and ending at point B as shown in 
Fig. 5.40. 






x 
Sink (— q) 


Source (q) 


Fig. 5.39 Source and sink pair. 





Fig. 5.40 Stream lines for source-sink pair. 


Equation of stream function and potential function 
Let P be any point in the resultant flownet of source and sink as shown in Fig. 5.41. 


iE 





Fig. 5.41 
Let —r, 8 = Cylindrical co-ordinates of point P with respect to origin O 
x,y = Corresponding co-ordinates of point P 
r,, 8, = Position of point P with respect to source placed at A 
ry, 8, = Position of point P with respect to sink placed at B 
a = Angle subtended at P by the join of source and sink i.e., angle APB. 
Let us find the equation for the resultant stream function and velocity potential function. The 


r i 6 
equation for stream function due to source is given by equation (5.40) as y, = a" whereas due to 
Tt 


—q0, 
sink it is given by y, = Cas). The equation for resultant stream function (y) will be the sum of 
T 
these two stream function. 
p Y=rVWi+ Wo 
qo 8, E 
<a +( q 2) ==40, -6,) 
21 2n T 
=—! @ [+ o=6,-9,. In triangle ABP, 0, + a + (180° -— 0,) 
T 
=180° .». a=6,-96,] 
a ...(5.45) 
2m 


The equation for potential function due to source is given by equation (5.41) as ġ; = =o log „rı and 


due to sink it is given as $, = a log ,.r>. The equation for resultant potential function (@) will be the 
n 


sum of these two potential function. 


>=, + >, 


= Aa logri + (52) log .r5 
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= oz [log,r; - log r] = = log, A aay 


To prove that resultant stream lines will be circular arc passing through source and sink 
The resultant stream function is given by equation (5.45) as 
-q . 0 
2n 





y= or Se (02-0) (- a= 0, - 6)) 


For a given stream line y = constant. In the above equation the term Ps is also constant. This 
T 
means that (8, — 6,) or angle © will also be constant for various positions of P in the plane. 
To satisfy this, the locus of P must be a circle with AB as chord, having its centre on y-axis, as 
shown in Fig. 5.40. 
Consider the equation (5.45) again as 


=a = 
=Z gx Zi 6-6 ~ a=0,-0 
¥ 2n on v AP EO Rae 
q 
m 0 - 8, 
an 2) 
or Bg 
q 


Taking tangent to both sides, we get 


tan (8, — 85) = tan any or ND cage Sa (i) 
q l+ tan 8, . tan 0, 





X 


But tan 0, = —— and tan 6,= ...(5.46A) 
x+a 





x-a 
Substituting the values of tan 6, and tan 8, in equation (7), 


by y 


(x+a) (x-a) on (=) 
y ' y 


Fa (x-a) 











r—a)—y(x+ 
or Ara-ye = tan (= 
xa" +y" q 
or eh = tan (=) 
x-a +y" q 
—2ay l 
or je 
Saree ay ==] 
q 
5 Fig. 5.41 (a) 
? m ? 
or x“ -a + y“ =- 2ay cot (=) 
q 


iE 


2 
or xv -a +y +2ay cot am) =o 
q 
2, .2 2ny 2 
or x + y+ 2ay cot |} ——]|-a =0 
q 


or x? + y? + 2ay cot er) +a’ cot” Fe — a’ cot? k -a=0 
q q q 


Aang and subtracting a° cot? =) 
q 


or r+ > + acot (=) =a’ + a’ cot” (=) 
q q 


© 


q 
r x + [+ a cot =) = |. cosec (=) .(5.47) 
q q 


; i ‘ : a ; 2 
The above is the equation of a circle* with centre on y-axis at a distance of + a cot (=) from 


the origin. The radius of the circle will be a cosec (=). 
q 


Similarly, it can be shown that the potential lines for the source-sink pair will be eccentric non- 
intersecting circles with their centres on the x-axis as shown in Fig. 5.41 (4). 


y Potential lines 





Fig. 5.41 (b) Potential lines for source sink pair (Potential lines are eccentric 
non-intersecting circles with their centres on x-axis). 


*The equation x° + y* = a’ is the equation of a circle with centre at origin and of radius ‘a’. 
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Problem 5.36 A source and a sink of strength 4 m?/s and 8 m’/s are located at (— 1, 0) and (1, 0) 
respectively. Determine the velocity and stream function at a point P (1, 1) which is lying on the 


flownet of the resultant stream line. 
Solution. Given : 
Source strength, qı = 4 m/s 
Sink strength, q= 8 m/s 
Distance of the source and sink from origin, a = | unit. 
The position of the source, sink and point P in the flow field is shown in Fig. 5.42. 
From Fig. 5.42, it is clear that angle 6, will be 90° and angle 0, can be calculated from right angled 


triangle ABP. 





The equation for stream function due to source is given by equation (5.40) as y, = 15e, 
T 
go gin a _ -h X9, 3 n 
whereas due to sink it is given by y, = ae ot The resultant stream function y is given as 
T 


WEN F Ya 


P (x,y) 
(1.1) 


Source 
(-1 , 0) 





Sink 
(1,0) 


a=1 —| 
x — 


A 
le—— a=1 






Fig. 5.42 
= EAL (Re) As (i) 
27 2n 2n 2n 
Let us find the values of 8, and 0, in radians. From the geometry, it is clear that the traingle ABP is 
a right angled triangle with angle 0, = 90° = au X= $ radians. 
BP 1 
Also tan 8, = — => =0.5 

AB 2 


or 0, = tan” 0.5 = 26.56° = 26.56 x oy radians = 0.463 


Substituting these values in equation (i), 
T 


y= 4 x 0.463 - 2 x2 
27 2n 2 


|] 


mi 


T 8 T 2 2 
= — x 0.463 - —x— *: @, = 4 m‘Js, g,= 8 m/s 
2n 2n 2 Ora sai 
= 0.294 — 2.0 = - 1.706 m*/s. Ans. 
To find the velocity at the point P, let us first find the stream function in terms of x and y co- 


ordinates. The stream function in terms of 6, and 9, is given by equation (i) above as 


_~ 4X98, _ 4X9, 



































21 2m 
The values of 0, and 6, in terms of x, y and a are given by equation (5.46A) as 
y X 
tan 6, = — and tan @,= 
I x+a (x-a) 
= s} > 1 F 
or 0, = tan and 6, = tan 
x+a (x-a) 
Substituting these values of 6, and 6, in equation (i), we get 
y= “tan! y — 42 tay"! y 
2m x+a 2n x-a 
The velocity component u = By and v=- ca 
oy ax 
= ow 
oy 
= | 4 tan! 2 ~ 2 tan-!' 2 
oy | 20 x+a 2m x-a 
= hy» x J -2 pi yl 
2 k 3 Ah hem 
T 1+( y (x+a) 27 1+( y (x-a) 
x+a x-a 


qigh® , apii 
ai, EE ge tela, ET g 8 
2n (x+ay +y? (x+a) 2n (x-a +y? (x-a) 
oh (x+a) h (x-a) 
2n (x+a)} +y? 27 (x-a +y 
At the point P(1, 1), the component u is obtained by substituting x = 1 and y = | in the above 
equation. The value of a is also equal to one. 


qi 1+1 q@ (1-1) 


-%2_ By pp UN yr 4 y 
2xn5 20 2x 5S 28 


= 0.2544 m/s 


| 
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oy 
Now /=—-— 

i ox 

ea Ai ipa ht - 2. tan"! 2 
dx | 27 x+a 2m x-a 

mal e—a yEV) x1-2y,—_!_ _y WEY x | 
Fy ay Ge aay ew 

x+a x-a 


2m (x+ a) Ey (x+ a) 2m (x- a) iy (x= a) 


--|# (xtay o Ca g bo = 


adi y AE y 


2n(x+a) +y> 2" (x-a) +y? 
At the point P(1, 1), 





paama m C a=1) 
27 (1+1) +17 2m (1-1) +1 

sligh. dz gl 
2t 5 2g 1l 

sgl Gatul Š soam- ias- i 


2n 5 2n 2n 5 27 


The resultant velocity, V = yu? +y’ = 0.2544 +(-1.145)" = 1.174 m/s. Ans. 


Problem 5.37 For the above problem, determine the pressure at P(1, 1) if the pressure at infinity 
is zero and density of fluid is 1000 kg/m’. 

Solution. Given : 

Pressure at infinity, Po=0 

Density of fluid, p = 1000 kg/m? 

The velocity* of fluid at infinity will be zero. If V) = velocity at infinity, then V, = 0. 

The resultant velocity of fluid at P(1, 1) = 1.174 m/s (calculated above) 
or V= 1.174 m/s. 

Let p = pressure at P(1, 1) 

Applying Bernoulli's theorem at point at infinity and at point P, we get 


2 2 
Bo: p Vo Rg 
Pg 2g pg 28 





or (a2 or Ga 2 or (- 2,0 
pg 2g pg 2g a 2 
or Bie Or ie SE (. V= 1.174 m/s) 
p 2 2 


* From equation (5.39), the velocity at a distance ‘r’ from source or sink is given by u, = ae At infinity, 


r is very very large hence velocity is zero. 
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1174? _ 1174" x1000 _ 

2 i 2 

5.17.2 Doublet. Itis a special case of a source and sink pair (both of them are of equal strength) 

when the two approach each other in such a way that the distance 2a between them approaches zero 

and the product 2a . q remains constant. This product 2a . q is known as doublet strength and is 

denoted by y. 

Doublet strength, fi=2a.q ...(5.48) 

Let g and (— qg) may be the strength of the source and the sink respectively as shown in Fig. 5.43. 
Let 2a be the distance between them and P be any point in the combined field of source and sink. 


or p=- — 689.14 N/m’. Ans. 








(q)A B (-q) 
— 2a p— 
x ——+| 
Fig. 5.43 


Let @ is the angle made by P at A whereas (0 + 80) is the angle at B. 
Now the stream function at P, 


y= 9 _ 4 i 80 (5.49) 
2m 20 2n 
From B, draw BC L on AP. Let AC = ôr, CP = r and AP = r + dr. Also angle BPC = 80. The angle 
80 is very small. The distance BC can be taken equal to r x 60. In triangle ABC, angle BCA = 90° and 
hence distance BC is also equal to 2a . sin 0. Equating the two values of BC, we get 


rx 60 = 2a. sin 0 
50 = 2a.sin 8 
r 
Substituting the value of 50 in equation (5.49), we get 


q „22 sin 0 


mo r 





2m r 


In Fig. 5.43, when 2a > 0, the angle 50 subtended by point P with A and B becomes very small. 
Also 5r > 0 and AP becomes equal to r. Then 


[' 2a.q = from equation (5.48)] ...(5.50) 


T R 
AP r 
Also AP =AD:+ PD o r=r+y 


Substituting the value of sin 6 in equation (5.50), we get 


|] 





E 9.1 Hy Hy Bo 1D. a 
= -—X=x-=-—, = - Fo oe =X + 
Y 2n. fF F znr” 2r (x° + y?) ( r ‘ y) 
(5.50A) 
or 24 f= —- or X +y + By =0 
2my 
The above equation can be written as 
eeye2xyx—ey/—) (2) =0 | Aading and subtracting | —4 
4nry | 4ry 4ry 4ry 
2 2 
or x4 (+ E = ES oh SSE) 
4ny 4ry 


The above is the equation of a circle with centre (0 7 and radius ——. The centre of the 
4ry 4ny 





circle lies on y-axis at a distance of ae from x-axis. As the radius of the circle is also equal to at 
my 


hence the circle will be tangent to the x-axis. Hence stream lines of the doublet will be the family of 
circles tangent to the x-axis as shown in Fig. 5.44. 

Stream lines are circles 

tangent to x-axis with 

centre on y-axis 






x-axis 


Stream lines 
y lines 


Fig. 5.44 Stream lines for a doublet. 


Potential function at P 
Refer to Fig. 5.43. The potential function at P is given by 


-4 -£) 
o= i log „(r + dr) + ( on log .r [Refer to equation (5.41)] 


a log, (r + òr) - s. log .r= s. log, (+) = log, (i + =) 
2m r 2m r 


2m 2m 

lead ea ear nee 
2n| r r 2 

=, z ss S is a small quantity. Hence (=) becomes nai] 
2n or r r 


But in Fig. 5.43, from triangle ABC, we get x = cos ð 
a 





A dr = 2a cos 0 
Substituting the value of ðr, we get 
goods 2a cos 8 
21 r 
= + x ont [7 2a Xq = u from equation (i)] ...(5.52) 
T r 


In Fig. 5.43, when 2a — 0, the angle 60 becomes very small. 


Also ôr — 0 and AP becomes equal to r. Then 
cos 0 = AD = = 
AP r 
Also AP? = AD? + PD or r =x +y? 
Substituting the value of cos 6 in equation (5.52), we get 


o= £x(2)xt-Ex4 


RR: NTL T W r 
gA x —— ž - ‘Ry r=x + y] 
2n (x?°+y?) 
or +y =P x* or v+ey-Ly* 9 
o 2n ọ 
The above equation can be written as 
X- Se Es. eT eh ey +y =0 Adding and subtracting W 
2r (4r) (ano 4rọ 
or pE +y = oe ARIS) 
4no 4no 


The above is the equation of a circle with centre aff and radius iE . The centre of the 
4nob 4nob 


circle lies On x-axis at a distance of my from y-axis. As the radius of the circle is equal to the 
T 


distance of the centre of the circle from the y-axis, hence the circle will be tangent to the y-axis. 


* Expansion of log, (1 +x) =x + a +... 


| 





Hence the potential lines of a doublet will be a family of circles tangent to the y-axis with their centres 


on the x-axis as shown in Fig. 5.45. 

Potential lines or 
lines are circles 
with centre on x-axis 
J} but tangent to y-axis 







Potential lines 





Fig. 5.45 Potential lines for a doublet. 


Problem 5.38 A point P(0.5, 1) is situated in the flow field of a doublet of strength 5 m7/s. 
Calculate the velocity at this point and also the value of the stream function. 

Solution. Given : Point P(0.5, 1). This means x = 0.5 and y = 1.0 

Strength of doublet, w= 5 m/s 

(i) Velocity at point P 

The velocity at the given point can be obtained if we know the stream function (W). But stream 
function is given by equation (5.50A) as 


elo A 
i 2m (x+y?) 


The velocity components u and v are obtained from the stream function as 


aN Al ea SO 
oy oy 2n (x? +y) 


= te eo Ie is a constant tem] 
2n dy | (x? +9") 2m 


pa m. 
on (x? +y?)’ 
b apers Joe ple a 


=o? a O aa gay 

(x? +y°)’ (x? +") (x? +y?)’ (x? +y?)’ 
a MR | Me oO 

and y= | El 


s 2 |_| _ 2 
2m dx} (x? +y?)| 2m (x? + yy 
Substituting the values of 1 = 5 m7/s, x = 0.5 and y 


1.0, we get the velocity components as 





a Dr os 0.5 = 1 | = 5. 975 __ 9399 
2m (x? +y?) 2m (0.5 +°) 2m 1.257 
and yo tt —2xy a, -2x0.5x1 -2| Sr |= - 0.509 
2n (+y) 2n (0.5 +1°) 2n LL25° 


Resultant velocity, V= yw +v’ = J- 0.382)? +(-0.509)° = 0.636 m/s. Ans. 
(ii) Value of stream function at point P 


gs et -2—0 si 
2n(x?+y?) 2m (05741?) 2m 1.25 

= — 0.636 m7/s. Ans. 

Solution in polar co-ordinates 


The above question can also be done in r, @ (i.e., polar) co-ordinates. The stream function in r, 0 
co-ordinates is given by equation (5.50) as 
ge. HY sin 8 


27 r 
and velocity components in radial and tangential directions are given as 





wto 
" r @ rL 2 r 
1 u loa 
= — X| -— a comes 9 
; ( E )x ae ‘sin 8) 
L is a constant term and also r is constant went | 
T 
= -Ex cos 8 ...(1i) 
and OF ð 


= ( ¥ sino) >] an sin 8 (-1l). 





r 
| Hsinð ., | 
* ——— isa constant w.r.t. r 
2n 
__ H _sin8 
— 2m r? 


.(iii) 


im 
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Now r= Je +y = Jos? +1 = 125 


y 1 x 05 
sin 8 = — =——— = 0.894 and cos 0 = —=—=— = 0.447 
r WJf125 r 125 


Substituting the values of r, sin O and cos @ in above equations (i), (ii) and (iii), we get 


u sin@ 5 _ 0.894 


= = SX a G in. Ane 
x 2n or 2n x125 





u, = =H gl x cos 9 = - Bg al x 0.447 = — 0.2845 m/s 
m 2n (1.25) 
and i, i yM E yM pn tits 


2m r? è 2m 125 


Resultant velocity, V= yu? + ug 


= „|(-0.2845)° + (- 0.569)? = 0.636 m/s. Ans. 


5.17.3 A Plane Source in a Uniform Flow (Flow Past a Half-Body). Fig. 5.46 (a) shows 
a uniform flow of velocity U and Fig. 5.46 (b) shows a source flow of strength g. When this uniform 
flow is flowing over the source flow, a resultant flow will be obtained as shown in Fig. 5.46. This 
resultant flow is also known as the flow past a half-body. Let the source is placed on the origin O. 
Consider a point P(x, y) lying in the resultant flow field with polar co-ordinates r and O as shown in 
Fig. 5.46. 

y 


9 (a) 
(a) Uniform flow (b) Source flow 


Half body Point P(x , y) 
(r, 8) 





Fig. 5.46 Flow pattern resulting from the combination of a uniform flow and a source. 
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The stream function (y) and potential function () for the resultant flow are obtained as given 
below : 


y = Stream function due to uniform flow + stream function due to source 


=U.y+Lo (5.54) 
27 
=U.rsind + 1 9 C: y= r sin @) ...(5.54A) 
and © = Velocity potential function due to uniform flow + Velocity potential function due to source 
=U.x+ 4 log,r=U.rcos0+ E log,r .(5.54B) 
27 2m 


The following are the important points for the resultant flow pattern : 

(i) Stagnation point. On the left side of the source, at the point S lying on the x-axis, the velocity of 
uniform flow and that due to source are equal and opposite to each other. Hence the net velocity of the 
combined flow field is zero. This point is known as stagnation point and is denoted by S. The polar co- 
ordinates of the stagnation point S are rs and 7m, where ry is radial distance of point S from O. 

The net velocity (or resultant velocity) is zero at the stagnation point S. 


low 1a ( q [ . q | 
=z = — z= — — rs +—_6 sa w=U.rsinO+ 8 
"r r 00 r 00 INE 2n 2n 


= Hureoso+ 2] =U.cos0+ i 
r 2n 2ur 


At the stagnation point, 6 = m radians (180°) and r = rç and net velocity is zero. This means u, = 0 
and vg = 0. Substituting these values in the above equation, we get 











0 =U. cos 180° + —4 [e u, = 0, 0 = 180° and r = rg] 
2nry 
=-U+—- or u=—4 
Trs 2trs 
q 
or =e ASS 
s= SRU ‘ 


From the above equation it is clear that position of stagnation point depends upon the free stream 
velocity U and source strength g. At the stagnation point, the value of stream function is obtained 
from equation (5.54A) as 


w=U.rsino+—.6 
2 
For the stagnation point, the above equation becomes as 
; o, 4 
y, = U.r, sin 180° + Ta x 6 
[= At stagnation point, @ = 7 radians = 180° and r= rg] 
=0+9=4 (5.56) 


The above relation gives the equation of stream line passing through stagnation point. We know 
that no fluid mass crosses a stream line. Hence a stream line is a virtual solid surface. 


| 
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(ii) Shape of resultant flow. At the stagnation point S, the net velocity is zero. The fluid particles 
that issue from the source cannot proceed further to the left of stagnation point. They are carried 
along the contour BSB’ that separates the source flow from uniform flow. The curve BSB’ can be 
regarded as the solid boundary of a round nosed body such as a bridge pier around which the 
uniform flow is forced to pass. The contour BSB’ is called the half body, because it has only the 
leading point, it trails to infinity at down stream end. 

The value of stream function of the stream line passing through stagnation point S$ and passing over 


the solid boundary (i.e., curve BSB’) is Wy = > 
Thus the composite flow consists of : 
(1) flow over a plane half-body (i.e., flow over curve BSB’) outside y = i and 
(2) source flow within the plane half-body. 
The plane half-body is described by the dividing stream line, y = = 
But the stream function at any point in the combined flow field is given by equation (5.54) as 


q 
=U.y+—O0 
y re 


If we take y = i in the above equation, we will get the equation of the dividing stream line. 


Equation of the dividing stream line (i.e., equation of curve BSB^) will be 


fau.y+t.oorv.y=4-L0- 41-2} 

2 2n 2 20 2 T 

or y= (1-2) 5.57) 
2U T 


From the above equation, the main dimensions of the plane half-body may be obtained. From this 
equation, it is clear that y is maximum, when 6 = 0. 


Hence At 80 = 0, y is maximum and Ymax = T .. the maximum ordinate 
T q nx l q ’ 33 
At 0 = —, y= —|l-—.— |=— ... the ordinate above the origin 
2 " 2G, 2 nj 4U 
q T : i 
AtO =T, y=—|l-—]|=0 ... the leading point of the half-body 
2U T 
3 
wer ce, yo (i s z) =- the ordinate below the origin. 
2 2U 21 4U 


The main dimensions are shown in Fig. 5.47. 
(iit) Resultant velocity at any point 
The velocity components at any point in the flow field are given by 


ği 1M 1 Fl u.rsine+ Lo] 
9 2n 


| 


| 
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= *\u.reos0 +1] =u.c0s 0+ 
27 2nr 


r 


Ordinate above the origin 








Leading 
point 





Plane half-body 





Fig. 5.47 


The above equation gives the radial velocity at any point in the flow field. This radial velocity is due 


to uniform flow and due to source. Due to source the radial velocity is one Hence the velocity due 
tr 


to source diminishes with increase in radial distance from the source. At large distance from the 
source the contribution of source is negligible and hence free stream uniform flow is not influenced 
by the presence of source. 
ð ; 
ug =- Wat U.rsino+—6 
or or 2n 


=- [U . sin 0 + 0] = — U sin 8 E a 0is constant w. r. t. r| 
T 


Resultant velocity, V= yu +u 


(iv) Location of stagnation point 
At the stagnation point, the velocity components are zero. Hence equating the radial and tangential 
velocity components to zero, we get 


u,=0 or Ucos0+—* =0 or Ucos@=——— 
2mr 2mr 
or rcos@=-—4— But rcos@=x 
2nU 
rami 
2nU 
When ug=0 or -Usinĝ=0 or sinĝ=0 as U cannot be zero 
or 8=0 or n But y=rsin 9 “ y=0 


Hence stagnation point is at (-=4.9). the leading point of the half-body. 
T 


iE 


Kinematics of Flow and Ideal Flow 237 





(v) Pressure at any point in flow field 
Let py = pressure at infinity where velocity is U 
p = pressure at any point P in the flow field, where velocity is V 
Now applying the Bernoulli’ s equation at a point at infinity and at a point P in the flow field, we get 


Wely 


or -—=-—-—= 
pg 2g pg 28 2g 28 pg ps P8 
The pressure co-efficient is defined as 
P| Po 
C, = e 
> p 
ps 3 > 
[z w E a oe 2] 
1 ou? 2g 2g 
2 
= “a= 1-(7) (5.58) 


Problem 5.39 A uniform flow with a velocity of 3 m/s is flowing over a plane source of strength 
30 m/s. The uniform flow and source flow are in the same plane. A point P is situated in the flow 
field. The distance of the point P from the source is 0.5 m and it is at an angle of 30° to the uniform 
flow. Determine : (i) stream function at point P, (ii) resultant velocity of flow at P and (iti) location 
of stagnation point from the source. 

Solution. Given : Uniform velocity, U = 3 m/s ; source strength, g = 30 m7/s ; co-ordinates of 

point P are r = 0.5 m and 9 = 30°. 
(i) Stream function at point P 
The stream function at any point in the combined flow field is given by equation (5.54A) 


. q 
=U.rsinĝðĝ+ — 9 
y r sin 7 


at point P, r = 0.5 m and 6 = 30° or = x 1 radians. 





—>| 1.59m |= 


Fig. 5.48 
Stream function at point P, 


w=3%x0.5 x sin 30° + 2 x( xx) 
2x \180 


iE 


= 0.75 + 2.5 = 3.25 m/s. Ans. 
(ii) Resultant velocity at P 
The velocity components anywhere in the flow are given by 





low 1 | , q | 
= —— = — — | U.r sin 0+ — 0 
E r 00 rəð oon 2n 
= 1 [u.reos0+ 1) =v.cos0 + 
r 2n 2r 
30 
= 3 x cos 30° + ————_ (e At P, r= 0.5, 9-= 30°,:g:= 30) 
2n x 0.5 
= 2.598 + 9.55 = 12.14 
-əy 2 | . q 
d = =-—lU. 6+—.6 
an Ug or J r sin on 


=-UsinO+0=-U sin® 
= — 3 x sin 30° =—- 1.5 


Resultant velocity, V= yur +g 
= i218 +(-1.5) = 12.24 m/s. Ans. 


(iii) Location of stagnation point 
The horizontal distance of the stagnation point S from the source is given by equation (5.55) as 


q 30 


r5 = = 
2nU 2nx3 
The stagnation point will be at a distance of 1.59 m to the left side of the source on the x-axis. 
Problem 5.40 A uniform flow with a velocity of 20 m/s is flowing over a source of strength 10 m°/s. 
The uniform flow and source flow are in the same plane. Obtain the equation of the dividing stream 
line and sketch the flow pattern. 
Solution. Given : Uniform velocity, U = 20 m/s ; Source strength, g = 10 m?/s 
(i) Equation of the dividing stream line 
The stream function at any point in the combined flow field is given by equation (5.54A) 


= 1.59 m. Ans. 


w=U.rsino+ 6 
21 


= 20x rsin 8+ <8 C7 U = 20 m/s and g = 10 m’/s) 
T 


The value of the stream function for the dividing stream line is y= > Hence substituting y= = in 


the above equation, we get the equation of the dividing stream line. 
4 -20r sino + 12 9 
2 2m 


10 
or — 
2 


10 
= 20r sin 6 + — 90 pia = 10 
r sin Sa ( q ) 


im 


; 10 10 z RTE 
or TE OET EEEE A (e rsin @= y) 
ae 
2n 
5 10. 86 8 
a SS ee 85 sel 
er y= 90 an 20 ae 9 


The above relation gives the equation of the dividing stream line. 
From the above equation, for different values of O the value of y is obtained as : 





(ii) Sketch of flow pattern 
For sketching the flow pattern, let us first find the location of the stagnation point. The horizontal 


distance of the stagnation point S from the source is given by the equation, 
py en US 
2nU 2nx20 
Hence the stagnation point lies on the x-axis at a distance of 0.0795 m or 79.5 mm from the source 
towards left of the source. The flow pattern is shown in Fig. 5.49, 








79.5 mm 
Fig. 5.49 


Problem 5.41 A uniform flow with a velocity of 2 m/s is flowing over a source placed at the 


origin. The stagnation point occurs at (— 0.398, 0). Determine : 
(i) Strength of the source, (ii) Maximum width of Rankine half-body and 


(iti) Other principal dimensions of the Rankine half-body. 


Solution. Given : 
Uniform velocity, U=2 m/s 


240 Fluid Mechanics 


Co-ordinates of stagnation point = (— 0.398, 0) 

This means r, = 0.398 and stagnation point lies on x-axis at a distance of 0.398 m towards left of 
origin. The source is placed at origin. 

(i) Strength of the source 

Let g = strength of the source 


We know that r= at 
" 2nU 
or q = 2nU x r, = 2m x 2 x 0.398 = 5.0014 m/s = 5 m’/s. Ans. 


(ii) Maximum width of Rankine half-body 
The main dimensions of the Rankine half-body are obtained from equation (5.57) as 


y= (1-2) (i) 


The value of y is maximum, when @ = 0. 


q 2) q 5 
Vmax = |1- | = — -= = 1.25 m 
q a T 2U 2x2 


Maximum width of Rankine body = 2 X Ymax = 2 X 1.25 = 2.5 m. Ans. 
(iii) Other Principal dimensions of Rankine half-body 
Using equation (5.57), we get 





y= -4(1-$) 
2U T 
(3) 
At jsn ys 1-427 =4fi-i|-- L =-Ž = 0.025 m 
2 2U tT 2U 2 4U 4x2 


The above value gives the upper ordinate at the origin, where source is placed. 
Width of body at origin = 2 x 0.625 = 1.25 m 
At the stagnation point, the width of the body is zero. 






Origin 
Stagnation (Source is placed here) 


point 


Rankine half-body 
Fig. 5.50 
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5.17.4 A Source and Sink Pair in a Uniform Flow (Flow Past a Rankine Oval Body). 
Fig. 5.51 (a) shows a uniform flow of velocity U and Fig. 5.51 (b) shows a source sink pair of equal 
strength. When this uniform flow is flowing over the source sink pair, a resultant flow will be obtained 
as shown in Fig. 5.51 (c). This resultant flow is also known as the flow past a Rankine oval body. 
Sink 
(-q) 


Source 





(+a) 


Source ——— a ———j— a —] 


(b) Source and sink pair 


(a) Uniform flow 





Fig. 5.51 


Let U = Velocity of uniform flow along x-axis 
q = Strength of source 
(— q) = Strength of sink 
2a = Distance between source and sink which is along x-axis. 

The origin O of the x-y co-ordinates is mid-way between source and sink. Consider a point P(x, y) 
lying in the resultant flow field. The stream function (w) and velocity potential function (0) for the 
resultant flow field are obtained as given below : 

y = Stream function due to uniform flow + stream function due to source 
+ stream function due to sink 


= Wunitorm tlow + Wsource + Wsink 


q (—q) 
4 Say 
Qn %4 Qn B; 


(where 6, is the angle made by P with source along x-axis and 0, with sink) 


=Uxy+ 


mi 


qð, _ q9; q 
=Uxy+—-—=Uxy+— (0, -9, 
+ OR €n Jta m 
=Uxrsinĝð+ T (8; — 95) (~ y= r sin 8) ...(5.59) 
and = potential function due to uniform flow + potential function due to 


source + potential function due to sink 
= uniform flow + P source t sink 





q (-4) 
=Uxx+— log,r, + log „r2 
ae ee 
=Uxrcos0+ z [log,r; - loger] C7 x= r cos 8) 
=Uxrcos0+ Ere “ .(5.60) 
2m h 


The following are the important points for the resultant flow pattern : 

(a) There will be two stagnation points S, and S,, one to the left of the source and other to the right 
of the sink. At the stagnation points, the resultant velocity (i.e., velocity due to uniform flow, velocity 
due to source and velocity due to sink) will be zero. The stagnation point S, is to the left of the source 
and stagnation point $, will be to the right of the sink on the x-axis. 

Let x, = Distance of the stagnation points from origin O along x-axis. 

Let us calculate this distance x¢. 

For the stagnation point $, 

(i) Velocity due to uniform flow = U 


“ i i aM. 
(ii) Velocity due to source = — e Theydociiy at my Toly dm io poume= 2nr 
2n (xs = a) For S,, the radius from source = (x, — a) 
(iii) Velocity due to sink = ———4 [7 At S}, the radius from sink = (x. + a)] 


2n (xs +a) 
At point S,, the velocity due to uniform flow is in the positive x-direction whereas due to source and 


sink are in the —ve x-direction. 
The resultant velocity at $} = U — ia E9 
2n(xy—a) 2n(xs +a) 


But the resultant velocity at stagnation point S, should be zero. 
2n(x;-a) 2n(x5 +a) 


4 q 


<= 
r Qn(x,—a)  2m(x, +a) 


| 











-2| t jg] EES hy 
2n|(xs-a) (xs+a)| 27| (xs-a)(xs+a) | 2m (x3 -a°) 


or -g= LE 
T 
or gads Loafis-t] 
TU tal 
q 
xs=a || 1+ —— (5.61 
: i =.) í } 


The above equation gives the location of the stagnation point on the x-axis. 

(b) The stream line passing through the stagnation points is having zero velocity and hence can be 
replaced by a solid body. This solid body is having a shape of oval as shown in Fig. 5.51. There will 
be two flow fields, one within the oval contour and the other outside the solid body. The flow field 
within the oval contour will be due to source and sink whereas the flow field outside the body will be 
due to uniform flow only. 

The shape of solid body is obtained from the stream line having stream function equal to zero. But 
the stream function is given by equation as 


=Uxrsin6+— (6, -0 

y PISES ea 
For the shape of solid body,y = 0 

0=Uxrsin 0+ 2 @,-0,) 


or Uxrsin =~ 1 @,-0,)= + (0, -0)) 
q (0, -9,) 
pe Ss ina (5.62 
"On Usine a 


From the above equation, the distances of the surface of the solid body from the origin can be 
obtained or the shape of the solid body can be obtained. The maximum width of the body (Ymax) Will 
be equal to OM as shown in Fig. 5.52. 





Fig. 5.52 


From triangle AOM, we have 


tan 6, = a 
AO 
or OM = AO tan 0, = a tan 9, 
or Ymax = @ tan 0, (° OM = Ymax) (5-63) 


Let us find the value of 8}. 


When the point P lies on M, then r = OM, 89 = 90° = F 
and 0, = 180°- 0, = 7-9; [Refer to Fig. 5.52] 
[- AM=BM_ .. Angle ABM = Angle BAM = 0,] 


Substituting these values in equation (5.62), we get 


q ((-%)-®) _ g (x-26,) 


OM = = a =— 
2n mana 2m U 
2 
q(n-20,) 
or Ymax = ar [where OM = y,,,,] 
or 2nUY max = G(T — 28) or PIU Y mas =n- 20, 
q 
or 20, = r- 7U Yi. or PE 
q z q 
Substituting this value of 8, in equation (5.63), we get 
Ymax = 4 tan z- Bae =a cot [Rta (5.64) 
2 q q 


From the above equation, the value of y,,,,, is obtained by hit and trial method till L.H.S. = R.H.S. In 
this equation [=] is in radians. 
q 


The length and width of the Rankine oval is obtained as : 


Length, L=2xXxş 
=2xa (i + | Xs =a (i + aa (5.65) 
taU TtaU 
and Width, B=2 X Ymax 
= 2a cot Be (5.66) 
q 


Problem 5.42 A uniform flow of velocity 6 m/s is flowing along x-axis over a source and a sink 

* . * . . 2 . 
which are situated along x-axis. The strength of source and sink is 15 m“/s and they are at a distance 
of 1.5 m apart. Determine : 
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(i) Location of stagnation points, (ii) Length and width of the Rankine oval 
(iii) Equation of profile of the Rankine body. 
Solution. Given : Uniform flow velocity, U = 6 m/s 


Strength of source and sink, q= 15 m?/s 
Distance between source and sink, 2a= 1.5 m 
a= P = 0.75 m 
2 


(i) Location of stagnation points (Refer to Fig. 5.51) 
For finding the location of the stagnation points, the equation (5.61) is used. 


x,=a (1+) -075 o_o _ lawi 
taU nx0.75x6 


The above equation gives the distance of the stagnation points from the origin. There will be two 
stagnation points. 

The distance of stagnation points from the source and sink = x, — a = 1.076 — 0.75 = 0.326 m. Ans. 

(it) Length and width of the Rankine oval 

Length, L= 2 X x, = 2 x 1.076 = 2.152 m. 

Width, BEL Yma s. Ci) 

Let us now find the value of Ymax 

Using equation (5.64), we get 


Ymax = 4 cot [s] =0.75 cot eae = 0.75 cot (04T Yma) 
q4 s 
180) 
= 0.75 cot (047 Ymax x) 


E (0.41 y,,,,, ) is in radians and hence (0.47 y,,,, ) X 109 wane degrees| 
T 


= 0.75 cot (72 X Ymax)? 
The above equation will be solved by hit and trial method. The value of x, = 1.076. But x, is equal 
to length of major axis of Rankine body and y,,,, is the length of minor axis of the Rankine body. The 
length of minor axis will be less than length of major axis. Let us first assume y,,,, = 0.8 m. Then 


Ven LAS, R.H.S. 

0.8 0.8 0.75 cot (72 x 0.8)° = 0.75 cot 51.6° = 0.475 

0.7 0.7 0.75 cot (72 x 0.7)° = 0.75 cot 50.4° = 0.577 

0.6 0.6 0.75 cot (72 x 0.6)° = 0.75 cot 43.2° = 0.798 

0.65 0.65 0.75 cot (72 x 0.65)° = 0.75 cot 46.8° = 0.704 

0.67 0.67 0.75 cot (72 x 0.67)° = 0.75 cot 48.24° = 0.669 = 0.67 
From above it is clear that, when y,,,, = 0.67, then L.H.S. = R.H.S. 

Ymax = 0.67 m 


Substituting this value in equation (i), we get 
Width, B = 2 X Ymax = 2 x 0.67 = 1.34 m. Ans. 
(iii) Equation of profile of the Rankine body 
The equation of profile of the Rankine body is given by equation (5.62) as 


| 


_ 4 (®2-0ı)_ 15 (82-91) _ 0.398 (0, - 0, ) 
2v Usinð 2r 6xsinð sin 0 


5.17.5 A Doublet in a Uniform Flow (Flow Past a Circular Cylinder). Fig. 5.53 (a) 
shows a uniform flow of velocity U in the positive x-direction and Fig. 5.53 (b) shows a doublet at the 
origin. Doublet is a special case of a source and a sink combination in which both of equal strength 
approach each other such that distance between them tends to be zero. When the uniform flow is 
flowing over the doublet, a resultant flow will be obtained as shown in Fig. 5.53 (c). This resultant 
flow is known as the flow past a Rankine oval of equal axes or flow past a circular cylinder. 


. Ans 


(a) Uniform flow 


(b) Doublet 


Potential lines 


Stream lines 





(c) 
Fig. 5.53 


The stream function (Wy) and velocity potential function () for the resultant flow is obtained as 
given below : 
y = stream function due to uniform flow + stream function due to doublet 


=Uxy+ (zE sno) 
2ur 


[Stream function due to doublet is given by equation (5.50) as = — = sin o] 
F: 


mi 
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u 





=U xr x sin 0- — sin 0 ( y=r sin 8) 
2nr 

= (v x r- ) sin 8 ..-(5.67) 

2tr 
and © = Potential function due to uniform flow + potential function due to doublet 

=Uxx+ E x cos @ 
2m r 
[From equation (5.52), potential function due to doublet = = x ne ] 

F 


=Uxrcos 0+ ft, Sone 
2m 





(e x= r cos 8) 


= (v x rot) cos 6 ..-(5.68) 
2ur 


Shape of Rankine oval of equal axes 


To get the profile of the Rankine oval of equal axes, the stream line y is taken as zero. Hence 
substituting y = 0 in equation (5.67), we get 


0= (uxr-#.) sin 0 
2ur 


This means either snO@=0 or Uxr- gis 0 
2nr 
(i) If sin O = 0, then 6 = 0 and + 7 i.e., a horizontal line through the origin of the doublet. This 


horizontal line is the x-axis. 


(ii) If UXr~ EL wl, then re ote 
2mr 2ur 2nU 
or r= Eou a constant as u and U are constant. 
2nU 


Let this constant is equal to R. 


r= dE =R 
2nU 


This gives that the closed body profile is a circular cylinder of radius R with centre on doublet. The 
dividing stream line corresponds to y = 0. This stream line is a circle of radius R. The stream line y= 0 has 
two stagnation points S} and S,. At S,, the uniform flow splits into two streams that flow along the 


circle with radius R = bso , the two branches meet again at the stagnation point S, and the flow 


continues in the downward direction. The uniform flow occurs outside the circle whereas the flow 
field due to doublet lies entirely within the circle. The stream function for the composite flow is given 
by equation (5.67) as 
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y=(uxr-$ sin o= 0 (r- sin 0 
r nUr 


=U (-“) sin 8 i Eg r? ) ..(5.69) 
r 


Velocity Components (u, and ug) 








The velocity components at any point in the flow field are given by, 


adayi ily E goladu oa 
oo tat alu, =) ne]=4u(> cos 











=U hi a “| cos @ (5.70) 
r 
and mages seedy U Yee sin 8 |=- U HA sin 
or or r r 
s- ufi) sin 0 (5.71) 
r 
Resultant velocity, V= u? +u k22) 





u,=U | a cos 6 [> In equation (5.70), r = R] 
=0 
R? 
and u=- U [+ m sin 0 = — 2U sin 0 3:73) 


—ve sign shows the clockwise direction of tangential velocity at that point. The value of ug is 
maximum, when 6 = 90° and 270°. 

At 8 = 0° or 180°, the value of ug = 0. Hence on the surface of the cylinder, the resultant velocity 
is zero, when 8 = 0° or 180°. These two points on the surface of cylinder [i.e., at @ = 0° and 180°] 
where resultant velocity is zero, are known as stagnation points. They are denoted by S, and S}. 
Stagnation point S$, corresponds to @ = 180° and S, corresponds to @ = 0°. 


Pressure distribution on the surface of the cylinder 


Let Po = pressure at a point in the uniform flow far away from the cylinder and towards the 
left of the cylinder [i.¢., approaching uniform flow] 
U = velocity of uniform flow at that point 
p = pressure at a point on the surface of the cylinder 
V =resultant velocity at that point on the surface of the cylinder. This velocity is equal to 
Mg aS ut, is zero On the surface of the cylinder. 


|] 


| 


Kinematics of Flow and Ideal Flow 249 


“i V=ug=-2U sin 8 
Applying Bernoulli’s equation at the above two points, 


pg 2g pg 2g 


po U? _ p ,[-2Usin oy’ 


or + [7 V=wug=- 2U sin 6] 








pg 2g P8 2g 
a Di E a eS 
p 2 p 2 
or is. ee, ee 
p 2 2 2 
or P= Po ~1~4sin?@ 
1 pU? 
2 
But L Po is a dimensionless term and is known as dimensionless pressure co-efficient and is 
2 
a pU 
2 


denoted by C,. 


C ce a ee 


Pr i 2 
ore u" 
>? 
Value of pressure co-efficient for different values of 8 
Value of @ Value of C, 
0 l-4sin?0 =1-0=1 
i 1Y 4 
30° l — 4 sinf 30° = 1-4x|-—]| =l-—=1-1=0 
2 4 
90° 1-4sin? 90°=1-4x1=1-4=-3 
150° 1-4 sin? 150° =1-4x 2=1-1=0 
180° 1-4 sin’ 180°=1-0=1 


At @=0 and 180°, there are stagnation points S, and S, respectively. 

At @= 30° and 150°, the pressure co-efficient is zero. 

At @= 90°, the pressure co-efficient is — 3 (i.e., least pressure) 

The variation of pressure co-efficient along the surface of the cylinder for different values of 6 are 
shown in Fig. 5.54. 


|] 
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The positive pressure is acting normal to the surface and towards the surface of the cylinder 
whereas the negative pressure is acting normal to the surface and away from the surface of the 


cylinder as shown in Fig. 5.55. 





Fig. 5.55 
Problem 5.43 A uniform flow of 12 m/s is flowing over a doublet of strength 18 m’/s. The doublet 
is in the line of the uniform flow. Determine : 


(i) shape of the Rankine oval (ii) radius of the Rankine circle 


(iii) value of stream line function at Rankine circle 
(iv) resultant velocity at a point on the Rankine circle at an angle of 30° from x-axis 


(v) value of maximum velocity on the Rankine circle and location of the point where velocity is max. 
Solution. Given : U = 12 m/s ; p = 18 m?/s 


(i) Shape of the Rankine oval 
When a uniform flow is flowing over a doublet and doublet and uniform flow are in line, then the 


shape of the Rankine oval will be a circle of radius = i . Ans. 
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(ii) Radius of the Rankine circle 


R=.) -Enim 
V2nu ~ V2nxi2 


(iii) Value of stream line function at the Rankine circle 

The value of stream line function (y) at the Rankine circle is zero i.e., y = 0. 

(iv) Resultant velocity on the surface of the circle, when 8 = 30° 

On the surface of the cylinder, the radial velocity (u,) is zero. The tangential velocity (ug) is given 
by equation (5.73) as 





ug = — 2U sin 6 = — 2 x 12 X sin 30° = -— 12 m/s. Ans. 
-ve sign shows the clockwise direction of tangential velocity at that point. 


Resultant velocity, V= yur +u = yo +(-12)° = 12 m/s. Ans. 


(v) Maximum velocity and its location 
The resultant velocity at any point on the surface of the cylinder is equal to ug. But ug is given by, 


ug =- 2U sin 8 
This velocity will be maximum, when 8 = 90°. 
Max. velocity =-2U =-2x 12=-—24 mis. Ans. 


Problem 5.44 A uniform flow of 10 m/s is flowing over a doublet of strength 15 m7/s. The doublet 
is in the line of the uniform flow. The polar co-ordinates of a point P in the flow field are 0.9 m and 30°. 
Find : (i) stream line function and (ii) the resultant velocity at the point. 

Solution. Given : U = 10 m/s; u = 15 m7/s ; r = 0.9 m and 6 = 30°. 

Let us first find the radius (R) of the Rankine circle. This is given by 


R= [t= 1s im 
2nU 2nx10 


The polar co-ordinates of the point P are 0.9 m and 30°. 
Hence r= 0.9 m and @ = 30°. 
As the value of r is more than the radius of the Rankine circle, hence point P lies outside the 
cylinder. 
(i) Value of stream line function at the point P 
The stream line function for the composite flow at any point is given by equation (5.69) as 
P(0.9 m, 30°) 








|] 


2 
ye u(r“) sin 


F 





2 
= 10 [os - — ) sin 30°( r = 0.9 m, R = 0.488 and 6 = 30°) 


= 10(0.9 — 0.2646) x 3 = 3.177 m/s. Ans. 


(ii) Resultant velocity at the point P 
The radial velocity and tangential velocity at any point in the flow field are given by equations (5.70) 
and (5.71) respectively. 





2 4 2 
u,=U (\-£] cos 6 = 10 [1-2 a ) cos 30° = 611 m/s 
r 0.9 
+ve sign shows the radial velocity is outward. 


2 2 
and ws- u h12 sin 8 =— 10 (1428) sin 30° = — 6.47 m/s 
r è 


—ve sign shows the clockwise direction of tangential velocity. 


V= ue + ug 
- you 1? +(-6.47)° = (3733 + 44.86 


= 8.89 m/s. Ans. 


Resultant velocity, 





Kinematics of Flow and Ideal Flow 253 


7. Continuity equation in differential form, 


ou + ad +— =O for three-dimensional flow 
ox oy az 
ou 


Sy z = 0 for two-dimensional flow. 


ox 


8. The components of acceleration in x, y and z direction are 


ae eee ewe 
~ "ax oy oz ðt 
a ig tg ey ee 5 
x," ax (Oy): 

a dw ðw ðw 
a, =u—+v—t+w—+— 


$ ox oy oz a` 


9. The components of velocity in x, y and z direction in terms of velocity potential (@) are 


E ee and w =— a 
ox dy dz 
10. The stream function (y) is defined only for two-dimensional flow. The velocity components in x and 
y directions in terms of stream function are u = — = and v = ~ 


11. Angular deformation or shear strain rate is given as 


Shear strain rate = Je + 4 


12. Rotational components of a fluid particle are 


gA N 1m _ ov v= 5 |e) 
ala yl A aly az|° * 2a a 


13. Vorticity is two times the value of rotation. 

14. Flow of a fluid along a curved path is known as vortex flow. If the particles are moving round in curved 
path with the help of some external torque the flow is called forced vortex flow. And if no external 
torque is required to rotate the fluid particles, the flow is called free-vortex flow. 

15. The relation between tangential velocity and radius : 

for forced vortex, v=axr, 
for free vortex, vx r= constant. 


2 


16. The pressure variation along the radial direction for vortex flow along a horizontal plane, Psp 
r r 


and pressure variation in the vertical plane oe =— pg. 
Z 


2 2,2 2 
17. For the forced vortex flow, Z = eee oR 
2g 2g 2g 
where Z = height of paraboloid formed 
@ = angular velocity. 





(A) THEORETICAL PROBLEMS 


What are the methods of describing fluid flow ? 
Explain the terms : 
(i) Path line, (ii) Streak line, 
(iii) Stream line, and (iv) Stream tube. 
Distinguish between : 
(i) Steady flow and un-steady flow, (ii) Uniform and non-uniform flow, 
(iii) Compressible and incompressible flow, 
(iv) Rotational and irrotational flow, (v) Laminar and turbulent flow. 
Define the following and give one practical example for each : 


(i) Laminar flow, (ii) Turbulent flow, 

(iii) Steady flow, and (iv) Uniform flow. 

Define the equation of continuity. Obtain an expression for continuity equation for a three-dimensional 
flow. (R.G.P.V, S 2002) 
What do you understand by the terms : (i) Total acceleration, (if) Convective acceleration, and 
(iii) Local acceleration ? (Delhi University, Dec. 2002) 
(a) Define the terms : 

(i) Velocity potential function, and (ii) Stream function. 


(b) What are the conditions for flow to be irrotational ? 
What do you mean by equipotential line and a line of constant stream function ? 
(a) Describe the use and limitations of the flow nets. 
(b) Under what conditions can one draw flow net ? 
Define the terms : 
(i) Vortex flow, (ii) Forced vortex flow, and (iii) Free vortex flow. 
Differentiate between forced vortex and free vortex flow. 
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12. 


13. 


14. 


15. 
16. 
17. 


18. 


19. 


20. 


21. 


22. 
23. 


24. 


2. 





Derive an expression for the depth of paraboloid formed by the surface of a liquid contained in a 
cylindrical tank which is rotated at a constant angular velocity œ about its vertical axis. 
Derive an expression for the difference of pressure between two points in a free vortex flow. Does the 
difference of pressure satisfy Bernoulli's equation ? Can Bernoulli's equation be applied to a forced 
vortex flow ? 
Derive, from first principles, the condition for irrotational flow. Prove that, for potential flow, both the 
stream function and velocity potential function satisfy the Laplace equation. 
Define velocity potential function and stream function. 
Under what conditions can one treat real fluid flow as irrotational (as an approximation). 
Define the following : 

(i) Steady flow, (ii) Non-uniform flow, 
(iii) Laminar flow, and (iv) Two-dimensional flow. 
(a) Distinguish between rotational flow and irrotational flow. Give one example of each 
(b) Cite two examples of unsteady, non-uniform flow. How can the unsteady flow be transformed to 
steady flow ? (J.N.T. University, § 2002) 
Explain uniform flow with source and sink. Obtain expressions for stream and velocity potential 
functions. 
A point source is a point where an incompressible fluid is imagined to be created and sent out evenly 
in all directions. Determine its velocity potential and stream function. 
(i) Explain doublet and define the strength of the doublet 
(ii) Distinguish between a source and a sink. 
Sketch the flow pattern of an ideal fluid flow past a cylinder with circulation. 
Show that in case of forced vortex flow, the rise of liquid level at the ends is equal to the fall of liquid 
level at the axis of rotation. 
Differentiate between : 

(i) Stream function and velocity potential function 

(ii) Stream line and streak line and 
(iii) Rotational and irrotational flows. 


(B) NUMERICAL PROBLEMS 


The diameters of a pipe at the sections | and 2 are 15 cm and 20 cm respectively. Find the discharge 
through the pipe if velocity of water at section 1 is 4 m/s. Determine also the velocity at section 2. 

[Ans. 0.07068 m’*/s, 2.25 m/s] 
A 40 cm diameter pipe, conveying water, branches into two pipes of diameters 30 cm and 20 cm 
respectively. If the average velocity in the 40 cm diameter pipe is 3 m/s. Find the discharge in this pipe. 
Also determine the velocity in 20 cm pipe if the average velocity in 30 cm diameter pipe is 2 m/s. 

[Ans. 0.3769 m*/s, 7.5 m/s] 

A 30 cm diameter pipe carries oil of sp. gr. 0.8 at a velocity of 2 m/s. At another section the diameter is 
20 cm. Find the velocity at this section and also mass rate of flow of oil. [Ans. 4.5 m/s, 113 kg/s] 
The velocity vector in a fluid flow is given by V = 2x'i — Sx*yj + 4fk. 
Find the velocity and acceleration of a fluid particle at (1, 2, 3) at time, f= 1. 

{Ans. 10.95 units, 16.12 units] 
The following cases represent the two velocity components, determine the third component of velocity 
such that they satisfy the continuity equation : 
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14. 
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16. 


17. 


18. 





() u=4e,v= 4xyz (ii) u = 4x" + 3xy, w = r= 4xy — 2yz. 


3 


| Ans. (i) w =— 8xz— 2x2” +f(x,y) (fi) v=-8xy- + 3yz" + f (x, 2)| 


Calculate the unknown velocity components so that they satisfy the following equations : 
(i) u=2x, v= 2xyz, w=? (ii) u = 2x7 + 2xy, w =z) — 4x7 + 2yz, v=? [Ans. (i) w = — Lxz —2x°z] 
x TE 2 2. í 2 22° ) 

A fluid flow is given by : V = xy — 2yz7j — | zy = k. 

Prove that it is a case of possible steady incompressible fluid flow. 

Calculate the velocity and acceleration at the point [1, 2, 3]. [Ans. 36.7 units, 874.50 units] 

Find the convective acceleration at the middle of a pipe which converges uniformly from 0.6 m diameter 

to 0.3 m diameter over 3 m length. The rate of flow is 40 lit/s. If the rate of flow changes uniformly from 

40 lit/s to 80 lit/s in 40 seconds, find the total acceleration at the middle of the pipe at 20th second. 
[Ans. .0499 m/s? ; .11874 m/s°] 

The velocity potential function, Q, is given by ọ = y= y`. Find the velocity components in x and y 

direction. Also show that represents a possible case of fluid flow. [Ans. u = 2x and v = — 2y] 

For the velocity potential function, 0 = qe y, find the velocity components at the point (4, 5). 

[Ans. u = 8, v = — 10 units] 

A stream function is given by : y = 2x — 5y. Calculate the velocity components and also magnitude and 

direction of the resultant velocity at any point. [Ans. u = 5, v = 2, Resultant = 5.384 and 9 = 21° 48'] 

If for a two-dimensional potential flow, the velocity potential is given by : 6 = 4x(3y — 4), determine the 

velocity at the point (2, 3). Determine also the value of stream function yw at the point (2, 3). 


| Ans 40 units, y = 6x" -— 4 Gy -4y), - 8] 


The stream function for a two-dimensional flow is given by y = 8xy, calculate the velocity at the point 

p(4, 5). Find the velocity potential function 6. [Ans. u = — 32 units, v = 40 units, @ = 4y’ — 4x7] 

Sketch the stream lines represented by w = xy. Also find out the velocity and its direction at point (2, 3). 
[Ans. 3.60 units and 0 = 56° 18.6’ or 123° 42’] 

For the velocity components given as : u = ay sin xy, v = ax sin xy. 

Obtain an expression for the velocity potential function. [Ans. ġ = a cos xy] 

A fluid flow is given by : V= 10x°i - 8x°yj. 

Find the shear strain rate and state whether the flow is rotational or irrotational. [Ans. — 8xy, rotational] 


The velocity components in a two-dimensional flow are : 
8 
u =8ry- 8 y and v=- 8y +E r. 
3 3 
Show that these velocity components represent a possible case of an irrotational flow. 


Ans. ua g w, =0 
ox oy FS 
An open circular cylinder of 20 cm diameter and 100 cm long contains water upto a height of 80 cm. It 
is rotated about its vertical axis. Find the speed of rotation when : 


(i) no water spills, (ii) axial depth is zero. [Ans. (7) 267.51 r.p.m., (i) 422.98 r.p.m.] 
A cylindrical vessel 15 cm in diameter and 40 cm long is completely filled with water. The vessel is open 
at the top. Find the quantity of water left in the vessel, when it is rotated about its vertical axis with a 
speed of 300 r.p.m. [Ans. 4566.3 cm?] 
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An open circular cylinder of 20 cm diameter and 120 cm long contains water upto a height of 80 cm. It 
is rotated about its vertical axis at 400 r.p.m. Find the difference in total pressure force (i) at the bottom 
of the cylinder, and (77) at the sides of the cylinder due to rotation. [Ans. (i) 14.52 N, (ii) 2465.45 N] 
A closed cylindrical vessel of diameter 15 cm and length 100 cm contains water upto a height of 80 cm. 
The vessel is rotated at a speed of 500 r.p.m. about its vertical axis. Find the height of paraboloid 
formed. [Ans. 56.06 cm] 
For the data given in question 20, find the speed of rotation of the vessel, when axial depth is zero. 
[Ans. 891.7 r.p.m.] 
If the cylindrical vessel of question 20, is rotated at 950 r.p.m. about its vertical axis, find the area 
uncovered at the base of the tank. [Ans. 20.4 cm"] 
A closed cylindrical vessel of diameter 20 cm and height 100 cm contains water upto a height of 70 cm. The 
air above the water surface is at a pressure of 78.48 kN/m’. The vessel is rotated at a speed of 300 r.p.m. 
about its vertical axis. Find the pressure head at the bottom of the vessel ; (a) at the centre, and (b) at 
the edge. [Ans. (a) 8.4485 m (b) 8.9515 m] 
A closed cylinder of diameter 30 cm and height 20 cm is completely filled with water, Calculate the total 
pressure force exerted by water on the top and bottom of the cylinder, if it is rotated about its vertical 
axis at 300 r.p.m. [Ans. F,= 392.4 N, Fz =531 N] 
In a free cylindrical vortex flow of water, at a point at a radius of 150 mm the velocity and pressure are 
5 m/s and 14.715 N/cm’. Find the pressure at a radius of 300 mm. [Ans. 15.65 N/em’] 
Do the following velocity components represent physically possible flows ? 
Meee eS vey +7, w= 4ayz. [Ans. No.] 
State if the flow represented by u = 3x + 4y and v = 2x — 3y is rotational or irrotational. [Ans. Rotational] 
A vessel, cylindrical in shape and closed at the top and bottom, contains water upto a height of 
700 mm. The diameter of the vessel is 200 mm and length of vessel is 1.1 m. Find the speed of 
rotation of the vessel if the axial depth of water is zero. 
Define rotational and irrotational flow. The stream function and velocity potential for a flow are given 
by: 
W=2xy, =" -y". 
Show that the conditions of continuity and irrotational flow are satisfied. 
For the steady incompressible flow, are the following values of u and v possible ? 
(i) u=4xy + y", v= 6xy + 3x and (ii) u=2x° +y", v= 4ny. [Ans. (7) No, (fi) Yes] 
Define two-dimensional stream function and velocity potential. Show that following stream function : 
w =6x—4y + 7xyv +9 


represents an irrotational flow. Find its velocity potential. [Ans. @ = 4x + 6y —3.5x° + 3.5y" + C] 
Check if ġ = x? — y? + y represents the velocity potential for 2-dimensional irrotational flow. If it does, 
then determine the stream function w. [Ans. Yes, y = — 2xy + x] 


If stream function for steady flow is given by y = o° —x°), determine whether the flow is rotational or 
irrotational. Then determine the velocity potential 9. [Ans. Irrotational, @ = — 2xy + C] 
A pipe (1) 450 mm in diameter branches into two pipes (2) and (3) of diameters 300 mm and 200 mm 
respectively as shown in Fig. 5.57. If the average velocity in 450 mm diameter pipe is 3 m/s, find : 
(i) discharge through 450 mm dia. pipe and (ii) velocity in 200 mm diameter pipe if the average 
velocity in 300 mm pipe is 2.5 m/s. (J.N.T.U., Hyderabad, S 2002) 
{Hint. Given : d, =450 mm = 0.45 m, d, = 300 mm = 0.3 m 
d, =200 mm = 0.2 m, V, =3 m/s, V, = 2.5 m/s 


in 





E Q, =A,V, = s (0.45?) x 3 = 0.477 mvs. 
© 
b vs 
òr 
wee © 
d,= 450 mm 
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© 
Fig. 5.57 
ig Raa 3 
Also 0, =A,xV;= (0.22) x Vy 
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DYNAMICS OF FLUID ~ 
FLOW 


> ó.l INTRODUCTION 


In the previous chapter, we studied the velocity and acceleration at a point in a fluid flow, without 
taking into consideration the forces causing the flow. This chapter includes the study of forces causing 
fluid flow. Thus dynamics of fluid flow is the study of fluid motion with the forces causing flow. The 
dynamic behaviour of the fluid flow is analysed by the Newton's second law of motion, which relates 
the acceleration with the forces. The fluid is assumed to be incompressible and non-viscous. 


> 6.2 EQUATIONS OF MOTION 


According to Newton's second law of motion, the net force F, acting on a fluid element in the 
direction of x is equal to mass m of the fluid element multiplied by the acceleration a, in the x-direction. 
Thus mathematically, 

F = m.a, (6.1) 

In the fluid flow, the following forces are present : 

(i) F p gravity force. 
(ii) F the pressure force. 
(it) F, force due to viscosity. 
(iv) F,, force due to turbulence. 
(v) F., force due to compressibility. 
Thus in equation (6.1), the net force 
F: = (F a)y T (Pads + (Fd + (Fix T oks 
(i) If the force due to compressibility, F, is negligible, the resulting net force 
F; = (Fac + (Fp) + (Fp) + (F) 
and equation of motions are called Reynold’s equations of motion. 
di) For flow, where (F) is negligible, the resulting equations of motion are known as 
Navier-Stokes Equation. 
(iii) If the flow is assumed to be ideal, viscous force (F) is zero and equation of motions are 
known as Euler’s equation of motion. 
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> 6.3  EULER’S EQUATION OF MOTION 


This is equation of motion in which the forces due to gravity and pressure are taken into considera- 
tion. This is derived by considering the motion of a fluid element along a stream-line as : 

Consider a stream-line in which flow is taking place in s-direction as shown in Fig. 6.1. Consider a 
cylindrical element of cross-section dA and length ds. The forces acting on the cylindrical element are: 

l. Pressure force pdA in the direction of flow. 


d 
2. Pressure force ( p+ 2 as) dA opposite to the direction of flow. 
s 


3. Weight of element pgdAds. 
Let 6 is the angle between the direction of flow and the line of action of the weight of element. 
The resultant force on the fluid element in the direction of s must be equal to the mass of fluid 
element x acceleration in the direction s. 
op s 
pdA - [> + F as) dA — pgdAds cos 8 


= pdAds X a, .-.(6.2) 
where a, is the acceleration in the direction of s. 


dv i 5 
Now a,= a where v is a function of s and t. 
t 





dvds ðv vov x ds 
m + & at 


ds dt or os or l dt $ 
ðv / 
If the flow is steady, — =0 
1 Ot ws 
s- as š 
Substituting the value of a, in equation (6.2) and simplify- 
ing the equation, we get pgdAds 
ap ov (a) (b) 
Os SORE ene ee os Fig. 6.1 Forces on a fluid element. 


ping by pawa;- 2. pews asd 
pos ðs 


op ov 
or aa, TScs 8+ vs =0 


pos 


But from Fig. 6.1 (b), we have cos 0 = S 
s 


dp 


d dv 
l i d wv o or i 


p ds oa ds 


or & + gdz + vdv =0 (6.3) 
p 


Equation (6.3) is known as Euler's equation of motion. 


im 
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> 6.4 BERNOULLI’S EQUATION FROM EULER’S EQUATION 
Bernoulli’ s equation is obtained by integrating the Euler’s equation of motion (6.3) as 
je + J gdz+ fray = constant 
p 


If flow is incompressible, p is constant and 


p v 
—+ 97+ a = constant 
p v? 
or — +z +— = constant 
Pg 2g 
2 
Pp ¥ 
or —+— +z = constant ...(6.4) 
pg 2g 


Equation (6.4) is a Bernoulli’s equation in which 
Ea pressure energy per unit weight of fluid or pressure head. 
& 


v?/2g = kinetic energy per unit weight or kinetic head. 
z = potential energy per unit weight or potential head. 


> 6.5 ASSUMPTIONS 


The following are the assumptions made in the derivation of Bernoulli's equation : 
(i) The fluid is ideal, i.e., viscosity is zero (ii) The flow is steady 
(iii) The flow is incompressible (iv) The flow is irrotational. 
Problem 6.1 Water is flowing through a pipe of 5 cm diameter under a pressure of 29.43 N/cm? 
(gauge) and with mean velocity of 2.0 m/s. Find the total head or total energy per unit weight of the 
water at a cross-section, which is 5 m above the datum line. 
Solution. Given: 


Diameter of pipe =Scm=0.5m 
Pressure, p = 29.43 Nicm? = 29.43 x 107 N/m? 
Velocity, v= 2.0 m/s 
Datum head, z=5m 
Total head = pressure head + kinetic head + datum head 
4 
Pressure head =2 -= PRAAN =30m p for water = 1000 ke 
pg 1000x981 m? 
Kinetic head ae A 
2g 2x981 
Total head =- + + z= 30 + 0.204 + 5 = 35.204 m. Ans. 
pg 2g 


Problem 6.2 A pipe, through which water is flowing, is having diameters, 20 cm and 10 cm at the 
cross-sections | and 2 respectively. The velocity of water at section | is given 4.0 m/s. Find the velocity 
head at sections | and 2 and also rate of discharge. 


|] 
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Solution. Given : 





D, = 20 cm = 0.2 m © © 
Area, Å= : D’ = Š (.2)? = 0.0314 m? 

V, =4.0 m/s — 
T 2 2 

A, = — (.1)° = .00785 m* 

~ & Fig. 6.2 
(i) Velocity head at section | 
_VY _ 40x40 


= 0.815 m. Ans. 
2g 2x9.81 


(ii) Velocity head at section 2 = V,"/2g 
To find V,, apply continuity equation at | and 2 


AV, = 0314 x 4.0 = 16.0 m/s 


AV, =A V, o V= 
— “Ay 00785 





V; _ 16.0 x16.0 





Velocity head at section 2 = = = 83.047 m. Ans. 
2g 2x981 
(iii) Rate of discharge =A,V, or A,V, 
= 0.0314 x 4.0 = 0.1256 m*/s 
= 125.6 litres/s. Ans. {- 1 m* = 1000 litres} 


Problem 6.3 State Bernoulli's theorem for steady flow of an incompressible fluid. Derive an 
expression for Bernoulli's equation from first principle and state the assumptions made for such a 
derivation. 

Solution. Statement of Bernoulli’s Theorem. It states that in a steady, ideal flow of an incom- 
pressible fluid, the total energy at any point of the fluid is constant. The total energy consists of 
pressure energy, kinetic energy and potential energy or datum energy. These energies per unit weight 
of the fluid are : 


Pressure energy = E 
Ps 


2 


e ie v` 
Kinetic energy = — 
2g 


Datum energy = z 
Thus mathematically, Bernoulli's theorem is written as 


E + 2 + z= Constant. 
pg 2g 
Derivation of Bernoulli’s theorem. For derivation of Bernoulli’s theorem, Articles 6.3 and 6.4 
should be written. 


Assumptions are given in Article 6.5. 


| 
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Problem 6.4 The water is flowing through a Pisa 
pipe having diameters 20 cm and 10 cm at sections | 9. 
and 2 respectively. The rate of flow through pipe 
is 35 litres/s. The section 1 is 6 m above datum and 
section 2 is 4 m above datum. If the pressure at sec- 
tion | is 39.24 N/cm’, find the intensity of pressure 
at section 2. 


Solution. Given: | DATUM LINE 


At section 1, D, = 20 cm = 0.2 m 





A\= i (.2)? = 0314 m? 


pı = 39.24 N/cm? 
= 39.24 x 10* N/m? 
zı =6.0 m 
At section 2, D, = 0.10 m 


A, = z (0.1)? = .00785 m? 














z2=4m 
P=? 
Rate of flow QO = 35 lit/s= oes. = .035 m*/s 
, E 1000 `` 
Now Q =A V = AV, 
e aiiidh 
A, 0314 
and V= Q = 035 = 4.456 m/s 
A, 00785 
Applying Bernoulli's equation at sections | and 2, we get 
Pi pun ws Va +25 
pg 2g Pg 2g 
4 2 2 
39.24 x10" | (1114)" | IDE P> (4456) | 40 
1000x9.81 2x981 1000x9.81 2x981 
or 40 + 0.063 + 6.0 = —22— + 1.012 + 4.0 
9810 
or 46.063 = > + 5.012 
9810 
P2_ =- 46.063 - 5.012 = 41.051 
9810 
p> = 41.051 x 9810 N/m? 


_ 41.051 x 9810 


ae N/cm? = 40.27 N/em’. Ans. 


iE 


Problem 6.5 Water is flowing through a pipe having diameter 300 mm and 200 mm at the bottom 
and upper end respectively. The intensity of pressure at the bottom end is 24.525 N/em? and the 
pressure at the upper end is 9.81 N/cm°. Determine the difference in datum head if the rate of flow 
through pipe is 40 lit/s. © 

Solution. Given : 






D, = 200 mm š 
Po = 9.81 Nicm 











Section 1, D, = 300 mm = 0.3 m 
p, = 24.525 Nicm’ = 24.525 x 10* N/m? 
Section 2, D, = 200 mm = 0.2 m 
Pp = 9.81 N/em* = 9.81 x 107 N/m? 9 _— 
Rate of flow = 40 lit/s Z = 24.525 N/cm 
40 m 
= Q=- ee ‘ls "DATUM LINE 
Now AV; = AV = rate of flow = 0.04 Fig. 6.4 
A a = = ae = 0.5658 m/s 
A Ent S03) 
4 4 
= 0.566 m/s 
V>= = =A „I Anh 


m 2 T 2 

2 —=(D,)° —(0.2)° 

4° z) a! ) 

Applying Bernoulli's equation at sections (1) and (2), we get 


Hi We ys ait NS pe 
pg 2g pg 2g — 


24.525 x10*  .566 x .566 9.81x10* (1.274)? 
c ++ + — + 


& = + 23 
1000 x 9.81 2x98l 1000x 9.81 29.81 


or 25 + .32+2z, = 10+ 1.623 + z, 
or 25.32 + z, = 11.623 + z, 
— Z, = 25.32 — 11.623 = 13.697 = 13.70 m 
Difference in datum head = z,—z, = 13.70 m. Ans. 
Problem 6.6 The water is flowing through a taper pipe of length 100 m having diameters 600 mm 
at the upper end and 300 mm at the lower end, at the rate of 50 litres/s. The pipe has a slope of 1 in 30. 
Find the pressure at the lower end if the pressure at the higher level is 19.62 N/cm’. 
Solution. Given : 





Length of pipe, L= 100m 
Dia. at the upper end, D, = 600 mm = 0.6 m 
Area, A, =~ D2Z=~ x6 
4 4 
= 0.2827 m? 
p, = pressure at upper end 5 
= 19.62 N/cm? 





im 


mi 
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= 19.62 x 10° N/m? 
Dia. at lower end, D, = 300 mm = 0.3 m 


2 


pêż F (.3)? = 0.07068 m 


la 


.. Area, A, 


Q = rate of flow = 50 litres/s = a Osis 
1000 


Let the datum line passes through the centre of the lower end. 





Then Z,=0 
a aig I 10 
As slope is 1 in 30 means z; = — x 100 = — m 
30 3 
Also we know Q=A,V, = A2V> 
Q 0.05 
V, = = = — = 0.1768 m/sec = 0.177 m/ 
1A 2827 n i 
and V, = Q = "a = 0.7074 m/sec = 0.707 m/s 
7 A 07068 
Applying Bernoulli’s equation at sections (1) and (2), we get 
v? 2 V 
Pip log gE ee 
pg 2g pg 2g 


19.62x10* 177? 10 _ p _— 707 








+ +— == +0 
1000 x 9.81 2x981 3 pg 2x981 
or 20 + 0.001596 + 3.334 = 72 + 0.0254 
pg 
or 23.335 — 0.0254 = ——2_ _ 
1000 x 9.81 
or p> = 23.3 x 9810 N/m? = 228573 N/m? = 22.857 N/em?. Ans. 


> 6.6 BERNOULLI’S EQUATION FOR REAL FLUID 


The Bernoulli's equation was derived on the assumption that fluid is inviscid (non-viscous) and 
therefore frictionless. But all the real fluids are viscous and hence offer resistance to flow. Thus there 
are always some losses in fluid flows and hence in the application of Bernoulli's equation, these losses 
have to be taken into consideration. Thus the Bernoulli's equation for real fluids between points | and 
2 is given as 
Pipigilan (6.5) 
pg 2g pg 2g ` 


where /h, is loss of energy between points | and 2. 


| 


Problem 6.7 A pipe of diameter 400 mm carries water at a velocity of 25 m/s. The pressures at the 
points A and B are given as 29.43 N/cm? and 22.563 N/cm? respectively while the datum head at A and 
B are 28 m and 30 m. Find the loss of head between A and B. 

Solution. Given : 







tL 
Dia. of pipe, D= 400 mm = 0.4 m ; on™ 
Velocity, V = 25 m/s Oe 2 
2 > “ 20 
At point A, Py = 29.43 Nicm? = 29.43 x 10° N/m? eee 
Za = 28 m 4 wl 
Va=v=25 m/s ý S i a 
p “Ls Zg 
Total energy at A Bon PA GAG z s 
i A g 2g 3 DATUMJLINE 
2943x104 25° Pigsa 





= + +28 
1000 x9.81 2x9.81 
= 30 + 31.85 + 28 = 89.85 m 


At point B, Pg = 22.563 Nicm? = 22.563 x 10* N/m? 
Zg = 30 m 
vg = V= v4 = 25 m/s 
Total energy at B, Eg= a as ees 
pg 2g 


_ 2.56310" | _ 25? 
~ 1000x981  2x981 
Loss of energy = E, - Eg = 89.85 — 84.85 = 5.0 m. Ans. 


Problem 6.8 A conical tube of length 2.0 m is fixed vertically with its smaller end upwards. The 
velocity of flow at the smaller end is 5 m/s while at the lower end it is 2 m/s. The pressure head at the 


eo , _ 0.35(v)- v2)" ’ 
smaller end is 2.5 m of liquid. The loss of head in the tube is a where v, is the velocity at 





+ 30 = 23 + 31.85 + 30 = 84.85 m 


the smaller end and v, at the lower end respectively. Determine the pressure head at the lower end. 
Flow takes place in the downward direction. 


Solution. Let the smaller end is represented by (1) and lower end by (2) 


Given : @ 
Length of tube, L=2.0m 

vı =5 m/s 

pı!pg = 2.5 m of liquid 
Vo = 2 m/s 
0.35 vi = v3) 
Loss of head =h,= 
2g @ 
Fig. 6.7 


iE 


035[5-27 035x9 


= ————_ = ——_ = 0.16 m 
2g 2x981 
Pressure head, Pia ? 
Ps 
Applying Bernoulli’s equation at sections (1) and (2), we get 
2 2 

Pv Pz , V2 

+ 2, StS tt Hh 

pg 2g | pg 2g ~ * 


Let the datum line passes through section (2). Then z, = 0, z, = 2.0 


” spin iy 


E +0+0.16 
2x9.81 pg 2x981 


2.5 + 








2.5 + 1.27 +2.0 = ŽŽ + 0.203 + .16 
pg 


or P2 =~ (2.5 + 1.27 + 2.0) - (.203 + .16) 
pg 


= 5.77 — .363 = 5.407 m of fluid. Ans. 
Problem 6.9 A pipeline carrying oil of specific gravity 0.87, changes in diameter from 200 mm 
diameter at a position A to 500 mm diameter at a position B which is 4 metres at a higher level. If the 
pressures at A and B are 9.81 N/cm? and 5.886 N/cm’ respectively and the discharge is 200 litres/s 
determine the loss of head and direction of flow. 
Solution. Discharge, O = 200 lit/s = 0.2 m*/s 
Sp. gr. of oil = 0.87 


kg 


p for oil = .87 x 1000 = 870 —> 
m 


Given: At section A, D, = 200 mm = 0.2 m 








T >» T 3 
Area, A, = — (D,)° = — (.2)° 
e A 4 ( 4) 4 ( ) 
= 0.0314 m? 
pa = 9.81 Niem? na 
= 9.81 x 10° N/m? 
If datum line is passing through A, then Fig. 6.8 
= Se NO aih 
A, 0.0314 
At section B, Dp = 500 mm = 0.50 m 
Area, Ap= i Dp = ei (.5)? = 0.1963 m? 


Pp = 5.886 Nicm* = 5.886 x 10* N/m? 


iE 
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Z,= 4.0 m 
Vg= aie Oe 1.018 m/s 
Area 1963 
Total energy at A =E,= Pay Ti- +Z; 
pg 28 


_ 981x10" | (6.369)? 


= + 0 = 11.49 + 2.067 = 13.557 m 
870 x9.81 2x981 


Total energy at B =E= Pe „Ve + Zg 
pg 28 
4 2 
SSI UY 461606 +0080 +40 - 10548im 


~ 870x981 2x981 


(i) Direction of flow. As E, is more than Ep and hence flow is taking place from A to B. Ans. 
(ii) Loss of head = h, = E, — Eg = 13.557 — 10.948 = 2.609 m. Ans. 


> 6.7 PRACTICAL APPLICATIONS OF BERNOULLI’S EQUATION 


Bernoulli's equation is applied in all problems of incompressible fluid flow where energy consid- 
erations are involved. But we shall consider its application to the following measuring devices : 

1. Venturimeter. 

2. Orifice meter. 

3. Pitot-tube. 


6.7.1 Venturimeter. A venturimeter is a device used for measuring the rate of a flow of a fluid 
flowing through a pipe. It consists of three parts : 
(i) A short converging part, (if) Throat, and (iii) Diverging part. It is based on the Principle of 
Bernoulli’s equation. 
Expression for rate of flow through venturimeter 
Consider a venturimeter fitted in a horizontal pipe through which a fluid is flowing (say water), as 
shown in Fig. 6.9. 
Let d, = diameter at inlet or at section (1), 
P, = pressure at section (1) 
v, = velocity of fluid at section (1), F 
aa 


a 





: T 
a = area at section (1) = 4 ae 


INLET HROAT 


and d5, P>, Vz, Ay are Corresponding values at section (2). 
Applying B li’ tion at secti 1) and (2), et s 
ppiying Bemoulll s:equation at sections (1)and (2); wege Fig. 6.9 Venturimeter. 


2 2 
pg 2g pg 2g 


As pipe is horizontal, hence z; = z, 


2 2 2 
Biy W Bt OO ges MET Se 


pg 2g pg 28 pg 2g 2g 


iE 


But ee is the difference of pressure heads at sections | and 2 and it is equal to / or p a P? Sh 
£ 8 


Pi—P2. 
£ 








Substituting this value of in the above equation, we get 


hoe ..(6.6) 
2g 2g 
Now applying continuity equation at sections | and 2 
aV, 
ay =a, or vy = —— 
a 


Substituting this value of v, in equation (6.6) 











2g 2g | Ow | el a 
or vy’ = 2gh Ba z 
ai -45 
v2 = ,|2gh = + = -gh 
a = dà ya? -aj 
Discharge, Q = a 


a aa 
=a, -=== X /2gh = -== x J2gh (6:7) 


Equation (6.7) gives the discharge under ideal conditions and is called, theoretical discharge. Actual 
discharge will be less than theoretical discharge. 


aja, 

Qaa = C4 X -= 

ya? -aj 

where C4= Co-efficient of venturimeter and its value is less than 1. 
Value of ‘h’ given by differential U-tube manometer 


Case I. Let the differential manometer contains a liquid which is heavier than the liquid flowing 
through the pipe. Let 


X 42gh ..(6.8) 


S, = Sp. gravity of the heavier liquid 
S, = Sp. gravity of the liquid flowing through pipe 
x = Difference of the heavier liquid column in U-tube 


Then h=x Ż- | ..(6.9) 


o 
Case II. If the differential manometer contains a liquid which is lighter than the liquid flowing 
through the pipe, the value of / is given by 


im 


h=x [ _ 2 ... (6.10) 


where S§,= Sp. gr. of lighter liquid in U-tube 
S, = Sp. gr. of fluid flowing through pipe 
x = Difference of the lighter liquid columns in U-tube. 
Case II. Inclined Venturimeter with Differential U-tube manometer. The above two cases are 
given for a horizontal venturimeter. This case is related to inclined venturimeter having differential 
U-tube manometer. Let the differential manometer contains heavier liquid then /: is given as 


h=(2+2)-(2+2,] a $- (6.11) 
pg pg So 


Case IV. Similarly, for inclined venturimeter in which differential manometer contains a liquid 
which is lighter than the liquid flowing through the pipe, the value of h is given as 


n= (2+2,)-(B+2,] =x] -5| ...(6.12) 
pg pg S, 


Problem 6.10 A horizontal venturimeter with inlet and throat diameters 30 cm and 15 cm respec- 
tively is used to measure the flow of water. The reading of differential manometer connected to the 
inlet and the throat is 20 cm of mercury. Determine the rate of flow. Take C4 = 0.98. 

Solution. Given : 


Dia. at inlet, dı = 30 cm 
Area at inlet, a,= ; d? = ; (30)? = 706.85 cm? 
Dia. at throat, d,= 15cm 
a> = : x 15? = 176.7 cm? 
C, = 0.98 


Reading of differential manometer = x = 20 cm of mercury. 
Difference of pressure head is given by (6.9) 


or h=x co 
So 
where S, = Sp. gravity of mercury = 13.6, S, = Sp. gravity of water = | 


= 20 [38 - | = 20 x 12.6 cm = 252.0 cm of water. 


The discharge through venturimeter is given by eqn. (6.8) 
Q=C, aE % Pgh 
a; — ay 


= 0.98 x ee x V2 x 9.81 x 252 
(706.85) — (176.7)~ 


iE 





_ 8606759336 _ 86067593.36 
499636.9 — 31222.9 684.4 
= 125756 cm’/s = es lit/s = 125.756 lit/s. Ans. 


Problem 6.11 An oil of sp. gr. 0.8 is flowing through a venturimeter having inlet diameter 20 cm 
and throat diameter 10 cm. The oil-mercury differential manometer shows a reading of 25 cm. Calcu- 
late the discharge of oil through the horizontal venturimeter. Take Cy = 0.98. 

Solution. Given : 


Sp. er. of oil, S, = 0.8 
Sp. gr. of mercury, S, = 13.6 
Reading of differential manometer, x = 25 cm 


o 


<. Difference of pressure head, h = x X- ] 


=.25 [ee -1] cm of oil = 25 [17 — 1] = 400 cm of oil. 


Dia. at inlet, d, = 20 cm 
ä = T 4? = = x 20? = 314.16 cm? 
4 4 
>= 10cm 


a, = ~ x 10? = 78.54 cm? 
4 


C, = 0.98 
The discharge Q is given by equation (6.8) 


aa, 


or Q= G, = Xy 2gh 
' Ja- a 
= 0,98 x < 6X T854 2x 081x400 


(314.16) — (78.54) 


21421375.68 2142137568 3 
= — ~~ mAs 


(98696 — 6168 304 
= 70465 cm*/s = 70.465 litres/s. Ans. 
Problem 6.12 A horizontal venturimeter with inlet diameter 20 cm and throat diameter 10 cm is 
used to measure the flow of oil of sp. gr. 0.8. The discharge of oil through venturimeter is 60 litres/s. 
Find the reading of the oil-mercury differential manometer. Take C,, = 0.98. 
Solution. Given : d, =20cm 


a, = ~ 20? = 314.16 cm? 
4 


d, = 10 cm 


iE 


| 


x 10° = 78.54 cm? 


T 
a=— 
A 
C,= 0.98 
Q = 60 litres/s = 60 x 1000 cm*/s 


Using the equation (6.8), Q=C, Ai y J2gh 


te 
aj - 4a; 


or 60 x 1000 = 9.81 x ES BxoBIxn = 1071068.78vh 


(314.16)? -(78.54) 304 


Jy = 304 x60000 


= = 17.029 
mi 1071068.78 
2i h = (17.029) = 289.98 cm of oil 
But h= Jà- J 
So 


where 5S, = Sp. gr. of mercury = 13.6 
S, = Sp. gr. of oil = 0.8 
x= Reading of manometer 


289.98 = x ea = J = 16x 
0.8 


= 18.12 cm. 





= 289.98 
: 16 


Reading of oil-mercury differential manometer = 18.12 cm. Ans. 
Problem 6.13 A horizontal venturimeter with inlet diameter 20 cm and throat diameter 10 cm is 
used to measure the flow of water. The pressure at inlet is 17.658 N/cm? and the vacuum pressure at 
the throat is 30 cm of mercury. Find the discharge of water through venturimeter. Take Cy = 0.98. 
Solution. Given : 
Dia. at inlet, d, = 20 cm 


a,= ey (20)* = 314.16 cm? 
4 


Dia. at throat, d, = 10 cm 


T X 10 = 78.74 cm? 


a, = 


pı = 17.658 N/cm? = 17.658 x 10* N/m? 


4 
p for water = 1000 ke and », Pi MASAI = 18 m of water 
m pg 981x1000 
Pe. 30 cm of mercury 
Ps 


= — 0.30 m of mercury = — 0.30 x 13.6 = — 4.08 m of water 


|] 


Differential head =h= 2 _ P2 = 18_¢ 408) 
PS Pps 
= 18 + 4.08 = 22.08 m of water = 2208 cm of water 


The discharge Q is given by equation (6.8) 
Q = Ca -== x 2gh 
Ja? mus 
=0.98 x —— 416x7854 2x 981 x 2208 


(314.16)? — (78.747 


_ 50328837.21 
304 
Problem 6.14 The inlet and throat diameters of a horizontal venturimeter are 30 cm and 
10 cm respectively. The liquid flowing through the meter is water. The pressure intensity at inlet is 
13.734 N/cm? while the vacuum pressure head at the throat is 37 cm of mercury. Find the rate of flow. 
Assume that 4% of the differential head is lost between the inlet and throat. Find also the value of C, 
for the venturimeter. 
Solution. Given : 
Dia. at inlet, d, = 30cm 


x 165555 cm/s = 165.555 lit/s. Ans. 


a,= z 807 = 706.85 cm? 


Dia. at throat, d, = 10 cm 
a) = a (10)? = 78.54 cm? 
Pressure, p, = 13.734 N/em? = 13.734 x 10* N/m? 


Py, _ 13.734 10" 


= = 14 m of water 
pg  1000x9.81 


Pressure head, 


P2 ~_ 37 cmof mercury 
PS 
= Ne m of water = — 5.032 m of water 
100 
Differential head, h = p,/pg — po/pg 
= 14.0 — (— 5.032) = 14.0 + 5.032 
= 19.032 m of water = 1903.2 cm 
Head lost, h,=4% of h= a x 19.032 = 0.7613 m 





— h-hħ; _ [19.032 - 7613 coats 
s h 19.032 


iE 


Il 
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a,a,J2gh 


A ? 


aj =a 

_ 0.98 x 706.85 x 78.54 x 2 x 981 x 1903.2 
(706.85) — (78.54) 

1051322478 


~ [499636.9 — 6168 


PROBLEMS ON INCLINED VENTURIMETER 


Discharge =C, 


= 149692.8 cm*/s = 0.14969 m°/s. Ans. 


Problem 6.15 A 30cm X15 cm venturimeter is inserted in a vertical pipe carrying water, flowing 
in the upward direction. A differential mercury manometer connected to the inlet and throat gives a 
reading of 20 cm. Find the discharge. Take C, = 0.98. 

Solution. Given : 

Dia. at inlet, d, =30 cm 


a= 5 (30)? = 706.85 cm? 
Dia. at throat, d,= 15cm 


a,= í (15)? = 176.7 em? 


him x $- i|- 20 22- 10] = 20 x 12.6 = 252.0 cm of water 


o 


E 


a 


, = 0.98 


Discharge, Q=C, =X J2gh 


2_ 2 
ay — a3 


= 0.98 x aE eo x 981 x 252 


(706.85) —(176.7)° 
8606759336 _ 86067593.36 


„499636.3 — 31222.9 684.4 
= 125756 cm*/s = 125.756 lit/s. Ans. 
Problem 6.16 A 20cm x10cm venturimeter is inserted in a vertical pipe carrying oil of sp. gr. 0.8, 
the flow of oil is in upward direction. The difference of levels between the throat and inlet section is 
50 cm. The oil mercury differential manometer gives a reading of 30 cm of mercury. Find the 
discharge of oil. Neglect losses. 
Solution. Dia. at inlet, d, = 20 cm 


a= ; (20)? = 314.16 cm? 


Dia. at throat, d, = 10 cm 


iE 
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2 


a= Š (10)? = 78.54 cm? 
Sp. gr. of oil, S, = 0.8 
Sp. gr. of mercury, S,= 13.6 


Differential manometer reading, x = 30 cm 


S 
ea a 
pg pg So 


= 30 [28 1] = 30 [17 — 1] = 30 x 16 = 480 cm of oil 


aya 


The discharge, Q = Cy = * y2gh 


ay — ay 


= Seer x 4/2 x 981 x 480 cm*/s 
(314.16)° — (78.54) 


= ere = 78725.75 cm*/s = 78.725 litres/s. Ans. 


Problem 6.17 In a vertical pipe conveying oil of specific gravity 0.8, two pressure gauges have 
been installed at A and B where the diameters are 16 cm and 8 cm respectively. A is 2 metres above B. 
The pressure gauge readings have shown that the pressure at B is greater than at A by 0.981 N/cm”. 
Neglecting all losses, calculate the flow rate. If the gauges at A and B are replaced by tubes filled with 
the same liquid and connected to a U-tube containing mercury, calculate the difference of level of 
mercury in the two limbs of the U-tube. 

Solution. Given : 


Sp. gr. of oil, S, = 0.8 

Density, p = 0.8 x 1000 = 800 s 
Dia. at A, D, = 16 cm = 0.16 m 

Area at A, A\= Fao? = 0.0201 m? 
Dia. at B, Dp = 8 cm = 0.08 m 

Area at B, A,= í (08)? = 0.005026 m? 


(i) Difference of pressures, pp — pa = 0.981 N/cm? 


= 0.981 x 10° N/m? = 2810 
n 








Difference of pressure head Fig. 6.9 (a) 
Pp-P, _ 9810 


w maa S (e p = 800 kg/m°) 


im 


276 Fluid Mechanics 


Applying Bernoulli's theorem at A and B and taking the reference line passing through section B, 
we get 


2 2 
Pa Va 7, R a MB: 











+Z; 
pg 2g pg 2g 
or Ps P3 B= Ve Vai 
PS P; 2g 2g 
2 2 
or (22a) + 20-00- Y-Y 
pg 2g 2g 
2 2 
or -1.25 + 2.0 = Na, Ale (- Peo Pa 125) 
2g 2g pg 
ó75= 1u -Ò 
2g 2g 
Now applying continuity equation at A and B, we get 
V, XA =V XA, 
T > 
V, x —(.16)° 
or Vy= te = 4 =4V, 
A, ™ (.08)7 
4 
Substituting the value of Vp in equation (i), we get 
0.75 = 10VA _ Va _ 15V4 
2g 2g 2g 
.7 9.81 
Vja kans = 0.99 m/s 
Rate of flow, Q=V,xA, Fig. 6.9 (b) 
= 0.99 x 0.0201 = 0.01989 m*/s. Ans. 
(ii) Difference of level of mercury in the U-tube. 
Let h = Difference of mercury level. 
Sg 
Then | |<=- 
So 
where h= [Ze+z, -(22+25) =a Ps Z-Z 
PE PS PS 
=- 1.25+2.0-0 
= 0.75 (? Pp Ps, 125) 
ps 


x= E = 0.04687 m = 4.687 cm. Ans. 


im 





Problem 6.18 Find the discharge of water flowing through a pipe 30 cm diameter placed in an 
inclined position where a venturimeter is inserted, having a throat diameter of 15 cm. The difference of 
pressure between the main and throat is measured by a liquid of sp. gr. 0.6 in an inverted U-tube which 
gives a reading of 30 cm. The loss of head between the main and throat is 0.2 times the kinetic head of 
the pipe. 

Solution. Dia. atinlet, d,=30cm 


a, = 5 (30)? = 706.85 cm? 
Dia. at throat, d, = 15 cm 
a= = (15)? = 176.7 cm? 


Reading of differential manometer, x = 30 cm 
Difference of pressure head, h is given by 


(2+a)-(2+2) =f 
PE PE 


Also h=x a 
S 


o 


where S, = 0.6 and S,, = 1.0 





= 30 hi -%5] = 30 x .4 = 12.0 cm of water 


Fig. 6.10 


Loss of head, A, = 0.2 x kinetic head of pipe = 0.2 x es 
g 


Now applying Bernoulli's equation at sections (1) and (2), we get 


2 2 
Page eB ten, 
pg 2g Pg 28 
2 2 
or [Z+2,)-(2+2,)+ 2-2 an, 
pg pg 2g 2g 
But [B+ a,)-[2e +2, ]= m= 120 em of water 
Ps ps 
má hy, = 0.2 x v7/2g 


2 2 
1204 b= 22 so9%% 2b 
2g 2g 2g 


2 


v2 


2 
12.04+0.8 --2 =0 (1) 
2g 2 


Applying continuity equation at sections (1) and (2), we get 


aV = azv; 
¥ (15)? v, 
or Fe NY 
"s "tao A 
4° 


Substituting this value of v, in equation (1), we get 


08(v,) v3 2 
12.0 + oa) -2 -0 or 1204 2 [28 _1]=0 
& 


22\4 2g 16 
or =2 [05-1] = - 12.0 or 095% = 12.0 
2g 2g 
v= pee = 157.4 cm/s 
\ 0.95 
Discharge = a 


176.7 x 157.4 cm*/s = 27800 cm*/s = 27.8 litres/s. Ans. 
Problem 6.19 A 30 cm x /5 cm venturimeter is provided in a vertical pipe line carrying oil of 
Specific gravity 0.9, the flow being upwards. The difference in elevation of the throat section and 
entrance section of the venturimeter is 30 cm. The differential U-tube mercury manometer shows a 
gauge deflection of 25 cm. Calculate : 

(i) the discharge of oil, and 

(ii) the pressure difference between the entrance section and the throat section. Take the 
co-efficient of discharge as 0.98 and specific gravity of mercury as 13.6. 

Solution. Given : 


Dia. at inlet, d, = 30 cm 

Area, a= z (30)? = 706.85 cm? 
Dia. at throat, d,= 15cm 

Area, a, = 3 (15)? = 176.7 cm? 


Let section (1) represents inlet and section (2) represents throat. Then z» — z} = 30 cm 
Sp. gr. of oil, 5, = 0.9 

Sp. gr. of mercury, S,= 13.6 

Reading of diff. manometer, x= 25 cm 

The differential head, / is given by 


(sh Bs) 
pg pg 


S 
=x È- | =25 $t- J = 352.77 cm of oil 


iE 
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ada 


2 2 
a; — a; 


= 298106851767 TEIT 


(706.85)° — (176.7)° 


(i) The discharge, Q of oil =C, x J2g¢h 


1p OES, AIS oath 
684.4 
148.79 litres/s. Ans. 


(ii) Pressure difference between entrance and throat section 


h= (2+ aj- (a 3 = 352.77 
Ps Ps 





or bas + 2, — 2% = 352.77 
P8 Pps 
But 22-2, = 30 cm 
ee æ Ps) ~ 30 = 352.77 
pg pg 
Fig. 6.11 
Pi _ P2 ~ 352.77 + 30 = 382.77 cm of oil = 3.8277 m of oil. Ans. 
Pg pg 
or (Pı — P2) = 3.8277 x pg 
But density of oil = Sp. gr. of oil x 1000 kg/m? 


= 0.9 x 1000 = 900 kg/cm? 





(pi - p») = 3.8277 x 900 x 9.81 © 
“ai 


= aa N/cm? = 3.3795 N/cm?. Ans. 





Problem 6.20 Crude oil of specific gravity 0.85 flows upwards at a volume rate of flow of 60 litre 
per second through a vertical venturimeter with an inlet diameter of 200 mm and a throat diameter of 
100 mm. The co-efficient of discharge of the venturimeter is 0.98. The vertical distance between the 
pressure tappings is 300 mm. 

(i) If two pressure gauges are connected at the tappings such that they are positioned at the levels 
of their corresponding tapping points, determine the difference of readings in N/cm? of the two pres- 
sure gauges. 

(ii) If a mercury differential manometer is connected, in place of pressure gauges, to the tappings 
such that the connecting tube upto mercury are filled with oil, determine the difference in the level of 
the mercury column. 

Solution. Given : 

Specific gravity of oil, S, = 0.85 


|] 
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-. Density, p = 0.85 x 1000 = 850 kg/m* 


Discharge, Q = 60 litre/s 
= an = 0.06 m*/s 
Inlet dia, d, = 200 mm = 0.2 m 
Area, a= : (.2)? = 0.0314 m? 
Throat dia., d, = 100 mm = 0.1 m 
Area, a= ; (0.1)? = 0.00785 m? a 
Value of C, = 0.98 


Let section (1) represents inlet and section (2) 
represents throat. Then 
Z2 — zı = 300 mm = 0.3 m 
(i) Difference of readings in Nicm? of the two pressure gauges 
The discharge Q is given by, 





aa 
Q = Cy * V2eh Fig. 6.11 (a) 
ai aj ay 
or gige SEA aiek 
0.0314? — 0.007857 
0.98 x 0.00024649 
= T x 4.429 Yh 
0.0304 vi 
Vh = ___ 0.06 0.0304 = 1.705 
0.98 x 0.00024649 x 4.429 
h = 1.705? = 2.908 m 
But for a vertical venturimeter, /: = = +, — oe + a) 
PS Ps 
2.908 = (Eiaa a) - ee +Z- 
pg pg PS ps 
Pa = 2.908 + z, - zı = 2.908 + 0.3 (22-2, =0.3 m) 
g 
= 3.208 m of oil 


Pı — P2 = P8 X 3.208 
850 x 9.81 x 3.208 


107 Jem? 


= 850 x 9.81 x 3.208 N/m? = 


= 2.675 N/cm?. Ans. 
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(ii) Difference in the levels of mercury columns (i.e., x) 


o 


S 
The value of h is given by, h=x $- | 





2.908 = x $- =x[l6-1]=15x 
0.85 
x= — = (1.1938 m = 19.38 cm of oil. Ans. 


Problem 6.21 Jn a 100 mm diameter horizontal pipe a venturimeter of 0.5 contraction ratio has 
been fixed. The head of water on the metre when there is no flow is 3 m (gauge). Find the rate of flow 
for which the throat pressure will be 2 metres of water absolute. The co-efficient of discharge is 0.97. 
Take atmospheric pressure head = 10.3 m of water. 


Solution. Given : 


Dia. of pipe, d, = 100 mm = 10 cm 
Area, a, =~ d= ~ (10)? = 78.54 cm? 
4 4 
Dia. at throat, d,=0.5 x d,=0.5 x 10=5 cm 
Area, a, = Š (5)? = 19.635 cm? 
Head of water for no flow siia 3 m (gauge) = 3 + 10.3 = 13.3 m (abs.) 
Throat pressure head = 2 = 2 m of water absolute. 
Ps 


Difference of pressure head, h = 1-2 = 13.3 - 2.0 = 11.3 m = 1130 cm 
Ps pg 


Rate of flow, Q is given by Q = C; T x 22h 


a? - a3 
= 0.97 x eS set [ERORIRIID 


(78.54) — (19.635) 


_ 2227318.17 

~ %6 
6.7.2 Orifice Meter or Orifice Plate. It is a device used for measuring the rate of flow of a 
fluid through a pipe. It is a cheaper device as compared to venturimeter. It also works on the same 
principle as that of venturimeter. It consists of a flat circular plate which has a circular sharp edged 
hole called orifice, which is concentric with the pipe. The orifice diameter is kept generally 0.5 times 
the diameter of the pipe, though it may vary from 0.4 to 0.8 times the pipe diameter. 

A differential manometer is connected at section (1), which is at a distance of about 1.5 to 2.0 times 

the pipe diameter upstream from the orifice plate, and at section (2), which is at a distance of about half 
the diameter of the orifice on the downstream side from the orifice plate. 


= 29306.8 cm/s = 29.306 litres/s. Ans. 


| 
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Let p, = pressure at section (1), 
v, = velocity at section (1), 
a, = area of pipe at section (1), and 











Fig. 6.12. Orifice meter. 


Ps V2, Gy are Corresponding values at section (2). Applying Bernoulli's equation at sections (1) and 
(2), we get 


P yi P , V3 
ty 47,5 + +4, 
pg 2g ' pg 2g ” 
2 2 
or (Eiaa) 
pg ps 2g 2g 
But (Bera J- (2t e) =n = Ditterenat head 
Ps PSs 
vs 4 2 2 
=—-— or 2gh=v; -v 
28 2g £ 2 1 


or v= 2gh + v .(1) 


Now section (2) is at the vena-contracta and a, represents the area at the vena-contracta. If ay is 
the area of orifice then, we have 


a 
C.=— 
A 
where C, = Co-efficient of contraction 
et a, =a) X C, «(ii) 
By continuity equation, we have 





a, a Ce 
AVi = aV or y = — v= 
p 22 1 2 
a a 


v (iii) 


Substituting the value of v, in equation (i), we get 


7 ad 9 
ag C: v2 
AE g 


ai 





2gh 
V2 = z 
1-(2 c? 
di 
The discharge Q = vy X ay = V2 X dg C, {07 a, = agC, from (ii)} 
Ts h 
aC, E .(iv) 
Je 
The above expression is simplified a using 
: 7 a 
a 
Cy = C pee 
1-(@] g? 
ai 
t= (2) E 
a 
C, = Ca = 
1_{ 9% 
a 
Substituting this value of C, in equation (iv), we get 
i= (2) i 
a 2gh 
ee S 
=| {|| ¢ 
a a f 
_ Cay y2gh_ _ Caoa Caya, y2gh (6.13) 


HE 


where C,= Co-efficient of discharge for orifice meter. 

The co-efficient of discharge for orifice meter is much smaller than that for a venturimeter. 
Problem 6.22 An orifice meter with orifice diameter 10 cm is inserted in a pipe of 20 cm diameter. 
The pressure gauges fitted upstream and downstream of the orifice meter gives readings of 
19.62 N/cm® and 9.81 N/cm’ respectively. Co-efficient of discharge for the orifice meter is given as 
0.6. Find the discharge of water through pipe. 


|] 


Solution. Given : 


Dia. of orifice, dy) = 10 cm 

Area, ay = > (10)? = 78.54 cm? 
Dia. of pipe, d, = 20 cm 

Area, a,= z (20)? = 314.16 cm? 


pı = 19.62 N/em? = 19.62 x 10% N/m? 


Pi _ 1962x10* 


= ——_ = 20 m of water 
pg 1000x981 


4 
Similarly Big FSR = 10 m of water 


pg 1000x981 


h= Pi, _. 2%. 20.0 — 10.0 = 10 m of water = 1000 cm of water 
PS Pps 
Ci = 0.6 
The discharge, Q is given by equation (6.13) 


Q= Cy peti % [Deh 
Va; -=a 
= 05 —— EES e ETN AOOO 


(314.16)? — (78.54) 


_ 20736838.09 
304 
Problem 6.23 An orifice meter with orifice diameter 15 cm is inserted in a pipe of 30 cm diameter. 
The pressure difference measured by a mercury oil differential manometer on the two sides of the 
orifice meter gives a reading of 50 cm of mercury. Find the rate of flow of oil of sp. gr. 0.9 when the co- 
efficient of discharge of the orifice meter = 0.64. 
Solution. Given : 


= 68213.28 cm°?/s = 68.21 litres/s. Ans. 


Dia. of orifice, dy = 15 cm 
Area, a= F (15)? = 176.7 cm? 
Dia. of pipe, dı = 30 cm 
Area, a= (30)? = 706.85 cm? 
Sp. gr. of oil, S, = 0.9 
Reading of diff. manometer, x = 50 cm of mercury 
Differential head, h=x Se 1 = 50 Fe = 1 cm of oil 


|] 
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= 50 x 14.11 = 705.5 cm of oil 
C, = 0.64 
The rate of the flow, Q is given by equation (6.13) 


apna 
Ô = Cy. X28 
Va; - a5 
= ().64 x eN g RIRIS 


(706.85)? — (176.7) 


_ 94046317.78 
684.4 


6.7.3 Pitot-tube. It is a device used for measuring the 
velocity of flow at any point in a pipe or a channel. It is based on 
the principle that if the velocity of flow at a point becomes zero, 
the pressure there is increased due to the conversion of the kinetic 
energy into pressure energy. In its simplest form, the pitot-tube 
consists of a glass tube, bent at right angles as shown in Fig. 6.13. 
The lower end, which is bent through 90° is directed in the up- 
stream direction as shown in Fig. 6.13. The liquid rises up in the 
tube due to the conversion of kinetic energy into pressure energy. 
The velocity is determined by measuring the rise of liquid in the tube. 
Consider two points (1) and (2) at the same level in such a way that point (2) is just as the inlet of 
the pitot-tube and point (1) is far away from the tube. 
Let pı = intensity of pressure at point (1) 
v, = velocity of flow at (1) 
P> = pressure at point (2) 
v> = velocity at point (2), which is zero 
H = depth of tube in the liquid 
h = rise of liquid in the tube above the free surface. 
Applying Bernoulli’s equation at points (1) and (2), we get 


h 


= 137414.25 cm*/s = 137.414 litres/s. Ans. 





Fig. 6.13  Pitot-tube. 


> 2 
Mt pth bg teh ie 
pg 28 pg 28 
But z, = 2, as points (1) and (2) are on the same line and v, = 0. 
Biya pressure head at (1) = H 
Ps 


Pin pressure head at (2) = (h + H) 
Ps 


Substituting these values, we get 


> 


H+L = (h+ H) n h=% or v,= J2gh 
g g 


This is theoretical velocity. Actual velocity is given by 


| 


(act = C, V2gh 


where C, = Co-efficient of pitot-tube 


Velocity at any point v=C, J2gh (6.14) 
Velocity of flow in a pipe by pitot-tube. For finding the velocity at any point in a pipe by pitot- 
tube, the following arrangements are adopted : 
l. Pitot-tube along with a vertical piezometer tube as shown in Fig. 6.14. 
2. Pitot-tube connected with piezometer tube as shown in Fig. 6.15. 
3. Pitot-tube and vertical piezometer tube connected with a differential U-tube manometer as 
shown in Fig. 6.16. 





PIEZOMETER 
TUBE 


Fig. 6.16 Fig. 6.17 


4. Pitot-static tube, which consists of two circular concentric tubes one inside the other with some 
annular space in between as shown in Fig. 6.17. The outlet of these two tubes are connected to the 
differential manometer where the difference of pressure head ‘h’ is measured by knowing the 


9 


S 
difference of the levels of the manometer liquid say x. Then h = x È - ji 


Problem 6.24 A pitot-static tube placed in the centre of a 300 mm pipe line has one orifice pointing 
upstream and other perpendicular to it. The mean velocity in the pipe is 0.80 of the central velocity. 
Find the discharge through the pipe if the pressure difference between the two orifices is 
60 mm of water. Take the co-efficient of pitot tube as C, = 0.98. 

Solution. Given : 


Dia. of pipe, d= 300 mm = 0.30 m 

Diff. of pressure head, h = 60 mm of water = .06 m of water 
C, = 0.98 

Mean velocity, V = 0.80 x Central velocity 


Central velocity is given by equation (6.14) 


= C, J2gh = 0.98 x 2 x 9.81 x .06 = 1.063 m/s 
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V = 0.80 x 1.063 = 0.8504 m/s 
Discharge, Q = Area of pipe x V 


5 ad xV= z (.30)? x 0.8504 = 0.06 m?/s. Ans. 


Problem 6.25 Find the velocity of the flow of an oil through a pipe, when the difference of mercury 
level in a differential U-tube manometer connected to the two tappings of the pitot-tube is 100 mm. 
Take co-efficient of pitot-tube 0.98 and sp. gr. of oil = 0.8. 

Solution. Given : 


Diff. of mercury level, x= 100 mm = 0.1 m 
Sp. gr. of oil, S, = 0.8 
Sp. gr. of mercury, S, = 13.6 
C, = 0.98 
S 13. 
Diff. of pressure head, h=x $- | =.1 Rs- | = 1.6m of oil 
Velocity of flow = C, J2gh = 0.98 ,/2x9.81x1.6 = 5.49 m/s. Ans. 


Problem 6.26 A pitot-static tube is used to measure the velocity of water in a pipe. The stagnation 
pressure head is 6 m and static pressure head is 5 m. Calculate the velocity of flow assuming the co- 
efficient of tube equal to 0.98. 

Solution. Given : 

Stagnation pressure head, h, =6m 


Static pressure head, h,=5m 
: h=6-5=1m 
Velocity of flow, V=C, J2gh = 0.98 2 x 9.81 x1 = 4.34 m/s. Ans. 


Problem 6.27 A sub-marine moves horizontally in sea and has its axis 15 m below the surface of 
water. A pitot-tube properly placed just in front of the sub-marine and along its axis is connected to the 
two limbs of a U-tube containing mercury. The difference of mercury level is found to be 170 mm. Find 
the speed of the sub-marine knowing that the sp. gr. of mercury is 13.6 and that of sea-water is 1.026 
with respect of fresh water. 

Solution. Given : 


Diff. of mercury level, x= 170 mm = 0.17 m 
Sp. gr. of mercury, S, = 13.6 
Sp. gr. of sea-water, S, = 1.026 


V=J2gh = 2 x 9.81 x 2.0834 = 6.393 m/s 


_ 6.393 x 60 x 60 

= 1000 
Problem 6.28 A pitot-tube is inserted in a pipe of 300 mm diameter. The static pressure in pipe is 
100 mm of mercury (vacuum). The stagnation pressure at the centre of the pipe, recorded by the 


km/hr = 23.01 km/hr. Ans. 


|] 
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pitot-tube is 0.981 N/em’. Calculate the rate of flow of water through pipe, if the mean velocity of 
flow is 0.85 times the central velocity. Take C,, = 0.98. 
Solution. Given : 


Dia. of pipe, d= 300 mm = 0.30 m 
Area, a= = d?’ = 2 (.3)? = 0.07068 m? 
Static pressure head = 100 mm of mercury (vacuum) 
100 
= — —— x 13.6 = — 1.36 m of water 
1000 


.981 N/cm? = .981 x 10* N/m? 
981x10? _ 981x10 _ 
pg 1000 x 9.81 


h = Stagnation pressure head — Static pressure head 
= 1.0 —(— 1.36) = 1.0 + 1.36 = 2.36 m of water 


Stagnation pressure 


Stagnation pressure head = 


Velocity at centre =C,, 2gh 
= 0.98 x 4/2 x 9.81 x 2.36 = 6.668 m/s 
Mean velocity, V = 0.85 x 6.668 = 5.6678 m/s 
Rate of flow of water = V x area of pipe 


= 5.6678 x 0.07068 m*/s = 0.4006 m*/s. Ans. 
> 6.8 THE MOMENTUM EQUATION 
It is based on the law of conservation of momentum or on the momentum principle, which states 


that the net force acting on a fluid mass is equal to the change in momentum of flow per unit time in 
that direction. The force acting on a fluid mass ‘m’ is given by the Newton’s second law of motion, 





F=mxa 
where a is the acceleration acting in the same direction as force F. 
But a= ay 
dt 
F=m Lid 
dt 
d(my 
= (ro) {m is constant and can be taken inside the differential} 
d 
_ a(mv) ...(6.15) 
dt 
Equation (6.15) is known as the momentum principle. 
Equation (6.15) can be written as F.dt = d(mv) ... (6.16) 


which is known as the impulse-momentum equation and states that the impulse of a force F acting on a 
fluid of mass m in a short interval of time df is equal to the change of momentum d(my) in the direction 
of force. 


|] 
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Force exerted by a flowing fluid on a pipe bend 

The impulse-momentum equation (6.16) is used to determine the resultant force exerted by a 
flowing fluid on a pipe bend. 

Consider two sections (1) and (2), as shown in Fig. 6.18. 

Let v, = velocity of flow at section (1), 

= pressure intensity at section (1), 
A, = area of cross-section of pipe at section (1) and 
V>, Pa, A, = corresponding values of velocity, pressure and area at section (2). 

Let F, and F, be the components of the forces exerted by the flowing fluid on the bend in x-and 
y-directions respectively. Then the force exerted by the bend on the fluid in the directions of x and y 
will be equal to F, and F, but in the opposite directions. Hence component of the force exerted by 
bend on the fluid in the x-direction = — F,, and in the direction of y = — F,. The other external forces 
acting on the fluid are pA, and pA, on the sections (1) and (2) respectively. Then momentum 
equation in x-direction is given by 


pzA,cos 0 
O Fy 





(a) (b) 
Fig.6.18 Forces on bend. 


Net force acting on fluid in the direction of x = Rate of change of momentum in x-direction 
P\A, — PoA, cos 8 — F, = (Mass per sec) (change of velocity) 
= pQ (Final velocity in the direction of x 
= Initial velocity in the direction of x) 


= pQ (V, cos @- V,) (6.17) 
F.=pQ (V; - V; cos 8) + p,A, — p5A, cos 0 .--(6.18) 
Similarly the momentum equation in y-direction gives 
0 — p,A, sin 8- F, = pO (V, sin 8-0) ... (6.19) 
F,= pQ (— V3 sin 8) — pA, sin 8 ...(6.20) 


Now the resultant force (Fx) acting on the bend 


= (FP +F (6.21) 


And the angle made by the resultant force with horizontal direction is given by 


F, 
tan 8 = — DZA) 
F, 
Problem 6.29 A 45° reducing bend is connected in a pipe line, the diameters at the inlet and outlet 
of the bend being 600 mm and 300 mm respectively. Find the force exerted by water on the bend if the 
intensity of pressure at inlet to bend is 8.829 N/cm° and rate of flow of water is 600 litres/s. 


im 


Solution. Given : 











Angle of bend, 8 = 45° 
Dia. at inlet, D, = 600 mm = 
T 2 T 
Area, A,=— D, = — (6y 
rea a e (.6) 
= 0.2827 m? = 
Dia. at outlet, D, = 300 mm = 0.30 m z 
= Fig. 6.19 
*. Area, A,= > (.3)? = 0.07068 m? 
Pressure at inlet, p, = 8.829 N/cm? = 8.829 x 10* N/m? 
O = 600 lit/s = 0.6 m*/s 
vy @ 0S 22.190 mis 
A -2827 
viaa E gaik 
“A, 07068 
Applying Bernoulli's equation at sections (1) and (2), we get 
2 2 
Pi Nog y a By +z 
pg 2g pg 2g 
But 2 = 22 


nV me. V 8.829x10* 2.122? p,  8.488° 

=+ — = = o tt Ft 
pg 2g pg 2g 1000x9.81 2x981 pg 2x981 
9 + .2295 = p,/pg + 3.672 


P2 ~ 9.2295 — 3.672 = 5.5575 m of water 
Ps 


i p> = 5.5575 x 1000 x 9.81 N/m? = 5.45 x 10* N/m? 
Forces on the bend in x- and y-directions are given by equations (6.18) and (6.20) as 
F.= pQ [V, — V, cos 8] + pA, — pA; cos 0 
1000 x 0.6 [2.122 — 8.488 cos 45°] 
+ 8.829 x 10* x .2827 — 5.45 x 10* x .07068 x cos 45° 
— 2327.9 + 24959.6 — 2720.3 = 24959.6 — 5048.2 
= 19911.4N 
and F,= pQ [- V, sin 8] — pA, sin 6 
-= 1000 x 0.6 [- 8.488 sin 45°] — 5.45 x 10* x .07068 x sin 45° 


= -— 3601.1 — 2721.1 = — 6322.2 N 
-ve sign means F, is acting in the downward direction 


Resultant force, F= JE + F? 
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7 > = oa 
= {(19911.4)* +( -6322.2)° 4 fx 2 TREN 
N 
= 20890.9 N. Ans. 9 
The angle made by resultant force with x-axis is given by eI 
; u 
equation (6.22) or yaaa LN 
F, i 
W e R sS — 
F., 199114 


à 0 = tan! .3175 = 17° 36’. Ans. 
Problem 6.30 250 litres/s of water is flowing in a pipe having a diameter of 300 mm. If the pipe is 
bent by 135° (that is change from initial to final direction is 135°), find the magnitude and direction of 
the resultant force on the bend. The pressure of water flowing is 39.24 N/cm’. 

Solution. Given : 

Pressure, P, = P2 = 39.24 Nicm? = 39.24 x 10% N/m? 

Discharge, Q = 250 litres/s = 0.25 m*/s 

Dia. of bend at inlet and outlet, D,; = D, = 300 mm = 0.3 m 


Area, A, =A,= a D? = S x .3? = 0.07068 m? 


Velocity of water at sections (1) and (2), V= V, = V, = ——— = ——— = 3.537 m/s. 
“Area = .07068 


V3 sin 45° 





457 
PÂ, cos 45% 
(a) 


Fig. 6.21 


Force along x-axis 
= F= POLVI- Vox) + PuAi + PrAr 
where, V, = initial velocity in the direction of x = 3.537 m/s 
V,, = final velocity in the direction of x = — V, cos 45° = — 3.537 x .7071 
P\, = Pressure at section (1) in x-direction 
= 39.24 Nicm? = 39.24 x 10* N/m? 
Po, = pressure at section (2) in x-direction 
= p, cos 45° = 39.24 x 10* x .7071 
F, = 1000 x .25[3.537 — (— 3.537 x .7071)] + 39.24 x 10* x .07068 + 39.24 
x 10* x .07068 x .7071 
= 1000 x .25[3.537 + 3.537 x .7071] + 39.24 x 107 x .07068 [1 + .7071] 


iE 


= 1509.4 + 47346 = 48855.4 N 
Force along y-axis 
= Fy = PIV - Vayl + (PA); + (PA), 
where Vi, = initial velocity in y-direction = 0 
Voy = final velocity in y-direction = — V, sin 45° = 3.537 x .7071 
(PAD, = pressure force in y-direction = 0 
(P-A), = pressure force at (2) in y-direction 
-= — pA, sin 45° = — 39.24 x 10° x .07068 x .7071 
F, = 1000 x .25[0 - 3.537 x .7071] + 0 + (— 39.24 x 107 x 07068 x .7071) 


=- 625.2 - 19611.1 = — 20236.3 N 
—ve sign means F is acting in the downward direction 


Resultant force, Fg = VF + E 
= J48855.4° + 20236.3° 


= 52880.6 N. Ans. 
The direction of the resultant force Fg, with the x-axis is given as 


F z 20236.3 = 0.4142 
F,  48855.4 Fig. 6.22 

fi 0 = 22° 30’. Ans. 
Problem 6.31 A 300 mm diameter pipe carries water under a head of 20 metres with a velocity of 
3.5 m/s. If the axis of the pipe turns through 45°, find the magnitude and direction of the resultant force 
at the bend. 

Solution. Given : 


F, = 4980.1 





Fy = 2062.83 


Ne et ee a er 





tan 8 = 


Dia. of bend, D = D, = D, = 300 mm = 0.30 m 
Area, A=A,=A,= 1 D?= 7 x.3°= 0.07068 m? 
Velocity, V=V, = V,=3.5 m/s 
@ = 45° 
Discharge, Q = A x V = 0.07068 x 3.5 = 0.2475 m*/s 
Pressure head = 20m of water or H is 20 m of water 


p = 20 x pg = 20 x 1000 x 9.81 N/m? = 196200 N/m? 
Pressure intensity, P =P, = p2= 196200 N/m? 
Now Vix = 3.5 m/s, V3, = V, cos 45° = 3.5 x .7071 
Vis = 0, V3, = V, sin 45° = 3.5 x .7071 

(p}A\)x = P1Ay = 196200 x .07068, (p,A,), = 0 

(P2A2)x =- P2A2 COS 45°, (p22); = — PrAz sin 45° 
Force along x-axis, F= POLV- Vad + (P141) + (P2A2)x 

= 1000 x .2475[3.5 — 3.5 x .7071] + 196200 x .07068 — pA, x cos 45° 
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= 253.68 + 196200 x .07068 — 196200 x .07068 x 0.7071 
= 253.68 + 13871.34 — 9808.04 = 4316.98 N 
Force along y-axis, F, = pQ [Viy — Vay] + (p\Ay)y + (P2A2), 
-= 1000 x .2475[0 - 3.5 x .7071] + 0 + [- p,A, sin 45°] 
— 612.44 — 196200 x .07068 x .7071 
— 612.44 — 9808 = — 10420.44 N 


JF? +F2 = \(4316.98)* + (10420.44) = 11279 N. Ans. 


Pz Agsin 45° 





Resultant force Fr 


V2 sin 45° 





Fig. 6.23 
The angle made by Fp with x-axis 
P; 
tan 8 = — = AT 2.411 
F, 4316.98 


x 
Š 0 = tan™ 2.411 = 67° 28’. Ans. 
Problem 6.32 Jn a 45° bend a rectangular air duct of 1 m° cross-sectional area is gradually 
reduced to 0.5 m° area. Find the magnitude and direction of the force required to hold the duct in 
position if the velocity of flow at the 1 m° section is 10 m/s, and pressure is 2.943 N/cm?. Take density 
of air as 1.16 kg/m’. 
Solution. Given : 


Area at section (1), A,=I1m 
Area at section (2), A,=0.5 m? 
Velocity at section (1), V, = 10 m/s 
Pressure at section (1), Pp, = 2.943 N/em? = 2.943 x 10* N/m? = 29430 N/m? 
Density of air, p = 1.16 kg/m? 
Applying continuity equation at sections (1) and (2) 
A\V, =A,V, 
pemi = at x 10 = 20 m/s 
T 5 


|] 


Discharge Q=A,V,=1x10=10 m/s 





V2 sin 45° 





Fig. 6.24 
Applying Bernoulli’s equation at sections (1) and (2) 


AM Lm Ve {cz Z = Z} 
pe 2g pg 2g ' 


2.943x10* 10° _ p 20° 


+ = 24+ 
116x981 2x981 pg 2x981 

















P2 _ 2.94310" | 10° __20 
pg 116x981 2x981 2x981 
= 2586.2 + 5.0968 — 20.387 = 2570.90 m 
5 P2 = 2570.90 x 1.16 x 9.81 = 29255.8 N 
Force along x-axis, F, = pQ [Vix — Vox] + (PAP), + (P2A2), 
where Aix = 10 m/s, V3, = V cos 45° = 20 x .7071, 
(p yA), = PyAy = 29430 x 1 = 29430 N 
and = (pA), = — pA, cos 45° = — 29255.8 x 0.5 x .7071 
. F, = 1.16 x 10[{10 — 20 x .7071] + 29430 x 1 — 29255.8 x .5 x .7071 
= — 48.04 + 29430 — 10343.37 = 0 — 19038.59 N 
Similarly force along y-axis, F, = PQ[V,, — V2] + (PAP, + (P242); 
where Viy = 0, Va = V3 sin 45° = 20 x .7071 = 14.142 
(p\A,), = 0 and (p,A3), = — pA, sin 45° = — 29255.8 x .5 x .7071 = — 10343.37 
. F, = 1.16 x 10 [0 — 14.142] + 0 — 10343.37 
-= — 164.05 — 10343.37 = - 10507.42 N 


Resultant force, F= JF +F? = 4/(19038.6)° + (10507.42)? = 21746.6 N. Ans. 
The direction of F, with x-axis is given as 
F, . 
tan@=— = Dae = 0.5519 
A 19038.6 


@= tan! .5519 = 28° 53’. Ans. 
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Fp is the force exerted on bend. Hence the force required to hold the duct in position is equal to 
21746.6 N but it is acting in the opposite direction of Fp. Ans. 
Problem 6.33 A pipe of 300 mm diameter conveying 0.30 m°/s of water has a right angled bend in 
a horizontal plane. Find the resultant force exerted on the bend if the pressure at inlet and outlet of the 
bend are 24.525 N/cm? and 23.544 N/cm’. 

Solution. Given : 





Dia. of bend, D = 300 mm = 0.3 m 
Area, A=A,=A,= 7 (.3)? = 0.07068 m? 
Discharge, Q = 0.30 m/s 
Velocity, 
Fig. 6.25 
Angle of bend, 8 = 90° 


pı = 24.525 N/cm? = 24.525 x 10° N/m? = 245250 N/m? 
p> = 23.544 N/em? = 23.544 x 10* N/m? = 235440 N/m? 


Force on bend along x-axis F, = pQ [V,, — Vo,] + (pyA)), + (P22), 


where p = 1000, V,, = V, = 4.244 mis, V,, = 0 
(pA); = PyAy = 245250 x .07068 
(p2A2), =0 


F, = 1000 x 0.30 [4.244 — 0] + 245250 x .07068 + 0 
= 1273.2 + 17334.3 = 18607.5 N 
Force on bend along y-axis, F, = pQ [V,, — V2,] + (pjAy)y + (PoA2), 
where Vi, =0, Vo, = V,>=4.244 m/s 
(pA), = 0, (p2A>), = — prAy = — 235440 x .07068 = — 16640.9 
F= 1000 x 0.30[0 - 4.244] + 0 - 16640.9 
= — 1273.2 — 16640.9 = — 17914.1 N 


Resultant force, Fee JF + F? = 4/(18607.5)? + (17914-1) =- 25829.3 N 
F, 
and tan 8 = >= LAUN = ().9627 
F, 18607.5 


0 = 43° 54’. Ans. 
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Problem 6.34 A nozzle of diameter 20 mm is fitted to a pipe of diameter 40 mm. Find the force 
exerted by the nozzle on the water which is flowing through the pipe at the rate of 1.2 m’/minute. 
Solution. Given : 


Dia. of pipe, D, = 40 mm = 40 x 10° m = .04 m 

Area, A\= i D? = 3 (.04)? = 0.001256 m? 
Dia. of nozzle, D, = 20 mm = 0.02 m 

Area, Á;= 5 (.02)? = .000314 m? 
Discharge, Q = 1.2 m*/minute = aa m*/s = 0.02 m*/s 





Fig. 6.26 
Applying continuity equation at sections (1) and (2), 
A,V,=A,V,=Q 
ae 15.92 m/s 
A, 001256 
Q 0.2 
d V, = — = —— = 63.69 m/ 
= 2= "a, = "900314 = °F? BS 
Applying Bernoulli's equation at sections (1) and (2), we get 
PE gm re 
pg 28 pg 28 
Now Zi = Zo, Pos atmospheric pressure = 0 
E 
mw y 
Pg 2g 28 





po v v (63.69°) (15.927) 


pg 2g 2g 2x981 2x981 
= 193.83 m of water 





= 206.749 — 12.917 








Pi = 
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Let the force exerted by the nozzle on water = F, 
Net force in the direction of x= rate of change of momentum in the direction of x 
. PA, ~ PrAz + Fy = PQ(V2 — Vi) 

where p, = atmospheric pressure = 0 and p = 1000 


“. 1901472 x .001256 - 0 + F, = 1000 x 0.02(63.69 — 15.92) or 2388.24 + F, = 916.15 


y= — 2388.24 + 916.15 = — 1472.09. Ans. 


—ve sign indicates that the we exerted by the nozzle on water is acting from right to left. 


Problem 6.35 The diameter of a pipe gradually reduces from | m to 0.7 m as shown in Fig. 6.27. 
The pressure intensity at the centre-line of 1 m section 7.848 kN/m? and rate of flow of water through 
the pipe is 600 litres/s. Find the intensity of pressure at the centre-line of 0.7 m section. Also determine 


the force exerted by flowing water on transition of the pipe. 
Solution. Given : 
Dia. of pipe at section 1,  D,=1m 


Area, A, = S (1)? = 0.7854 m2 





Dia. of pipe at section 2, D,=0.7m 





Area, A, = $ (0.7)? = 0.3848 m? 
Pressure at section 1, Pp, = 7.848 kN/m? = 7848 N/m? 
Discharge, Q = 600 litres/s = Baan = 0.6 m*/s 

1000 
Applying continuity equation, 
A,V, = A,V>= Q 
V= 2 = Gs = 0.764 m/s 
A, 0.7854 
V= Q = ae = 1.55 m/s 
“A, = 3854 


Applying Bernoulli’s equation at sections (1) and (2), 


VY hv 
deg FEE Va {¢ pipe is horizontal, 


pg 2g pg 2g 


7848 (.764)" _ ps | (155° 


or — 
1000x981 2x981 pg 2x981 


Z, = 2} 
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l ET (764) (1.55) 
pg 2x981 2x981 
= 0.8 + 0.0297 — 0.122 = 0.7077 m of water 
pa = 0.7077 x 9.81 x 1000 
= 6942.54 N/m? or 6.942 kN/m?. Ans. 
Let F, = the force exerted by pipe transition on the flowing water in the direction of flow 








Then net force in the direction of flow = rate of change of momentum in the direction of flow 


or P\A, — p2oA2 + Fy = p(V2 - Vj) 
7848 x .7854 — 6942.54 x .3848 + F, = 1000 x 0.6[1.55 — .764] 


or 6163.8 — 2671.5 + F, = 471.56 
: F, = 471.56 — 6163.8 + 2671.5 = — 3020.74 N 
The force exerted by water on pipe transition 
= — F, = — (— 3020.74) = 3020.74 N. Ans. 


> 6.9 MOMENT OF MOMENTUM EQUATION 


Moment of momentum equation is derived from moment of momentum principle which states that 
the resulting torque acting on a rotating fluid is equal to the rate of change of moment of momentum. 


Let V, = velocity of fluid at section 1, 
r, = radius of curvature at section 1, 
QO = rate of flow of fluid, 
p = density of fluid, 
and V, and r, = velocity and radius of curvature at section 2 
Momentum of fluid at section 1 = mass X velocity = pQ X V,/s 
Moment of momentum per second at section 1, 
=pQxV, xr, 
Similarly moment of momentum per second of fluid at section 2 
=p0x V Xr 
Rate of change of moment of momentum 
= PQVzr2 — POVir, = PQLVar - Viri] 
According to moment of momentum principle 
Resultant torque = rate of change of moment of momentum 
or T= pQ[Vrrz—- Viri] ..(6.23) 
Equation (6.23) is known as moment of momentum equation. This equation is applied : 


1. For analysis of flow problems in turbines and centrifugal pumps. 
2. For finding torque exerted by water on sprinkler. 


Problem 6.36 A lawn sprinkler with two nozzles of diameter 4 mm each is connected across a tap 
of water as shown in Fig. 6.28. The nozzles are at a distance of 30 cm and 20 cm from the centre of the 
tap. The rate of flow of water through tap is 120 cm/s, The nozzles discharge water in the downward 
direction. Determine the angular speed at which the sprinkler will rotate free. 
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Solution. Given : |+-20 cm—>|«——- 30 cm—>| 


Dia. of nozzles A and B, 20 —s B 
D = D, = Dg= 4 mm = .004 m o 
Area, A= ~ (.004)?=.00001256m? — | | 
4 Fig. 6.28 
Discharge Q = 120 cm*/s 
Assuming the discharge to be equally divided between the two nozzles, we have 
0 
Q, = Op= e = > = 60 cm*/s = 60 x 10° m*/s 
Velocity of water at the outlet of each nozzle, 
-6 
Va = Vg= Qa = Sanur 4.777 m/s. 
A .00001256 


The jet of water coming out from nozzles A and B is having velocity 4.777 m/s. These jets of water 
will exert force in the opposite direction, i.e., force exerted by the jets will be in the upward direction. 
The torque exerted will also be in the opposite direction. Hence torque at B will be in the anti-clockwise 
direction and at A in the clockwise direction. But torque at B is more than the torque at A and hence 
sprinkle, if free, will rotate in the anti-clockwise direction as shown in Fig. 6.28. 

Let œ = angular velocity of the sprinkler. 

Then absolute velocity of water at A, 

V= V, +0Xr; 
where r, = distance of nozzle A from the centre of tap 
= 20 cm = 0.2 m {@ X r4 = tangential velocity due to rotation } 
V, = (4.777 + @ x 0.2) m/s 

Here œ X r, is added to V, as V, and tangential velocity due to rotation (@ x r,) are in the same 
direction as shown in Fig. 6.28. 

Similarly, absolute velocity of water at B, 

V> = Vg — tangential velocity due to rotation 
= 4.777 -@X rp {where rg = 30 cm = 0.3 m} 
= (4.777 — @ x 0.3) 
Now applying equation (6.23), we get 
T= pQIVyr,- Virq] Here r3 = rg, Fi = TA 
= PQ4[Vorg - Vira) Q=Q,=Q, 
= 1000 x 60 x 10°° [(4.777 x 0.3 œ) x .3 — (4.777 + 0.2 @) x .2] 

The moment of momentum of the fluid entering sprinkler is given zero and also there is no external 

torque applied on the sprinkler. Hence resultant external torque is zero, i.e., T= 0 
1000 x 60 x 10°° [(4.777 - 0.3 @) x .3 - (4.777 + 0.2 @) x .2] =0 


or (4.777 — 0.3 @) x 0.3 — (4.777 + 0.2 @) x .2=0 
or 4.777 x .3 — .09 w- 4.777 x .2 - 04 0 = 0 
or 0.1 x 4.777 = (.09 + .04)@ = .13 œ 
Q= aur = 3.6746 rad/s. Ans. 
0.13 
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Problem 6.37 A lawn sprinkler shown in Fig. 6.29 has 0.8 cm diameter nozzle at the end of a 
rotating arm and discharges water at the rate of 10 m/s velocity. Determine the torque required to hold 
the rotating arm stationary. Also determine the constant speed of rotation of the arm, if free to 


rotate. 
Solution. Dia. of each nozzle = 0.8 cm = .008 m 20 cm 25 cm ho misec 
Area of each nozzle = = (.008)" = 00005026 m? p 
Velocity of flow at each nozzle = 10 m/s. B = 
Discharge through each nozzle, 
Q = Area X Velocity bp m/sec 


= .00005026 x 10 = .0005026 m*/s Fig. 6.29 


Torque exerted by water coming through nozzle A on the sprinkler = moment of momentum of 
water through A 


=r, XP XQ x V, = 0.25 x 1000 x .0005026 x 10 clockwise 
Torque exerted by water coming through nozzle B on the sprinkler 
= rg X P X Q X Vp = 0.20 x 1000 x .0005026 x 10 clockwise 
Total torque exerted by water on sprinkler 
= .25 x 1000 x .0005026 x 10 + .20 x 1000 x .0005026 x 10 
= 1.2565 + 1.0052 = 2.26 Nm 
Torque required to hold the rotating arm stationary = Torque exerted by water on sprinkler 
= 2.26 Nm. Ans. 
Speed of rotation of arm, if free to rotate 
Let @ = speed of rotation of the sprinkler 
The absolute velocity of flow of water at the nozzles A and B are 
V, = 10.0 — 0.25 x w and V, = 10.0 — 0.20 x @ 
Torque exerted by water coming out at A, on sprinkler 
=r,xpxQx V, = 0.25 x 1000 x .0005026 x (10 — 0.25 o) 
= 0.12565 (10 — 0.25 @) 
Torque exerted by water coming out at B, on sprinkler 
= rg X P X Q x V, = 0.20 x 1000 x .0005026 x (10.0 - 0.2 œ) 
= 0.10052 (10.0 - 0.2 œ) 
.. Total torque exerted by water = 0.12565 (10.0 — 0.25 œ) + 0.10052 (10.0 — 0.2 œ) 


Since moment of momentum of the flow entering is zero and no external torque is applied on 
sprinkler, so the resultant torque on the sprinkler must be zero. 


~. 0.12565 (10.0 — 0.25 @) + 0.10052(10.0 — 0.2 @) =0 
1.2565 — 0.0314 w + 1.0052 — 0.0201 œ = 0 
1.2565 + 1.0052 = œ (0.0314 + 0.0201) 
2.2617 = 0.0515 @ 


2.2617 
Q= 
0.0515 





= 43.9 rad/s. Ans. 
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> 6.10 FREE LIQUID JETS 


Free liquid jet is defined as the jet of water coming out from the nozzle in atmosphere. The path 
travelled by the free jet is parabolic. 

Consider a jet coming from the nozzle as shown in Fig. 6.30. Let the jet at A, makes an angle 8 with 
the horizontal direction. If U is the velocity of jet of water, then the horizontal component and vertical 
component of this velocity at A are U cos @ and U sin 8. 

Consider another point P(x, y) on the centre line of the jet. The co-ordinates of P from A are x and y. 
Let the velocity of jet at P in the x- and y-directions are u and v. Let a liquid particle takes time ‘f to reach 
from A to P. Then the horizontal and vertical distances travelled by the liquid particle in time ‘? are : 






TRAJECTORY 
PATH 


Fig. 6.30 Free liquid jet. 


x = velocity component in x-direction X t 


=Ucos@xt wh 
and y = (vertical component in y-direction X time — 5 gr) 
1 
=U sin@ x t- Š gr ...(ii) 


{ Horizontal component of velocity is constant while the vertical distance is affected by gravity} 





From equation (i), the value of f is given as f = 











U cos@ 
Substituting this value in equation (ii) 
y=Usin@x E -a Sig : "aana 
U cos® 2 U cos 8 cos® 2U- cos“ @ 
=x tan 0- gx 5 sec?’ 0 i ak = sec” o} (6.24) 
2U~ cos’ 0 


Equation (6.24) gives the variation of y with the square of x. Hence this is the equation of a parabola. 
Thus the path travelled by the free jet in atmosphere is parabolic. 
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(i) Maximum height attained by the jet. Using the relation y? - v? = — 2gS, we get in this 
case V, = 0 at the highest point 
V, = Initial vertical component 
=U sin 8 
—ve sign on right hand side is taken as g is acting in the downward direction but particles is moving up. 
i 0-(U sin 0 =-2gxS 
where S is the maximum vertical height attained by the particle. 


or ~ U’ sin’@ = - 2g 
S= E ...(6.25) 


(ii) Time of flight. It is the time taken by the fluid particle in reaching from A to B as shown in 
Fig. 6.30. Let T is the time of flight. 


l 
Using equation (ii), we have y= U sin 0 Xt- — gr 
when the particle reaches at B, y=0andt=T 


z. Above equation becomes as0 = U sin 0 x T- 58 xT 


or 0=U sin 0- set {Cancelling T} 


_ 2U sin® 


or T ...(6.26) 


8 
(iii) Time to reach highest point. The time to reach highest point is half the time of flight. Let 7* 
is the time to reach highest point, then 


T= E 2U sin 7 U sin® 
2 gx2 g 

(iv) Horizontal range of the jet. The total horizontal distance travelled by the fluid particle is 

called horizontal range of the jet, i.e., the horizontal distance AB in Fig. 6.30 is called horizontal range 


of the jet. Let this range is denoted by x*. 


...(6.27) 





Then x* = velocity component in x-direction 

x time taken by the particle to reach from A to B 
= U cos 0 x Time of flight 

i 2U sin® 
Z U cos o x 2U Sin {vt | 

g £ 
= äl 2 cos 9 sin 8 = Pi 20 .. (6.28) 

g E 


(v) Value of 6 for maximum range. The range x* will be maximum for a given velocity of 
projection (U), when sin 20 is maximum 
or when sin 20 = | or sin 20 = sin 90° = 

: 20 = 90° or 8 = 45° 


> 


Then maximum range, X* jay = Uam 0= y {> sin 90° = 1} ...(6.29) 
8 8g 


im 
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Problem 6.38 A vertical wall is of 8 m in height. A jet of water is coming out from a nozzle with 
a velocity of 20 m/s. The nozzle is situated at a distance of 20 m from the vertical wall. Find the angle 
of projection of the nozzle to the horizontal so that the jet of water just clears the top of the wall. 


Solution. Given : 

Height of wall =8m 
Velocity of jet, U = 20 m/s 
Distance of jet from wall,  x»«=20m 
Let the required angle =6 
Using equation (6.24), we have 


y=xtan 0- 8x sec? 
207 








where y = 8 m, x = 20 m, U = 20 m/s 


8 = 20 tan 8 — poe sec? 0 
2x20? 

= 20 tan 0 — 4.905 sec? @ 

= 20 tan 6 ~ 4.905 [1 + tan? 6] {~ sec? @ = 1 + tan? 6} 

= 20 tan 0 — 4.905 — 4.905 tan? 6 
or 4.905 tan? 6 — 20 tan 0 + 8 + 4.905 = 0 
or 4.905 tan? 6 — 20 tan 0 + 12.905 = 0 

ernie 20+ 20? = 4x 12.905 x 4.905 _ 20+ 400 - 25319 
2 x 4.905 9.81 


_ 20414681 — 20412116 _ 32116 7.889 


— or 
9.81 9.81 9.81 9.81 
= 3.273 or 0.8036 

s 6 = 73° 0.8’ or 38° 37’. Ans. 
Problem 6.39 A fire-brigade man is holding a fire stream nozzle of 50 mm diameter as shown in 
Fig. 6.32. The jet issues out with a velocity of 13 m/s and strikes the window. Find the angle or angles 
of inclination with which the jet issues from the nozzle. What will be the amount of water falling on the 
window ? 

Solution. Given : 


Dia. of nozzle, d= 50 mm = .05 m 
Area, A= T05)? = 0.001963 m? 
Velocity of jet, U = 13 m/s. 


The jet is coming out from nozzle at A. It strikes the window 
and let the angle made by the jet at A with horizontal is equal to 8. 
The co-ordinates of window, with respect to origin at A. 
x=5m,ý=7.5-1.5=6.0m 
The equation of the jet is given by (6.24) as 





y=xtan ð- Be sec? 0 
2U- 


9.81x5 





or 6.0 = 5 x tan 0 - ~ [1 + tan? 6] { sec? @ = 1 + tan? 6} 
213° 
or 6.0 = 5 tan 0 — .7256 (1 + tan’ @) 
= 5 tan 6 — .7256 — .7256 tan’ @ 
or 0.7256 tan? 0 — 5 tan 0 + 6 + .7256 = 0 
or 0.7256 tan? @ — 5 tan 0 + 6.7256 = 0 


This is a quadratic equation in tan 8. Hence solution is 


5+ ae — 4x .7256 x 6.7256 


2 x .7256 


S£V25-1952  §+2.341 
1.4512 14512 
= tan | 5.058 or tan! 1.8322 = 78.8° or 61.37°. Ans. 
Amount of water falling on window = Discharge from nozzle 


= 5.058 or 1.8322 


= Area of nozzle x Velocity of jet at nozzle 

= 0.001963 x U = 0.001963 x 13.0 = 0.0255 m*/s. Ans. 
Problem 6.40 A nozzle is situated at a distance of | m above the ground level and is inclined at an 
angle of 45° to the horizontal. The diameter of the nozzle is 50 mm and the jet of water from the nozzle 
strikes the ground at a horizontal distance of 4 m. Find the rate of flow of water. 


Solution. Given : 4m 
Distance of nozzle above ground = | m JET 
Angle of inclination, 0 =45° 
Dia. of nozzle, d= 50 mm = .05 m A'K45° 

9 1m 

Area, A= Tos» = 001963 m? 
i B 

The horizontal distance x=4m Fig. 6.33 


The co-ordinates of the point B, which is on the centre-line of the jet of water and is situated on the 
ground, with respect to A (origin) are 
x= 4m and y =- 1.0 m {From A, point B is vertically down by 1 m} 


The equation of the jet is given by (6.24) as y = x tan 8 — a sec” @ 





Substituting the known values as 





fh a BR AE epi 
2U? 
l | 
78.48 2 sec 45° = ——__ = —_ = 2 
ah x (v2) cos45° 1l- 
2 


- oag- ea or Cue =+40+10=5.0 
U- U- 
V= 78.48 x 2.0 = 31.39 
5.0 
os U = 431.39 = 5.60 m/s 
Now the rate of flow of fluid = Area x Velocity of jet 
= A xX U = .001963 x 5.6 m*/sec 
= 0.01099 = .011 m’/s. Ans. 
Problem 6.41 A window, in a vertical wall, is at a distance of 30 m above the ground level. A jet of 
water, issuing from a nozzle of diameter 50 mm is to strike the window. The rate of flow of water through 
the nozzle is 3.5 m*/minute and nozzle is situated at a distance of 1 m above ground level. Find the 
greatest horizontal distance from the wall of the nozzle so that jet of water strikes the window. 
Solution. Given : 
Distance of window from ground level = 30 m 


Dia. of nozzle, d=50 mm = 0.05 m 
Area A= T05)? = 0.001963 m? 
The discharge, Q = 3.5 m*/minute 
35 





= — =0,0583 m*/s 
60 


Distance of nozzle from ground= | m. Fig. 6.34 
Let the greatest horizontal distance of the nozzle from the wall = x and let angle of inclination = 0. 
If the jet reaches the window, then the point B on the window is on the centre-line of the jet. The 


co-ordinates of B with respect to A are 
x=x, y=30-10=29m 
Discharge Q 0583 








The velocity of jet, U= — —=—= = 29.69 m/sec 
Area A .001963 
Using the equation (6.34), which is the equation of jet, 
y=xtan @- 8x sec” 0 
2U~ 
or 29.0 = x tan 6 - N sec” 0 
2 x (29.69)? 
= x tan 8- 0.0055 sec? 0 x x° 
=xtanĝ- POST 
cos’ 8 
x tan @— 0055 x°/cos@ — 29 = 0 wi) 


The maximum value of x with respect to 6 is obtained, by differentiating the above equation w.r.t. 
x 
6 and substituting the value of — = 0. Hence differentiating the equation (7) w.r.t. 6, we have 


1 dx 
z— X2x— 
cos“ 0 «| 








x sec? o+tanox | - 0.0055 | x? «( c2 Jc sin®)+ 
dð cos’ 0 


|] 


mi 


ie Oa a =. -v f(s : = (x") 
de dð dð | cos“ 8 dð \cos*0/ cos” 8 dO 











2 dx 2x’ sin® pa de 
x sec” 8 + tan a — .0055 mee eae bade |" 


. dx 
For maximum value of x, w.r.t. 8, we have = 0 


Substituting this value in the above equation, we have 


x sec? @ — .0055 cane ai 





























cos? 0 
or z EE a ap or roxa e 
cos’ 6 cos’ 6 cos8 
or x= .011 tan @=0 or 1-.011 x tan6=0 
or xtan@= zE. = 90.9 ...(ii) 
O11 
or dine Atti) 
tan 
Substituting this value of x in equation (i), we get 
2 
WS sun = ia Se eh 
tan tan“0 cos 6 
90.9 - ae -29=0 or 61.9- AIAS =0 
sin’ 8 sin“ 8 
or 61.9 = eae or an pS cos 
sin’ 6 61.90 
sin 8 = 40.7341 = 0.8568 
@ = tan! .8568 = 58° 57.8’ 
Substituting this value of 6 in equation (iii), we get 
ges 90.9 90.9 _ 909 _ 90.9 = 54.759 m 


tan® tan 58°57.8’ tan 58.95 L66 
= 54.76 m. Ans. 


| 
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HIGHLIGHTS 


1. The study of fluid motion with the forces causing flow is called dynamics of fluid flow, which is 


2 


3 


4. 


analysed by the Newton’s second law of motion. 

Bernoulli's equation is obtained by integrating the Euler’s equation of motion. Bernoulli’s equation states 
“For a steady, ideal flow of an incompressible fluid, the total energy which consists of pressure energy, 
kinetic energy and datum energy, at any point of the fluid is constant’. Mathematically, 


2 2 
Py Me +2, = Po 2 +z% 
pg 2g pg 28 
where 2 = pressure energy per unit weight = pressure head 
ps 
1 


= kinetic energy per unit weight = kinetic head 


zı = datum energy per unit weight = datum head. 
Bernoulli's equation for real fluids 


2 2 

fi ele +Z,= Poy +2, +h, 
pg 2g pg 2g 

where h, = loss of energy between sections | and 2. 

The discharge, Q, through a venturimeter or an orifice meter is given by 


aa, 


em TE sa x J2gh 


where a, = area at the inlet of venturimeter, 
d, = area at the throat of venturimeter, 
C,, = co-efficient of venturimeter, 
h = difference of pressure head in terms of fluid head flowing through venturimeter. 


The value of h is given by differential U-tube manometer 
S, 
h=x B = | ... (when differential manometer contains heavier liquid) 
0 
S, ‘ : ae std 
h=xj1l-— ..(when differential manometer contains lighter liquid) 
o 


S, 
h= fa +2 - (2 + za) =x|=-—1|  ...(for inclined venturimeter in which differential manometer 
pg ps S 


contains heavier liquid) 


h= (a+ 2 ) -(2 +25 }- ef = ž] -„(for inclined venturimeter in which differential manometer 
ps pg So 
contains lighter liquid) 
where x = difference in the readings of differential manometer, 
5), = sp. gr. of heavier liquid 
S, = sp. gr. of fluid flowing through venturimeter 
S, = sp. gr. of lighter liquid. 
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Pitot-tube is used to find the velocity of a flowing fluid at any point in a pipe or a channel. The velocity 
is given by the relation 


V =C, J2gh 


where C, = co-efficient of Pitot-tube 
h = rise of liquid in the tube above free surface of liquid 


S 
= x| *-1]| (for pipes or channels). 
So 
The momentum equation states that the net force acting on a fluid mass is equal to the change in momen- 


tum per second in that direction. This is given as F = £ om) 


The impulse-momentum equation is given by F . dt = d(my). 
The force exerted by a fluid on a pipe bend in the directions of x and y are given by 


S 





F,= rhe (Initial velocity in the direction of x — Final velocity in x-direction) 
sec 


+ Initial pressure force in x-direction + Final pressure force in x-direction 
= POLV- Vad + (PA) + (PA) 
and F; n pal, 2 Va] + (P\A\), T (P2A3), 


Resultant force, Fr= VF + F? 
me 
F 


and the direction of the resultant with horizontal is tan 0 = —— 
x 


The force exerted by the nozzle on the water is given by F, = pQ[V,, —V,,] 
and force exerted by the water on the nozzle is = — F, = pQ[V,, — V3,]. 
Moment of momentum equation states that the resultant torque acting on a rotating fluid is equal to the 
rate of change of moment of momentum. Mathematically, it is given by T= pQ[V,r, — V\r)]- 
Free liquid jet is the jet of water issuing from a nozzle in atmosphere. The path travelled by the free jet is 
parabolic. The equation of the jet is given by 
x? 2 
y =xtan 0 — S-ysec" 

where x, y = co-ordinates of any point on jet w.r.t. to the nozzle 

U = velocity of jet of water issuing from nozzle 

8 = inclination of jet issuing from nozzle with horizontal. 


U* sin? 
(i) Maximum height attained by jet = ————— 


(i) Time of flight, 7 = 270? 


(iii) Time to reach highest point, T* = > al we 
8 





2 
(iv) Horizontal range of the jet, x* = U m 20 
8 


(v) Value of 6 for maximum range, 8 = 45° 
(vi) Maximum range, x")... = Ug. 
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EXERCISE 


(A) THEORETICAL PROBLEMS 


Name the different forces present in a fluid flow, For the Euler’s equation of motion, which forces are 
taken into consideration. 
What is Euler's equation of motion ? How will you obtain Bernoulli’s equation from it ? 
Derive Bernoulli's equation for the flow of an incompressible frictionless fluid from consideration of 
momentum. 
State Bernoulli's theorem for steady flow of an incompressible fluid. Derive an expression for Bernoulli's 
theorem from first principle and state the assumptions made for such a derivation. 
What is a venturimeter ? Derive an expression for the discharge through a venturimeter. 
Explain the principle of venturimeter with a neat sketch, Derive the expression for the rate of flow of fluid 
through it. 
Discuss the relative merits and demerits of venturimeter with respect to orifice-meter. 

(Delhi University, Dec. 2002) 
Define an orifice-meter. Prove that the discharge through an orifice-meter is given by the relation 


O=C, a =x 2gh 


aj = a 

where a = area of pipe in which orifice-meter is fitted 

ay = area of orifice (Technical University of M.P., S 2002) 
What is a pitot-tube ? How will you determine the velocity at any point with the help of pitot-tube ? 

(Dethi University, Dec. 2002) 

What is the difference between pitot-tube and pitot-static tube ? 
State the momentum equation. How will you apply momentum equation for determining the force exerted 
by a flowing liquid on a pipe bend ? 
What is the difference between momentum equation and impulse momentum equation. 
Define moment of momentum equation. Where this equation is used. 
What is a free jet of liquid ? Derive an expression for the path travelled by free jet issuing from a nozzle. 
Prove that the equation of the free jet of liquid is given by the expression, 


> 
á 


y=xtan ð- AT’ 0 





where x, y = co-ordinates of a point on the jet 
U = velocity of issuing jet 
6 = inclination of the jet with horizontal. 
Which of the following statement is correct in case of pipe flow : 
(a) flow takes place from higher pressure to lower pressure ; 
(b) flow takes place from higher velocity to lower velocity ; 
(c) flow takes place from higher elevation to lower elevation ; 
(d) flow takes place from higher energy to lower energy. 
Derive Euler’s equation of motion along a stream line for an ideal fluid stating clearly the assumptions. 
Explain how this is integrated to get Bernoulli's equation along a stream-line. 
State Bernoulli's theorem. Mention the assumptions made. How is it modified while applying in 
practice? List out its engineering applications. 
Define continuity equation and Bernoulli's equation. 
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What are the different forms of energy in a flowing fluid ? Represent schematically the Bernoulli’s 
equation for flow through a tapering pipe and show the position of total energy line and the datum line. 
Write Euler’s equation of motion along a stream line and integrate it to obtain Bernoulli’s equation. 
State all assumptions made. 

Describe with the help of sketch the construction, operation and use of Pitot-static tube. 

Starting with Euler’s equation of motion along a stream line, obtain Bernoulli's equation by its integration. 
List all the assumptions made. 

State the different devices that one can use to measure the discharge through a pipe and also through an 
open channel. Describe one of such devices with a neat sketch and explain how one can obtain the actual 
discharge with its help? 

Derive Bernoulli's equation from fundamentals. 


(B) NUMERICAL PROBLEMS 


Water is flowing through a pipe of 100 mm diameter under a pressure of 19.62 N/cm? (gauge) and with 
mean velocity of 3.0 m/s. Find the total head of the water at a cross-section, which is 8 m above the datum 
line. [Ans. 28.458 m] 
A pipe, through which water is flowing is having diameters 40 cm and 20 cm at the cross-sections | and 2 
respectively. The velocity of water at section 1 is given 5.0 m/s. Find the velocity head at the sections 1 
and 2 and also rate of discharge. [Ans. 1.274 m ; 20.387 m ; 0.628 m°/s] 
The water is flowing through a pipe having diameters 20 cm and 15 cm at sections | and 2 respectively. 
The rate of flow through pipe is 40 litres/s. The section | is 6 m above datum line and section 2 is 3 m 
above the datum. If the pressure at section | is 29.43 N/cm, find the intensity of pressure at section 2. 
[Ans. 32.19 N/cm°] 
Water is flowing through a pipe having diameters 30 cm and 15 cm at the bottom and upper end respec- 
tively. The intensity of pressure at the bottom end is 29.43 N/cm? and the pressure at the upper end is 
14.715 N/em®. Determine the difference in datum head if the rate of flow through pipe is 50 lit/s. 
[Ans. 14.618 m] 
The water is flowing through a taper pipe of length 50 m having diameters 40 cm at the upper end and 
20 cm at the lower end, at the rate of 60 litres/s. The pipe has a slope of 1 in 40. Find the pressure at the 
lower end if the pressure at the higher level is 24.525 N/cm’. [Ans. 25.58 N/cm’] 
A pipe of diameter 30 cm carries water at a velocity of 20 m/sec. The pressures at the points A and B are 
given as 34.335 N/cm? and 29.43 N/cm? respectively, while the datum head at A and B are 25 m and 28 m. 
Find the loss of head between A and B. [Ans. 2 m] 
A conical tube of length 3.0 m is fixed vertically with its smaller end upwards. The velocity of flow at the 
smaller end is 4 m/s while at the lower end it is 2 m/s. The pressure head at the smaller end is 2.0 m of 
liquid. The loss of head in the tube is 0.95 (v, — v,)2¢, where v} is the velocity at the smaller end and v, 
at the lower end respectively. Determine the pressure head at the lower end. Flow takes place in downward 
direction. [Ans. 5.56 m of fluid] 
A pipe line carrying oil of specific gravity 0.8, changes in diameter from 300 mm at a position A to 
500 mm diameter to a position B which is 5 m at a higher level. If the pressures at A and B are 19.62 
N/cm? and 14.91 N/cm? respectively, and the discharge is 150 litres/s, determine the loss of head and 
direction of flow. {Ans. 1.45 m, Flow takes place from A to B] 
A horizontal venturimeter with inlet and throat diameters 30 cm and 15 cm respectively is used to 
measure the flow of water. The reading of differential manometer connected to inlet and throat is 10 cm 
of mercury. Determine the rate of flow. Take C, = 0.98. [Ans. 88.92 litres/s] 
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An oil of sp. gr. 0.9 is flowing through a venturimeter having inlet diameter 20 cm and throat diameter 
10 cm. The oil-mercury differential manometer shows a reading of 20 cm. Calculate the discharge of oil 
through the horizontal venturimeter. Take C,, = 0.98. [Ans. 59.15 litres/s] 
A horizontal venturimeter with inlet diameter 30 cm and throat diameter 15 cm is used to measure the flow 


of oil of sp. gr. 0.8, The discharge of oil through venturimeter is 50 litres/s, find the reading of the oil- 
mercury differential manometer. Take C, = 0.98. [Ans. 2.489 cm] 
A horizontal venturimeter with inlet diameter 20 cm and throat diameter 10 cm is used to measure the flow 
of water. The pressure at inlet is 14.715 N/cm? and vacuum pressure at the throat is 40 cm of mercury. Find 
the discharge of water through venturimeter. [Ans. 162.539 lit./s] 
A 30 cm X 15 cm venturimeter is inserted in a vertical pipe carrying water, flowing in the upward direction. 
A differential mercury manometer connected to the inlet and throat gives a reading of 30 cm. Find the 


discharge. Take C, = 0.98. [Ans. 154.02 lit/s] 
If in the problem 13, instead of water, oil of sp. gr. 0.8 is flowing through the venturimeter, determine the 
rate of flow of oil in litres/s. [Ans. 173.56 lit/s] 


The water is flowing through a pipe of diameter 30 cm. The pipe is inclined and a venturimeter is inserted 
in the pipe. The diameter of venturimeter at throat is 15 cm. The difference of pressure between the inlet 
and throat of the venturimeter is measured by a liquid of sp. gr. 0.8 in an inverted U-tube which gives a 
reading of 40 cm. The loss of head between the inlet and throat is 0.3 times the kinetic head of the pipe. 
Find the discharge. [Ans. 22.64 lit./s] 
A 20 x 10 cm venturimeter is provided in a vertical pipe line carrying oil of sp. gr. 0.8, the flow being 
upwards. The difference in elevation of the throat section and entrance section of the venturimeter is 
50 cm. The differential U’-tube mercury manometer shows a gauge deflection of 40 cm. Calculate ; (7) the 
discharge of oil, and (ii) the pressure difference between the entrance section and the throat section. 
Take C,, = 0.98 and sp. gr. of mercury as 13.6. [Ans. (i) 89.132 lit/s, (ii) 5.415 N/em’] 
In a 200 mm diameter horizontal pipe a venturimeter of 0.5 contraction ratio has been fixed. The head of 
water on the venturimeter when there is no flow is 4 m (gauge). Find the rate of flow for which the throat 
pressure will be 4 metres of water absolute. Take C, = 0.97 and atmospheric pressure head = 10.3 m of 
water. [Ans. 111.92 lit/s] 
An orifice meter with orifice diameter 15 cm is inserted in a pipe of 30 cm diameter. The pressure gauges 
fitted upstream and downstream of the orifice meter give readings of 14.715 N/cm? and 9.81 N/cm? 
respectively. Find the rate of flow of water through the pipe in litres/s. Take C, = 0.6. [Ans. 108.434 lit/s] 
If in problem 18, instead of water, oil of sp. gr. 0.8 is flowing through the orifice meter in which the 
pressure difference is measured by a mercury oil differential manometer on the two sides of the orifice 
meter, find the rate of flow of oil when the reading of manometer is 40 cm. [Ans. 122.68 lit/s] 
The pressure difference measured by the two tappings of a pitot-static tube, one tapping pointing upstream 
and other perpendicular to the flow, placed in the centre of a pipe line of diameter 40 cm is 10 cm of water. 
The mean velocity in the pipe is 0.75 times the central velocity. Find the discharge through the pipe. Take 
co-efficient of pitot-tube as 0.98. [Ans. 0.1293 m? Is] 


Find the velocity of flow of an oil through a pipe, when the difference of mercury level in a differential 
U-tube manometer connected to the two tappings of the pitot-tube is 15 cm. Take sp. gr. of oil = 0.8 and 
co-efficient of pitot-tube as 0.98. [Ans. 6.72 m/s] 


A sub-marine moves horizontally in sea and has its axis 20 m below the surface of water. A pitot-static 
tube placed in front of sub-marine and along its axis, is connected to the two limbs of a U-tube 
containing mercury. The difference of mercury level is found to be 20 cm. Find the speed of sub-marine. 
Take sp. gr. of mercury 13.6 and of sea-water 1.026. [Ans. 24.958 km/hr. } 
A 45° reducing bend is connected in a pipe line, the diameters at the inlet and outlet of the bend being 


40 cm and 20 cm respectively. Find the force exerted by water on the bend if the intensity of pressure 
at inlet of bend is 21.58 N/cm?. The rate of flow of water is 500 litres/s. [Ans. 22696.5 N ; 20° 3.5’] 


mi 


l 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 





The discharge of water through a pipe of diameter 40 cm is 400 litres/s. If the pipe is bend by 135°, find 
the magnitude and direction of the resultant force on the bend. The pressure of flowing water is 
29.43 N/cm?. [Ans. 7063.2 N, 6 = 22° 29.9’ with x-axis clockwise] 
A 30 cm diameter pipe carries water under a head of 15 metres with a velocity of 4 m/s. If the axis of the 
pipe turns through 45°, find the magnitude and direction of the resultant force at the bend. 

{Ans. 8717.5 N, 6 = 67° 30’] 
A pipe of 20 cm diameter conveying 0.20 m’/sec of water has a right angled bend in a horizontal plane. 
Find the resultant force exerted on the bend if the pressure at inlet and outlet of the bend are 22.563 N/cm? 
and 21.582 N/cm? respectively. [Ans. 11604.7 N, @ = 43° 54.2’] 
A nozzle of diameter 30 mm is fitted to a pipe of 60 mm diameter. Find the force exerted by the nozzle on 
the water which is flowing through the pipe at the rate of 4.0 m°/minute. [Ans. 7057.7 N] 
A lawn sprinkler with two nozzles of diameters 3 mm each is connected across a tap of water. The nozzles 
are at a distance of 40 cm and 30 cm from the centre of the tap, The rate of water through tap is 
100 cm*/s. The nozzle discharges water in the downward directions. Determine the angular speed at which 
the sprinkler will rotate free. [Ans. 2.83 rad/s] 
A lawn sprinkler has two nozzles of diameters 8 mm each at the end of a rotating arm and the velocity of 
flow of water from each nozzle is 12 m/s. One nozzle discharges water in the downward direction, while 
the other nozzle discharges water vertically up. The nozzles are at a distance of 40 cm from the centre of 
the rotating arm. Determine the torque required to hold the rotating arm stationary. Also determine the 
constant speed of rotation of arm, if it is free to rotate. [Ans. 5.78 Nm, 30 rad/s] 
A vertical wall is of 10 m in height. A jet of water is issuing from a nozzle with a velocity of 25 m/s. The 
nozzle is situated at a horizontal distance of 20 m from the vertical wall. Find the angle of projection of the 
nozzle to the horizontal so that the jet of water just clears the tap of the wall. [Ans, 79° 55’ or 36° 41°] 
A fire-brigade man is holding a fire stream nozzle of 50 mm diameter at a distance of | m above the ground 
and 6 m from a vertical wall. The jet is coming out with a velocity of 15 m/s. This jet is to strike a window, 
situated at a distance of 10 m above ground in the vertical wall. Find the angle or angles of inclination with 
the horizontal made by the jet, coming out from the nozzle. What will be the amount of water falling on the 
window ? [Ans. 79° 16.7’ or 67° 3.7’ ; 0.0294 m*/s] 
A window, in a vertical wall, is at a distance of 12 m above the ground level. A jet of water, issuing from 
a nozzle of diameter 50 mm, is to strike the window, The rate of flow of water through the nozzle is 
40 litres/sec. The nozzle is situated at a distance of | m above ground level. Find the greatest horizontal 
distance from the wall of the nozzle so that jet of water strikes the window. [Ans. 29.38 m] 
Explain in brief the working of a pitot-tube. Calculate the velocity of flow of water in a pipe of diameter 
300 mm at a point, where the stagnation pressure head is 5 m and static pressure head is 4 m. Given the co- 
efficient of pitot-tube = 0.97, [Ans. 4.3 m/sec] 
Find the rate of flow of water through a venturimeter fitted in a pipeline of diameter 30 cm. The ratio of 
diameter of throat and inlet of the venturimeter is *. The pressure at the inlet of the venturimeter is 
13.734 N/cm? (gauge) and vacuum in the throat is 37.5 cm of mercury. The co-efficient of venturimeter is 
given as 0.98. [Ans. 0.15 m*/s] 
A 30 cm Xx 15 cm venturimeter is inserted in a vertical pipe carrying an oil of sp. gr. 0.8, flowing in the 
upward direction. A differential mercury manometer connected to the inlet and throat gives a reading of 
30 cm. The difference in the elevation of the throat section and inlet section is 50 cm. Find the rate of flow 
of oil. 
A venturimeter is used for measurement of discharge of water in horizontal pipe line. If the ratio of 
upstream pipe diameter to that of throat is 2 : 1, upstream diameter is 300 mm, the difference in pressure 
between the throat and upstream is equal to 3 m head of water and loss of head through meter is one- 
eighth of the throat velocity head, calculate the discharge in the pipe. [Ans. 0.107 m°/s] 
A liquid of specific gravity 0.8 is flowing upwards at the rate of 0.08 m*/s, through a vertical 
venturimeter with an inlet diameter of 200 mm and throat diameter of 100 mm. The C, = 0.98 and the 
vertical distance between pressure tappings is 300 mm. Find : 


mi 


l 


38. 


39. 





(i) the difference in readings of the two pressure gauges, which are connected to the two pressure 
tappings, and 
(ii) the difference in the level of the mercury columns of the differential manometer which is connected 


to the tappings, in place of pressure gauges. [Ans. (i) 42.928 kN/m?, (ii) 32.3 cm] 
[Hint. Q = 0.08 m?/s, d, = 200 mm = 0.2 m, d, = 100 mm = 0.1 m, 


C, = 0.98, z, — Z, = 300 mm = 0.3 m, a, = (2) = 0.0314 m? 


Te 42 2 THe); ax a 
a, = —(.1*) = 0.007854 m^. Using Q = C; =x J2geh 
4 Vai = a3 
Find ‘h’. This value of h=5.17 m. 
` -A P2 2k 3 p 
Now use h =| ——— | + (z, —Z,), where p = 800 kg/m’. Find (p, — p3). 
PE PS 
Se 
Now use the formula h=x a i 
$ 


where A= 5.17 m, S, = 13.6 and S,= 0.8. Find the value of x which will be 32.3 cm.] 

A venturimeter is installed in a 300 mm diameter horizontal pipe line. The throat pipe rates is 1/3. Water 
flows through the installation. The pressure in the pipe line is 13.783 N/cm? (gauge) and vacuum in the 
throat is 37.5 cm of mercury. Neglecting head loss in the venturimeter, determine the rate of flow in the 
pipe line. [Ans. 0.153 m*/sec] 


l j a 
[Hint. d, = 300 mm = 0.3 m, d, = 3 x 300 = 100 mm = 0.1 m, p; = 13.783 N/em’ = 13.783 x 10° N/m’, 


Hence p,/p x g = 13.783 x 10°/1000 x 9.81 
= 14.05 m, p,/pg = — 37.5 cm of Hg = — 0.375 x 13.6 m of water 
=—5.1 m of water. Hence h = 14.05 —(— 5.1) = 19.15 m of water. 


Value of C,, = 1.0. Now use the formula Q = C, ca a S V2gh | 

Va - a5 
The maximum flow through a 300 mm diameter horizontal main pipe line is 18200 litre/minute. A 
venturimeter is introduced at a point of the pipe line where the pressure head is 4.6 m of water. Find the 
smallest dia. of throat so that the pressure at the throat is never negative. Assume co-efficient of meter as 
unity. [Ans. d, = 192.4 mm] 
(Hint. d, = 300 mm = 0.3 m, Q = 18200 litres/minute = 18200/60 = 303.33 litres/s = 0.3033 m/s, P,/pg 


a X ay 


=4.6 m, p,/pg = 0. Hence h = 4.6 m, C,= 1. d, = dia. at throat. Use formula Q = C, =X J2gh and 


a — ay 


find the value of a, . Then a, = : d? and find d,.] 


The following are the data given of a change in diameter effected in laying a water supply pipe. The 
change in diameter is gradual from 20 cm at A to 50 cm at B. Pressures at A and B are 7.848 N/cm? and 
5.886 N/cm? respectively with the end B being 3 m higher than A. If the flow in the pipe line is 200 litre/s, find : 
(i) direction of flow, (ii) the head lost in friction between A and B. 
[Ans. (7) From A to B, (ii 1.015 m ] 
[Hint. D, = 20 cm = 0.2 m, Dy = 50 cm = 0.5 m, p, = 7.848 N/cm? = 7.848 x 10* N/m? 
Pp = 5.886 N/cm? = 5.886 x 10* N/m?, Z, = 0, Zg = 3 m, Q = 0.2 m?/s 


W 


mi 


l 
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42. 


43. 


v= 02/72 =6.369 m/s, Vp = 0275 =1.018 m/s 


E, = (palp X 8) + a + Z, = (7.848 x 10°/1000 x 9.81) + (6.3697/2 x 9.81) + 0 = 10.067 m 
g 


2 


Ep = (ppp X 8) + K + Zp = (5.886 x 10/1000 x 9.81) + (1.018°/2 x 9.81) + 3 = 9.052 m] 
g 


A venturimeter of inlet diameter 300 mm and throat diameter 150 mm is fixed in a vertical pipe line. A 
liquid of sp. gr. 0.8 is flowing upward through the pipe line. A differential manometer containing mercury 
gives a reading of 100 mm when connected at inlet and throat. The vertical difference between inlet and 
throat is 500 mm. If C,, = 0.98, then find ; (7) rate of flow of liquid in litre per second and (ii) difference of 
pressure between inlet and throat in N/m’. [Ans. (7) 100 litre/s, (if) 15980 N/m?] 
A venturimeter with a throat diameter of 7.5 cm is installed in a 15 cm diameter pipe. The pressure at the 
entrance to the meter is 70 kPa (gauge) and it is desired that the pressure at any point should not fall below 
2.5 m of absolute water. Determine the maximum flow rate of water through the meter. Take C, = 0.97 and 


atmospheric pressure as 100 kPa. (J.N.T.U., Hyderabad S 2002) 
[Hint. The pressure at the throat will be minimum. Hence Pr 2.5 m (abs.) 
ps 
T * 3 
Given : dy =15cm T 176.7 cm* 


dy =7.5.cm +. A, = 705") = 44.175 cm? 


pı = 70 kPa = 70 x 10° N/m? (gauge), Pam = 100 kPa = 100 x 10° N/m? 
p, (abs.) = 70 x 10° + 100 x 10° = 170 x 10° N/m? (abs.) 


p __170x10° 


= = 17.33 m of water (abs.) 
pg 1000x981 


h= EER 17.33 — 2.5 = 14.83 m of water = 1483 cm of water 
pe ps 
0.97 x 176.7 x 44.175 x 2 x 981 x 1483 
Now Q= Eeu xigh =a $$ = 75488 cm/s 


A -A J176. - 44.175? 


= 75.488 litre/s.] 
Find the discharge of water flowing through a pipe 20 cm diameter placed in an inclined position, where a 
venturimeter is inserted, having a throat diameter of 10 cm. The difference of pressure between the main 
and throat is measured by a liquid of specific gravity 0.4 in an inverted U-tube, which gives a reading of 
30 cm. The loss of head between the main and throat is 0.2 times the kinetic head of pipe. 


(Delhi University, Dec. 2002) 
[Hint. Given : d, =20 cm ~. a, = 7e) =100 tcm? ; d, =10 cm ~. a, = = 10?) = 25 mem’, 


x =30emn=af1- 2) =3(1-24) =18cm=0.18 m 


o 


But h is also -(2+2)-(2+3] i (Bra) +z ]=18em=018m 
pg pg pg pg 





2 





28 
2 v? 
From Bernoulli's equation, Bit z= Pr ESE +z +h; 
pg 2g pgs 2g 
2 2 
or (2 +a)- (2+a)+ PE te. =h, 
ps ps 2g 2g 
2 2 2 2 
0.2 V, 
« geet”. 80. x [B+2)-(2+2)- 018i and hk, = 22" 
2g 2g 2g pg pg 2g 
2 2 
or ory E-W W soaron 28% wo 
2g 2g 2g 2g 2g 
0 
F diwi y aV, geo)y )v 
rom continuity equation, a, V; = @ V, or V, = —= =4V, 
(0?) 
2 2 2 
Now o.1g+ 28M Wo or 0.18 + E OW 
2g 2g 2g 2g 
2 2 2 2 2 
or 0193 224 19 =0 or 0.18 = 204% _ 08M 1520 15.2 Vi 
28 2g 2g 2g 2g 


V= [o18x2x981 = 0:48 ahi = 48 als 
peta ee ee ee = cm/ 
15.2 


pwd Vim * (20°) x 48 = 15140 cm/s = 15.14 litre/s. ] 


\ 
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ORIFICES AND 
MOUTHPIECES 


> 7.1 INTRODUCTION 


Orifice is a small opening of any cross-section (such as circular, triangular, rectangular etc.) on the 
side or at the bottom of a tank, through which a fluid is flowing. A mouthpiece is a short length of a 
pipe which is two to three times its diameter in length, fitted in a tank or vessel containing the fluid. 
Orifices as well as mouthpieces are used for measuring the rate of flow of fluid. 


> 7.2 CLASSIFICATIONS OF ORIFICES 


The orifices are classified on the basis of their size, shape, nature of discharge and shape of the 
upstream edge. The following are the important classifications : 


l. The orifices are classified as small orifice or large orifice depending upon the size of orifice 
and head of liquid from the centre of the orifice. If the head of liquid from the centre of orifice is more 
than five times the depth of orifice, the orifice is called small orifice. And if the head of liquids is less 
than five times the depth of orifice, it is known as large orifice. 


2. The orifices are classified as (i) Circular orifice, (i) Triangular orifice, (ii Rectangular orifice 
and (iv) Square orifice depending upon their cross-sectional areas. 


3. The orifices are classified as (/) Sharp-edged orifice and (i7) Bell-mouthed orifice depending 
upon the shape of upstream edge of the orifices. 


4. The orifices are classified as (7) Free discharging orifices and (i7) Drowned or sub-merged ori- 
fices depending upon the nature of discharge. 


The sub-merged orifices are further classified as (a) Fully sub-merged orifices and (b) Partially 
sub-merged orifices. 


> 7.3 FLOW THROUGH AN ORIFICE 


Consider a tank fitted with a circular orifice in one of its sides as shown in Fig. 7.1. Let H be the head 
of the liquid above the centre of the orifice. The liquid flowing through the orifice forms a jet of liquid 
whose area of cross-section is less than that of orifice. The area of jet of fluid goes on decreasing and at 
a section C-C, the area is minimum. This section is approximately at a distance of half of diameter of the 
orifice. At this section, the streamlines are straight and parallel to each other and perpendicular to the 
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plane of the orifice. This section is called Vena-contracta. 
Beyond this section, the jet diverges and is attracted in the 
downward direction by the gravity. 


Consider two points | and 2 as shown in Fig. 7.1. Point 1 is 
inside the tank and point 2 at the vena-contracta. Let the flow is 
steady and at a constant head H. Applying Bernoulli’ s equation at 
points | and 2. 





Bling Fe cpg wo Pity. vs o Fig. 7.1 Tank with an orifice. 
pg 2g pg 2 
But Zi =Z? 
Pi v P v 
pg 2g pg 28 
Now Pı ZH 


++ =() (atmospheric pressure) 


v; is very small in comparison to v, as area of tank is very large as compared to the area of the jet of 
liquid. 


2 
3 


H+0=0+ 2 
2g 
Vo = 2gH (7.1) 


This is theoretical velocity. Actual velocity will be less than this value. 


> 7.4 HYDRAULIC CO-EFFICIENTS 


The hydraulic co-efficients are 

1. Co-efficient of velocity, C, 

2. Co-efficient of contraction, C, 
3. Co-efficient of discharge, C,. 


7.4.1 Co-efficient of Velocity (C,). It is defined as the ratio between the actual velocity of a 
jet of liquid at vena-contracta and the theoretical velocity of jet. It is denoted by C, and mathemati- 
cally, C, is given as 

C= Actual velocity of jet at vena-contracta 
E Theoretical velocity 


. where V = actual velocity, 2gH = Theoretical velocity wool Cad) 





_ V 
J2gH 

The value of C, varies from 0.95 to 0.99 for different orifices, depending on the shape, size of the 
orifice and on the head under which flow takes place. Generally the value of C, = 0.98 is taken for 
sharp-edged orifices. 
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7.4.2 Co-efficient of Contraction (C,). It is defined as the ratio of the area of the jet at 
vena-contracta to the area of the orifice. It is denoted by C.. 
Let a = area of orifice and 
a, = area of jet at vena-contracta. 


area of jet at vena-contracta 
Then é = ee ee 


c 


area of orifice 


si 7.3) 
a 
The value of C, varies from 0.61 to 0.69 depending on shape and size of the orifice and head of 
liquid under which flow takes place. In general, the value of C,, may be taken as 0.64. 


7.4.3 Co-efficient of Discharge (C,). It is defined as the ratio of the actual discharge from an 
orifice to the theoretical discharge from the orifice. It is denoted by C,. If Q is actual discharge and Q,, 
is the theoretical discharge then mathematically, C, is given as 


O Actual velocity X Actual area 


C sn a 
Q,, Theoretical velocity x Theoretical area 


_ Actual velocity Actual area 
Theoretical velocity Theoretical area 


CEG (1.4) 


The value of C, varies from 0.61 to 0.65. For general purpose the value of C, is taken as 0.62. 


Problem 7.1 The head of water over an orifice of diameter 40 mm is 10 m. Find the actual dis- 
charge and actual velocity of the jet at vena-contracta. Take C4 = 0.6 and C, = 0.98. 


Solution. Given : 


Head, H = 10 cm 
Dia. of orifice, d = 40 mm = 0.04 m 
T 2 2 
ʻ. Area, a= zou = .001256 m~ 
Cy = 0.6 
C,, = 0.98 
(i) Actual discharge =06 


Theoretical discharge 
But Theoretical discharge = V,, x Area of orifice 
V,,, = Theoretical velocity, where V,, = ./2gH = 2 x 9.81 x 10 =14 m/s 


2 


Theoretical discharge = 14 x .001256 = 0.01758 ™— 
S 


Actual discharge = 0.6 x Theoretical discharge 
= 0.6 x .01758 = 0.01054 m’/s. Ans. 


| 


320 Fluid Mechanics 


Actual velocity 


(ii) meS GE GS 
Theoretical velocity 
Actual velocity = 0.98 x Theoretical velocity 
= ().98 x 14 = 13.72 m/s. Ans. 
Problem 7.2 The head of water over the centre of an orifice of diameter 20 mm is I m. The actual 
discharge through the orifice is 0.85 litre/s. Find the co-efficient of discharge. 


Solution. Given: 


Dia. of orifice, d= 20 mm = 0.02 m 

<. Area, a= 70.02? = 0.000314 m? 
Head, H= 1m 

Actual discharge, Q = 0.85 litre/s = 0.00085 m°*/s 


Theoretical velocity, Vir = <2gH = V2 x 9.81 x 1= 4.429 m/s 


“. Theoretical discharge, Q, = V; X Area of orifice 
= 4.429 x 0.000314 = 0.00139 m*/s 

Actual discharge _ 0.00085 
Theoretical discharge 0.00139 


> 7.5 EXPERIMENTAL DETERMINATION OF HYDRAULIC CO-EFFICIENTS 


7.5.1 Determination of Co-efficient of Discharge (Cy). The water is allowed to flow 
through an orifice fitted to a tank under a constant head, H as shown in Fig. 7.2. The water is collected 
in a measuring tank for a known time, ¢. The height of water in the measuring tank is noted down. Then 
actual discharge through orifice, 


Q 


Co-efficient of discharge = = 0.61. Ans. 


_ Area of measuring tank x Height of water in measuring tank 





Time (f) 

and theoretical discharge = area of orifice x /2gH 
on 
SUPPLY 
WATER 

MEASURING 

TANK 
Fig.7.2 Value of C,. 
Ca= ee (7.5) 


ax .J2gH 
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7.5.2 Determination of Co-efficient of Velocity (C,). Let C-C represents the vena- 
contracta of a jet of water coming out from an orifice under constant head H as shown in Fig. 7.2. 
Consider a liquid particle which is at vena-contracta at any time and takes the position at P along the 
jet in time ‘f. 
Let x= horizontal distance travelled by the particle in time ‘f 
y = vertical distance between P and C-C 
V = actual velocity of jet at vena-contracta. 




















Then horizontal distance, x=Vxt al 
and vertical distance, y= : gr liE) 
From equation (i), t= = 
Substituting this value of ‘f in (ii), we get 
gals wy 
aa, £ v? 
y?= 8x 3 
2y 
ve |e 
2y 
But theoretical velocity, 
~<. Co-efficient of velocity, C, = = i b emk 
Va \2y 28H \4yH 
x 


(7.6) 





J4yH | 
7.5.3 Determination of Co-efficient of Contraction (C.). The co-efficient of contraction 
is determined from the equation (7.4) as 


Gaye, 
C 
C.=—¢ eT 
ro (7.7) 


Problem 7.3 A jet of water, issuing from a sharp-edged vertical orifice under a constant head of 

10.0 cm, at a certain point, has the horizontal and vertical co-ordinates measured from the vena-contracta 

as 20.0 cm and 10.5 cm respectively. Find the value of C,,. Also find the value of C, if C= 0.60. 
Solution. Given : 


Head, H= 10.0 cm 

Horizontal distance, x = 20.0 cm 

Vertical distance, y=10.5cm 
C,=0.6 


|] 


The value of C, is given by equation (7.6) as 
x 20.0 20 


VayH  J4x105x10.0 20.493 


The value of C, is given by equation (7.7) as 


c= Be. o6 = 0.6147 = 0.615. Ans. 
C, 0.976 
Problem 7.4 The head of water over an orifice of diameter 100 mm is 10 m. The water coming out 
from orifice is collected in a circular tank of diameter 1.5 m. The rise of water level in this tank is 
1.0 m in 25 seconds. Also the co-ordinates of a point on the jet, measured from vena-contracta are 
4.3 m horizontal and 0.5 m vertical. Find the co-efficients, Cy, C, and C,. 
Solution. Given : 


C,= = 0.9759 = 0.976. Ans. 








Head, H=10m 
Dia. of orifice, d= 100 mm = 0.1 m 

- n 2 2 
.. Area of orifice, a= qr = 0.007853 m 
Dia. of measuring tank, D=1.5m 
<. Area, A= as) = 1.767 m? 
Rise of water, h=Ilm 
Time, t = 25 seconds 
Horizontal distance, x=43m 
Vertical distance, y=0.5m 


Now theoretical velocity, V, = J2gH = 4/2 x 9.81 x10 = 14.0 m/s 


Theoretical discharge, Q,, = V,, x Area of orifice = 14.0 x 0.007854 = 0.1099 m*/s 
Axh _ 1.767x1.0 











Actual discharge, Q= ; 55 = 0.07068 
QO _ 0.07068 
=—= = 0.643. Ans. 
“~Q,, 0.1099 = 
The value of C, is given by equation (7.6) as 
x 43 43 
C,= = -= = — = 0.96. Ans. 
” J4yH J4x05x10 4.472 
643 
C.. is given by equation (7.7) as C, = 4. ORNS = 0.669. Ans. 
Cc, 096 


5 
Problem 7.5 Water discharge at the rate of 98.2 litres/s through a 120 mm diameter vertical 
sharp-edged orifice placed under a constant head of 10 metres. A point, on the jet, measured from the 
vena-contracta of the jet has co-ordinates 4.5 metres horizontal and 0.54 metres vertical. Find the 
co-efficient C,, C. and C, of the orifice. 
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Solution. Given: 


Discharge, QO = 98.2 lit/s = 0.0982 m*/s 
Dia. of orifice, d= 120 mm = 0.12 m 

:. Area of orifice, a= * (0.127 = 0.01131 m? 
Head, H= 10m 


Horizontal distance of a point on the jet from vena-contracta, x = 4.5 m 
and vertical distance, y = 0.54 m 


Now theoretical velocity, V,, = 42g X H = 4/2 x9.81x10 = 14.0 m/s 


Theoretical discharge, Q, = V,, X Area of orifice 
= 14.0 x 0.01131 = 0.1583 mĉ?/s 
Actual discharge _ Q _ 0.0982 


The value of C, is given by, C,= = 0.62. Ans. 





Theoretical discharge Q,, 0.1583 
The value of C, is given by equation (7.6), 
x 4.5 


C= — ———————————— 
" J4yH  ./4x0.54 x10 


The value of C. is given by equation (7.7) as 


C.= G Soz. = 0.64. Ans. 
C, 0.968 

Problem 7.6 A25 mm diameter nozzle discharges 0.76 m? of water per minute when the head is 

60 m. The diameter of the jet is 22.5 mm. Determine : (i) the values of co-efficients C., C, and C, and 

(ii) the loss of head due to fluid resistance. 


Solution. Given: 


= 0.968. Ans. 





Dia. of nozzle, D = 25 mm = 0.025 m 

Actual discharge, Qae = 0.76 m*/minute = ze = 0.01267 m*/s 

Head, H=60m NOZZLE JET OF 
Dia. of jet, d = 22.5 mm = 0.0225 m. WATER 


(i) Values of co-efficients : 
Co-efficient of contraction (C_) is given by, 
Area of jet 


c 


7 Area of nozzle Fig. 7.3 











<7? 2 2 

Pr = E = 90225 = 0.81. Ans. 
Tp D 0.0257 
4 


Co-efficient of discharge (C,,) is given by, 
Actual discharge 


“~~ Theoretical discharge 
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_ 0.01267 

Theoretical velocity x Area of nozzle 
0.01267 _ 0.01267 

2eH x i D? J2x9.81x60 x = (0.025)? 

= 0.752. Ans. 

Co-efficient of velocity (C,) is given by, 
G= G- 0.752 = 0.928. Ans. 

Cc 0.81 


5 
(ii) Loss of head due to fluid resistance : 
Applying Bernoulli’s equation at the outlet of nozzle and to the jet of water, we get 


2 2 
3 V, 
ByN py = Fa, “242, + Loss of head 
pg 2g Ps 28g 
But P -Ps Atmospheric pressure head 
pE 
Zi =Z» Vi = J2gH , V, = Actual velocity of jet = C, /2gH 
JRA) (c,2eH) 
(an. = (CW2eH) Loss of head 
2g 2g 
or H = C? x H + Loss of head 
<. Loss of head =H-C?xH=H(1 -C?) 


= 60(1 — 0.928) = 60 x 0.1388 = 8.328 m. Ans. 


Problem 7.7 A pipe, 100 mm in diameter, has a nozzle attached to it at the discharge end, the 
diameter of the nozzle is 50 mm. The rate of discharge of water through the nozzle is 20 litres/s and the 
pressure at the base of the nozzle is 5.886 N/em’. Calculate the co-efficient of discharge. Assume that 
the base of the nozzle and outlet of the nozzle are at the same elevation. 

Solution. Given : 


Dia. of pipe, D = 100 mm = 0.1 m 
A,= Fly = 007854 m? 


Dia. of nozzle, d= 50 mm = 0.05 m 


N 





A,= S (05)? = 001963 m 


BASE OF NOZZLE 
Actual discharge, O = 20 lit/s = 0.02 m*/s p; = 5.886 N/cm? 


Fig. 7.4 
Pressure at the base, Pp, = 5.886 N/cm? = 5.886 x 10° z R 
m? 





From continuity equation, A, V; = AV, 
or -007854 V, = .001963 V, 
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A .001963V, 5 Vy 
.007854 4 
where V, and V, are theoretical velocity at sections (1) and (2). 
Applying Bernoulli’s equation at sections (1) and (2), we get 


Hai ig eBt ye 

pgs 2g pg 2g 
But 2) = 22 

i Me Ve 


pg 2g pg 2g 


G) 
5.886 x10" (4 a 











o ee ae Pz- Atmospheric pressure =0 
1000 x 9.81 2g 2g pg 
6.0 + 5 = 5 
2gx16 2g 
2 2 
or *fi-E]=60 or 2 [2] = 60 
2g 16 2g L16 
16 
V,= ,6.0x2x9.81 xis = 11.205 m/sec 
~. Theoretical discharge = V, X A, = 11.205 x .001963 = 0.022 m*/s 


__Aenavauetarge: _ OO _ 9a dee 


“" Theoretical discharge 0.022 


Problem 7.8 A tank has two identical orifices on one of its vertical sides. The upper orifice is 3 m 
below the water surface and lower one is 5 m below the water surface. If the value of C, for each 
orifice is 0.96, find the point of intersection of the two jets. 

Solution. Given : 

Height of water from orifice (1), H, = 3 m 

From orifice (2), H,=5m 

C, for both = 0.96 

Let P is the point of intersection of the two jets coming 

from orifices (1) and (2), such that 


x = horizontal distance of P 





y, = vertical distance of P from orifice (1) Fig. 7.5 
yə = vertical distance of P from orifice (2) 

Then ¥, =¥2+ (S-3)=y,4+2m 

The value of C, is given by equation (7.6) as 


|] 





For orifice (1), aie eect are (i) 
É V4y, H, V4y, x 3.0 


For orifice (2) Ci, nei ee (it) 
' 2o [zB 4 xy, x 5.0 E 


As both the orifices are identical 


C=C, 
c =- -— o 3y 5y 
i T x30 JARKO Vim 
But yy = 92 + 2.0 
3(y, + 2.0) = Sy, 
2y, = 6.0 
Y2 = 3.0 
From (ii) Co pees 
rom (it), i= Jo xH, 
or 0.96 = 7 


43.0 x 5.0 
= 0.96 x 4 x3.0x5. = 7.436 m. Ans. 


Problem 7.9 Aclosed vessel contains water u, upto a height of 1.5 m and over the water surface there 
is air having pressure 7.848 N/cm? (0.8 kgf/cm’) above atmospheric pressure. At the bottom of the 
vessel there is an orifice of diameter 100 mm. Find the rate of flow of water from orifice. Take 






C4 = 0.6. 
Solution. Given : os 
Dia. of orifice, c= wie mm = 0.1 m p = 7.848 Nicm 
Height of water, =1.5m 
Air pressure, 7 = 7.848 N/cm? = 7.848 x 10* N/m? | 
Applying Bernoulli’s equation at sections (1) (water surface) and 


(2), we get 


P, yÈ +z, = 24 





Li Za 
pg 28 Ps 2g 
Taking datum line passing through (2) which is very close to the J 
bottom surface of the tank. Then z, = 0, z; = 1.5 m Fig. 7.6 
Also Pira 0 (atmospheric pressure) 
£ 
p 4 
and = 1 a gigat 
PS 1000x9.81 
8+0+1.5=0+ y. +0 {V, is negligible} 
& 
2 
o:5°= Va 
2g 


Il 
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V, = J2x9.81x9.5 = 13.652 m/s 


Rate of flow of water = C; X a, X V3 
=0.6x : (.1)? x 13.652 m3/s = 0.0643 m/s. Ans. 


Problem 7.10 A closed tank partially filled with water upto a height of 0.9 m having an orifice of 
diameter 15 mm at the bottom of the tank. The air is pumped into the upper part of the tank. Determine 
the pressure required for a discharge of 1.5 litres/s through the orifice. Take Cy = 0.62. 

Solution. Given: 

Height of water above orifice, H = 0.9 m 


Dia. of orifice, d= 15 mm = 0.015 m 
. Area, a= ~[a?] = = (.015)? = 0.0001767 m? 
4 4 
Discharge, Q = 1.5 litres/s = .0015 m*/s 
C, = 0.62 


Let p is intensity of pressure required above water surface in N/cm’. 


4 
Then pressure head of air= P2- BUN a 19g m of water. 
pg 1000x981 9.81 


If V, is the velocity at outlet of orifice, then 


vS ur |E 2x931{ 09+ Hh 
- pg 9.81 
Discharge Q=C,xax ,2g(H+p/pg) 
0015 = 0.6 x 0001767 x [2x 9.81(0.9 + p/pg) 
2x 981 (09+ ve) tj Oe rang FER 
9.81) 0.6 x.0001767 
or 2x9.81 (09 +3) = 14.148 x 14.148 
981 
10 _ MASS XIN 9.9 = 10.202 -09 ='9.302 
981 2x981 
p= ee = 9.125 N/em?. Ans. 


> 7.6 FLOW THROUGH LARGE ORIFICES 


If the head of liquid is less than 5 times the depth of the orifice, the orifice is called large orifice. In 
case of small orifice, the velocity in the entire cross-section of the jet is considered to be constant and 


discharge can be calculated by Q = C} X a X Seh. But in case of a large orifice, the velocity is not 


constant over the entire cross-section of the jet and hence Q cannot be calculated by Q = CX aX y2gh. 


iE 


7.6.1 Discharge Through Large Rectangular Orifice. Consider a large rectangular orifice 
in one side of the tank discharging freely into atmosphere under a constant head, H as shown in 
Fig. 7.7. 
Let H, = height of liquid above top edge of orifice 
H, = height of liquid above bottom edge of orifice 
b = breadth of orifice 
d = depth of orifice = H, — H, 
C, = co-efficient of discharge. 
Consider an elementary horizontal strip of depth ‘dh’ at a depth of ‘h’ below the free surface of the 
liquid in the tank as shown in Fig. 7.7 (5). 





Fig. 7.7. Large rectangular orifice. 


Area of strip = b x dh 


and theoretical velocity of water through strip = J2gh. 
Discharge through elementary strip is given 
dQ = C, x Area of strip x Velocity 
=C,xbxdhx J2gh =C,bx J2gh dh 
By integrating the above equation between the limits H, and H,, the total discharge through the 
whole orifice is obtained 


H, 
d= f C, xbx J2gh dh 





H. 
H, peT? 

=C,xXbx Ve Vh dh = C} Xb X 2g BA 
1 H, 


Š Že, xb 2g |H}? - H?” } 78) 


Problem 7.11 Find the discharge through a rectangular orifice 2.0 m wide and 1.5 m deep fitted to 
a water tank. The water level in the tank is 3.0 m above the top edge of the orifice. Take C,, = 0.62. 
Solution. Given : 
Width of orifice, b=2.0m 
Depth of orifice, d=1.5m 
Height of water above top edge of the orifice, H, = 3 m 
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Height of water above bottom edge of the orifice, 
H,=H,+d=3+15=45m 
C, = 0.62 

Discharge Q is given by equation (7.8) as 


0==C, x bx J2g [H}? HPA 


x 0.62 x 2.0 x 2+ 9.81 [4.5'° — 3'*] m*/s 


wir 


= 3.66[9.545 — 5.196] m*/s = 15.917 m*/s. Ans. 
Problem 7.12 A rectangular orifice, 1.5 m wide and 1.0 m deep is discharging water from a tank. 
If the water level in the tank is 3.0 m above the top edge of the orifice, find the discharge through the 
orifice. Take the co-efficient of discharging for the orifice = 0.6. 
Solution. Given : 


Width of orifice, b=1.5m 

Depth of orifice, d=1.0m 
H,=3.0m 
H,=H,+d=3.0+10=40m 
C,=0.6 


Discharge, Q is given by the equation (7.8) as 
== x C,xbx Jig IH}? - HI") 


= ; x 0.6 x 1.5 x /2+9.81 [4.0'° - 3.0'°] m/s 
= 2.657 [8.0 — 5.196] m*/s = 7.45 m*/s. Ans. 
Problem 7.13 A rectangular orifice 0.9 m wide and 1.2 m deep is discharging water from a vessel. 
The top edge of the orifice is 0.6 m below the water surface in the vessel. Calculate the discharge 
through the orifice if C} = 0.6 and percentage error if the orifice is treated as a small orifice. 
Solution. Given : 


Width of orifice, b=0.9m 

Depth of orifice, d=1.2m 
H,=0.6m 
H,=H,+d=0.6+1.2=18m 
C,=0.6 


Discharge Q is givenas Q= : %C)xbxJ/2g x (HS? - BO] 


Y 


x 0.6 x 2.9 x 2x 9.81 [1.8°? - 0.6*7] m*/s 
5946 [2.4149 — .4647] = 3.1097 m*/s. Ans. 


ne 
3 
=I. 


Discharging for a small orifice 


Q,=C,xax J2gh 


where h= Hy +5 =0.6 + = =12manda=bxd=0.9 x 1.2 
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Q, = 0.6 x .9 x 1.2 x J2x981x12 = 3.1442 m*/s 


Q,-Q 3.1442 -3.1097 
Q 3.1097 


% error = = 0.01109 or 1.109%. Ans. 


> 7.7 DISCHARGE THROUGH FULLY SUB-MERGED ORIFICE 


Fully sub-merged orifice is one which has its whole of the outlet 
side sub-merged under liquid so that it discharges a jet of liquid into the 
liquid of the same kind. It is also called totally drowned orifice. Fig. 7.8 
shows the fully sub-merged orifice. Consider two points (1) and (2), 
point | being in the reservoir on the upstream side of the orifice and 
point 2 being at the vena-contracta as shown in Fig. 7.8. 

Let H, = Height of water above the top of the orifice on Fig. 7.8 

the upstream side, 
H, = Height of water above the bottom of the orifice, 
H = Difference in water level, 
b = Width of orifice, 
C, = Co-efficient of discharge. 
Height of water above the centre of orifice on upstream side 


H,—H, H, + H, 





p 
4 
4 
4 
p 
, 
A 
” 
4 
a 
pi 
p 
4 
A 
= 
e 
” 
A 
4 
B 
pA 
n 
c 


Fully sub-merged orifice. 


= H, + —+! - 1L wth 
2 2 
Height of water above the centre of orifice on downstream side 
ae a — P A) 


Applying Bernoulli’s equation at (1) and (2), we get 





mn wip, 





[e z =z] 
P8 28 pg 28 dii 
F 2 9 2 . * 
Now fi = Be Be De = Bete H and V} is negligible 
pg 2 Pg 2 
Mti je AE gy Me 
2 2 2g 
V; =H 
28 
Vo= J2gH 
Area of orifice =bx(H,-H,) 
Discharge through orifice = C, x Area x Velocity 
= C4X b (H, - H,) X 28H 
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Problem 7.14 Find the discharge through a fully sub-merged orifice of width 2 m if the difference 
of water levels on both sides of the orifice be 50 cm. The height of water from top and bottom of the 


orifice are 2.5 m and 2.75 m respectively. Take C, = 0.6. 
Solution. Given : 


Width of orifice, b=2m 
Difference of water level, H = 50 cm = 0.5 m 
Height of water from top of orifice, H, = 2.5m 
Height of water from bottom of orifice, H, = 2.5 m 
C, = 0.6 


Discharge through fully sub-merged orifice is given by equation (7.9) 


or Q=C,xbx(H,-H,) x J2gH 


= 0.6 x 2.0 x (2.75 — 2.5) x 2x 9.81x0.5 m*/s 


= 0.9396 m*/s. Ans. 


Problem 7.15 Find the discharge through a totally drowned orifice 2.0 m wide and 1 m deep, if the 
difference of water levels on both the sides of the orifice be 3 m. Take C, = 0.62. 


Solution. Given : 


Width of orifice, b=2.0m 
Depth of orifice, d=1m. 
Difference of water level on both the sides 
H=3m 
C, = 0.62 


Discharge through orifice is Q = C, x Area x J2gH 


= 0.62 x bx dx J2gH 


= 0.62 x 2.0 x 1.0 x 2 x9.81X3 m*/s = 9.513 m/s. Ans. 


> 7.8 DISCHARGE THROUGH PARTIALLY SUB-MERGED ORIFICE 


Partially sub-merged orifice is one which has its outlet side 
partially sub-merged under liquid as shown in Fig. 7.9. It is also 
known as partially drowned orifice. Thus the partially 
sub-merged orifice has two portions. The upper portion behaves 
as an orifice discharging free while the lower portion behaves as 
a sub-merged orifice. Only a large orifice can behave as a 
partially sub-merged orifice. The total discharge Q through 
partially sub-merged orifice is equal to the discharges through 
free and the sub-merged portions. 

Discharge through the sub-merged portion is given by 
equation (7.9) 


Q, = C,x b x (H, — H) x J2gH 
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Fig. 7.9 Partially sub-merged 
orifice. 
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Discharge through the free portion is given by equation (7.8) as 
Total discharge Q=Q0,+Q, 
= C,x 6 x (H,- H) x J2gH 
Cyxb x 2g [H° - H]. ...(7.10) 


Problem 7.16 A rectangular orifice of 2 m width and 1.2m deep is fitted in one side of a large 
tank. The water level on one side of the orifice is 3 m above the top edge of the orifice, while on the 
other side of the orifice, the water level is 0.5 m below its top edge. Calculate the discharge through 
the orifice if C, = 0.64. 

Solution. Given : Width of orifice, b = 2 m 

Depth of orifice, d = 1.2 m 

Height of water from top edge of orifice, H, = 3 m 

Difference of water level on both sides, H = 3 + 0.5 = 3.5 m 

Height of water from the bottom edge of orifice, H, = H, + d=3 + 1.2 = 4.2 m 

The orifice is partially sub-merged. The discharge through sub-merged portion, 


Q,=C,xbx(H,- H)x J2gH 
= 0.64 x 2.0 x (4.2 - 3.5) x 2x 9.81x3.5 = 7.4249 m/s 


The discharge through free portion is 


Qr= 2 C, xox Ig IH? H) 


= : x 0.64 x 2.0 x J2x981 [3.5°? - 3.0°7] 


= 3.779 [6.5479 — 5.1961] = 5.108 m°/s 
Total discharge through the orifice is 


Q = Q, + Q, = 7.4249 + 5.108 = 12.5329 m*/s. Ans. 


> 7.9 TIME OF EMPTYING A TANK THROUGH AN ORIFICE AT ITS BOTTOM 


Consider a tank containing some liquid upto a height of H,. Let an orifice is fitted at the bottom of 
the tank. It is required to find the time for the liquid surface to fall from the menage H,toa me H. 


Let A = Area of the tank 
= Area of the orifice 
H, = Initial height of the liquid 
H, = Final height of the liquid 
T = Time in seconds for the liquid to fall from H, to H). 


Let at any time, the height of liquid from orifice is / and let the 
liquid surface fall by a small height dh in time dT. Then 
Volume of liquid leaving the tank in time, dT = A x dh y: 





ORIFICE 
Also the theoretical velocity through orifice, V = ./2gh Fig. 7.9. (a) 
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Discharge through orifice/sec, 

dQ = C, x Area of orifice x Theoretical velocity = C,.a. J2gh 
Discharge through orifice in time interval 

dT=Cy.a.J2gh .dT 


As the volume of liquid leaving the tank is equal to the volume of liquid flowing through orifice in 
time dT, we have 


A(—dh)=Cy.a..J2gh .dT 
— ve Sign is inserted because with the increase of time, head on orifice decreases. 
-Adh  _  -A(h) ? 


C,.a.J2gh ? C,.a.J2g 


By integrating the above equation between the limits H, and H,, the total time, T is obtained as 


—Adh=C,.a..J2gh .dT or dT= dh 


P 2 -Ah "? dh -A Hs ap 
= SSS hee t 
Í, ", C.a. 28 C.a. f2g 3m 
1 a H 
-=+1 
m fa A JEA I p A 
C; -a . J28 -kig Ciara fg l 
2 2 Ja 
1 1 


-Zm -ym ATA) 


For emptying the tank completely, H, = 0 and hence 


_ AYR, 
i= C, a 2g tD 


Problem 7.17 A circular tank of diameter 4 m contains water upto a height of 5 m. The tank is 
provided with an orifice of diameter 0.5 m at the bottom. Find the time taken by water (i) to fall from 
5 m to 2 m (ii) for completely emptying the tank. Take C4 = 0.6. 

Solution. Given : 


Dia. of tank, D=4m 

». Area, A= Z (4)? = 12.566 m? 
Dia. of orifice, d=0.5m 

` Area, a= í (.5)? = 0.1963 m? 
Initial height of water, H,=5m 

Final height of water, (i) 2=2m (ii) H,=0 
First Case. When 2=2m 


Using equation (7.11), we have T = Gua gle JA, | 
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2 x 12.566 aa 42.0] ee 


~ 06x. 1963 x J2 x981 





_ 20.653 
0.5217 


= 39.58 seconds. Ans. 


Second Case. When H, = 0 


_ 2A JH = 2 x 12.566 x V5 
C,.a.J2g% | 06x.1963x J2x981 
= 107.7 seconds. Ans. 


Problem 7.18 A circular tank of diameter 1.25 m contains water upto a height of 5 m. An orifice of 
50 mm diameter is provided at its bottom. If C, = 0.62, find the height of water above the orifice after 
1.5 minutes. 


Solution. Given: 


Dia. of tank, D=1.25m 

T 5 > 
*, Area, A= goes = 1-227 m* 
Dia. of orifice, d= 50 mm = .05 m 

T 2 2 
*, Area, a= z (.05)- = .001963 m 

C, = 0.62 

Initial height of water, H,=5m 
Time in seconds, T = 1.5 x 60 = 90 seconds 


Let the height of water after 90 seconds = H, 


2A [Vii - J] 


Using equation (7.11), we have T = 
2 eq Cva pe 


2x 1.227[V5 - [A | 


=— amea mo oa = 455.215 [2.236 - yH, 
i 062 x O001963x Jax ORT A e VH] 


90 
455.215 


H, = 2.0383 x 2.0383 = 4.154 m. Ans. 


= 236 — 0.1977 = 2.0383 





H, = 2.236 - 
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> 7.10 TIME OF EMPTYING A HEMISPHERICAL TANK 


Consider a hemispherical tank of radius R fitted with an orifice 
of area ‘a’ at its bottom as shown in Fig. 7.10. The tank contains 
some liquid whose initial height is H, and in time T, the height of 
liquid falls to H,. It is required to find the time T. 

Let at any instant of time, the head of liquid over the orifice is 
h and at this instant let x be the radius of the liquid surface. Then 

Area of liquid surface, A = m? 


and theoretical velocity of liquid = 4/2gh . Fig. 7.10 Hemispherical tank. 


Let the liquid level falls down by an amount of dh in time dT. 
Volume of liquid leaving tank in time dT = A X dh 


= mx" x dh (i) 
Also volume of liquid flowing through orifice 





= C, x area of orifice x velocity = C,.a. /2gh second 
Volume of liquid flowing through orifice in time dT 


= C,.a. J2gh x dT . (it) 
From equations (i) and (ii), we get 
mx? (- dh) = Caa. f2gh . dT 


—ve Sign is introduced, because with the increase of T, / will decrease 


- nx? dh = C,.a. Jf2gh . dT (iii) 
But from Fig. 7.10, for AOCD, we have OC = R 
DO=R-h 


CD =x = JOC? - OD? = Jr? -(R-h) 
8 x? = R?-(R—h) = R? - (R* + fh? — 2Rh) = 2Rh - k 
Substituting in equation (iii), we get 


— m(2Rh — h?)dh = C,.a. J2gh . dT 
-n (2Rh- h°) dh = 


C,.a.J2gh p C,.a.J2g 


= 12, 3/2 
= — — (2Rh"* —h"*)dh 
Cyd 22 


The total time T required to bring the liquid level from H, to H, is obtained by integrating the above 
equation between the limits H, and H,. 


or dT = (2Rh-h°)h™? dh 


(Rh? — h*")dh 


rsj- 5e 
- H, Ca .a. 2g 


(2Rh'? — h>?)dh 


aE iis 
Cy .a. [2g H, 


iE 


J| 


h p” H, 


2? 4] 





AEEA 


ax 
H, 


Hz 
= 4 Rh”? — -Zase 
H, 


C, REA 


$ R(n- Hi’ )- Z (n? oe H)| 


aes 
= magli? (H? - 37)- = (Hi - =”) (1.13) 


For completely emptying the tank, H, = 0 and hence 


T 4 3/2 2 x 
RH?” —=— H°"? |, (7.14) 
= Caig a > 


Problem 7.19 A hemispherical tank of diameter 4 m contains water upto a height of 1.5 m. An 
orifice of diameter 50 mm is provided at the bottom. Find the time required by water (i) to fall from 
1.5 m to 1.0 m (ii) for completely emptying the tank. Tank C, = 0.6. 

Solution. Given : 


Dia. of hemispherical tank, D = 4 m 


‘s Radius, R=20 m 
Dia. of orifice, d= 50 mm = 0.05 m 
s. Area, a= 7057 = 0.001963 m? 


Initial height of water, H,=15m 
C,= 0.6 


6 


First Case. H, = 1.0 
Time T is given by equation (7.13) 


T= eae Lg (eH) § (at — 1) 
eerie pier 4 3/2 3/2 _2 5/2 _ 5/2 
= 06x.001963x 2x981 «| $x 20(15 1.0") 5 (IS 1.0 ) 


= 602.189 [2.2323 — 0.7022] = 921.4 second 
= 15 min 21.4 sec. Ans. 
Second Case. H, = 0 and hence time T is given by equation (7.14) 


T 4 


a 2 ° 
i — RH?!? -2 Hi] 
aE - 


LAUNIS E g exist | 


~ ERs E 5 


iE 


Orifices and Mouthpieces 337 


= 602.189 [4.8989 — 1.1022] sec = 2286.33 sec 
= 38 min 6.33 sec. Ans. 
Problem 7.20 A hemispherical cistern of 6 m radius is full of water. It is fitted with a 75 mm 
diameter sharp edged orifice at the bottom. Calculate the time required to lower the level in the cistern 
by 2 metres. Assume co-efficient of discharge for the orifice is 0.6. 
Solution. Given : 
Radius of hemispherical cistern, R = 6 m 


Initial height of water, H,=6m 
Dia. of orifice, d=75 mm = 0.075 m 
-. Area, a= *(075)° = 004418 m? 
Fall of height of water =2m 
Final height of water, H, =6-2=4m 
C4 = 0.6 


The time 7 is given by equation (7.31) 


ay T 4 3/2 p322 [p52 y5 
raaa a E -a-pa a] 


T 


~ 0.6 x.004418 x J2 x9.81 
x|4 x6 (6.0%? - 4.0°°) - 2 (60% -4.0°") 
3 5 


= 267.56 [8(14.6969 — 8.0) — 0.4 (88.18 — 32.0)] 
= 267.56 [53.575 — 22.472] sec 
= 8321.9 sec = 2hrs 18 min 42 sec. Ans. 
Problem 7.21 A cylindrical tank is having a hemispherical base. The height of cylindrical portion 
is 5 m and diameter is 4 m. At the bottom of this tank an orifice of diameter 200 mm is fitted. Find the 
time required to completely emptying the tank. Take C,, = 0.6. 
Solution. Given : 
Height of cylindrical portion (I1) = 5 m 


Dia. of tank =4.0m 
.. Area, A= i (4)? = 12.566 m? 
Dia. of orifice, d = 200 mm = 0.2 m 


> 


Area, a= E C2} = 0.0314 m? 


C,=0.6 





once? 
Fig. 7.11 
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The tank is splitted in two portions. First portion is a hemispherical tank and second portion is 
cylindrical tank. 
Let T, = time for emptying hemispherical portion I. 
T, = time for emptying cylindrical portion II. 
Then total time T= T] + 7. 
For Portion I. H, = 2.0 m, H, = 0. Then T; is given by equation (7.14) as 


1 = 4 pHs? — 2 43? 
', xax 2g [3 5 
T 4 m2 2 5/2 
= —— e | — X 2.0 x 2.074- — x 2.0" 
0.6 x .0314 x /2x9.81 $ 5 


= 37.646 [7.5424 — 2.262] sec = 198.78 sec. 

For Portion IL. H, = 2.0 + 5.0 = 7.0 m, H, = 2.0. Then T, is given by equation (7.11) as 
2A[ JH, - fH,] 2x12.566[ V7 - 420] 

T, = eee eS eect = 
a ee xax 2g 0.6 x .0314 x 4/2 x 9.81 


<. Total time, T = T, + T, = 198.78 + 370.92 = 569.7 sec 
= 9 min 29 sec. Ans. 


370.92 sec 


> 7.11 TIME OF EMPTYING A CIRCULAR HORIZONTAL TANK 


Consider a circular horizontal tank of length L and radius R, containing liquid upto a height of A. 
Let an orifice of area ‘a’ is fitted at the bottom of the tank, Then the time required to bring the liquid 
level from H, to H, is obtained as : 

Let at any time, the height of liquid over orifice is *h’ and in time df, let the height falls by an height 
of ‘dh’, Let at this time, the width of liquid surface = AC as shown in Fig. 7.12. 





Surface area of liquid = L x AC 


But AC = 2x AB = 2| 0? - 0B? | = af Rè- (R-n | 
=2,/R? - (R? +h? - 2Rh) = 2J2Rh-h? 
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Surface area, A= LX 2,/2Rh =A 


Volume of liquid leaving tank in time dT 


=Axdh=2L J2Rh -h° xdh (Ò 


Also the volume of liquid flowing through orifice in time dT 
= C,x Area of orifice x Velocity x dT 


But the velocity of liquid at the time considered = J2gh 
Volume of liquid flowing through orifice in time dT 
=C,xax J2gh x dT valit) 
Equating (i) and (ii), we get 


2L \2Rh - h? x(- dh) = CX aX J2ghx dT 


— ve sign is introduced as with the increase of 7, the height / decreases, 


<2T; y 2Rh—-h°dh = -2L,/ (2R—h) dh 


C,xaxJ2gh ~— C, xax. 2g 
[Taking Jh common] 
H, —2L(2R— h)? dh 


C, xax f2g 
1/2 


if [2R-h] dh 
Ay 


Total time, T = Ji, 


AR 


1/2+1 
- -e Jen (RR-A) ( 


“ bi 
2 


H, 


2L H, 
= (2R-1 
C, xaxJ2g g “3 l J "ln 
3/2 3/2 
=-—_———————|(2R—H, -(2R-H wh TES) 
eka 2) ( ') | 
For completely emptying the tank, H, = 0 and hence 
4L 3/2 3/2 
= ——— |(2R)* —-(2R- FA, $ ...(7.16) 
3C, xax 2g l pral ) | 


Problem 7.22 An orifice of diameter 100 mm is fitted at the bottom of a boiler drum of length 
5 m and of diameter 2 m. The drum is horizontal and half full of water. Find the time required to 
empty the boiler, given the value of Cy = 0.6. 
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Solution. Given : 


Dia. of orifice, d = 100 mm = 0.1 m 
Area, a= 3 (.1)? = 007854 m? 
Length, L=5m 
Dia. of drum, D=2m 
Radius, R=1m 
Initial height of water, H,=1m 
Final height of water, H,=0 
Cy = 0.6 
For completely emptying the tank, T is given by equation (7.16) 
4L 3/2 3/2 
T = ———— [(2R)”* - (2R - H,)"* 
3x C, Xax 2g i Wa 
4x 5.0 


5 3/2 _ 13? 
3 x .06 x .007854 x /2 x 9.81 sey eee 
= 319.39 [2.8284 — 1.0] = 583.98 sec = 9 min 44 sec. Ans. 

Problem 7.23 An orifice of diameter 150 mm is fitted at the bottom of a boiler drum of length 8 m 
and of diameter 3 metres. The drum is horizontal and contains water upto a height of 2.4 m. Find the 
time required to empty the boiler. Take C, = 0.6. 

Solution. Given : 

Dia. of orifice, d= 150 mm = 0.15 m 


Area, a= Tas = 0.01767 m? 


Length, L=80m 

Dia. of boiler, D=3.0m 

s. Radius, R=1.5m 

Initial height of water, H,=24m 

Find height of water, H,=0 

C,= 0.6. 
For completely emptying the tank, T is given by equation (7.16) as 
T= = = 7 [2R)*? — (2k - H,)*?| 


SESO (2x 1.5)? — (2x 1.5-2.4)*?] 


~ 3x.6 x.01767 x /2 x98 


= 227.14 [5.196 — 0.4647] = 1074.66 sec 
= 17 min 54.66 sec. Ans. 
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> 7.12 CLASSIFICATION OF MOUTHPIECES 


1. The mouthpieces are classified as (i) External mouthpiece or (ii) Internal mouthpiece depend- 
ing upon their position with respect to the tank or vessel to which they are fitted. 

2. The mouthpiece are classified as (i) Cylindrical mouthpiece or (ii) Convergent mouthpiece or 
(iii) Convergent-divergent mouthpiece depending upon their shapes. 

3. The mouthpieces are classified as (i) Mouthpieces running full or (ii) Mouthpieces running free, 
depending upon the nature of discharge at the outlet of the mouthpiece. This classification is only for 
internal mouthpieces which are known Borda’s or Re-entrant mouthpieces. A mouthpiece is said to be 
running free if the jet of liquid after contraction does not touch the sides of the mouthpiece. But if the 
jet after contraction expands and fills the whole mouthpiece it is known as running full. 


> 7.13 FLOW THROUGH AN EXTERNAL CYLINDRICAL MOUTHPIECE 


A mouthpiece is a short length of a pipe which is two or three 
times its diameter in length. If this pipe is fitted externally to the 
orifice, the mouthpiece is called external cylindrical mouthpiece and 
the discharge through orifice increases. 

Consider a tank having an external cylindrical mouthpiece of 
cross-sectional area a, attached to one of its sides as shown in 
Fig. 7.13. The jet of liquid entering the mouthpiece contracts to form 
a vena-contracta at a section C-C. Beyond this section, the jet again 
expands and fill the mouthpiece completely. 

Let H= Height of liquid above the centre of mouthpiece 
v, = Velocity of liquid at C-C section 
a, = Area of flow at vena-contracta 
v, = Velocity of liquid at outlet 
a, = Area of mouthpiece at outlet 
C, = Co-efficient of contraction. 
Applying continuity equation at C-C and (1)-(1), we get 
a. XV. = ayy, 





Fig. 7.13 External cylindrical 
mouthpieces. 





ayy; v 
y. = —— = 
c a a,/a, 
a i i 
But — = C, = Co-efficient of contraction 


a 


Taking C, = 0.62, we get fe = 0.62 
a 
es 
“0.62 
The jet of liquid from section C-C suddenly enlarges at section (1)-(1). Due to sudden enlargement, 


(ve =») 


there will be a loss of head, h,* which is given as h; = 7 
£ 


* Please refer Art. 11.4.1 for loss of head due to sudden enlargement. 


im 
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at] fl >? 
=| l ni] = S554 


But v, = A hence h, = Dee = 
0.62 2g 0.62 2g 
Applying Bernoulli’s equation to point A and (1)-(1) 
Pa, VA P.M 
PA SA ig eA Daz cn 
pg 2g 3 


where Z,4 = Z,, V4 is negligible, 


A. atmospheric pressure = 0 
2 


HeG=64 4.375 
7 i 
H= 1.375 2} 
2g 


gH 
vj= BE = 0.855 /2gH 


Theoretical velocity of liquid at outlet is v,, = ./2¢H 


Co-efficient of velocity for mouthpiece 
Actual velocity 0.855 J2gH 
= PeH = 0.855. 
& 


~ Theoretical velocity - 
C. for mouthpiece = | as the area of jet of liquid at outlet is equal to the area of mouthpiece at outlet 
Thus C= C, X C, = 1.0 .855 = 0.855 
Thus the value of C, for mouthpiece is more than the value of C, for orifice, and so discharge 


through mouthpiece will be more. 
Problem 7.24 Find the discharge from a 100 mm diameter external mouthpiece, fitted to a side of 
a large vessel if the head over the mouthpiece is 4 metres 


Solution. Given: 


Dia. of mouthpiece = 100 m = 0.1 m 


ia 70.1 = 0.007854 m? 


. Area, 
Head, H = 4.0 m 
C; for mouthpiece = 0.855 
<. Discharge = C, x Area x Velocity = 0.855 x a x,/2gH 
= .855 x .007854 x ./2x981x4.0 = .05948 m’/s. Ans. 


Problem 7.25 An external cylindrical mouthpiece of diameter 150 mm is discharging water under a 
constant head of 6 m. Determine the discharge and absolute pressure head of water at vena-contracta. 
Take C; = 0.855 and C. for vena-contracta = 0.62. Atmospheric pressure head = 10.3 m of water. 
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Solution. Given : 


Dia. of mouthpiece, d= 150 mm = 0.15 cm 


<. Area, a= (15)? = 0.01767 m? 
Head, H=6.0m 
C, = 0.855 


C, at vena-contracta = 0,62 
Atmospheric pressure head, H, = 10.3 m 


<. Discharge =C] Xa X J2gH 


= 0.855 x .01767 x 4/2 x9.81x6.0 = 0.1639 m°/s. Ans. 


Pressure Head at Vena-contracta 
Applying Bernoulli’ s equation at A and C-C, we get 


Pa, Va Pe | Ve 
AtA tE 
pe 28 ^ pg 2 ~ 
Pa _ = 
But —=H,+ H, v,=0, 
Pg 
ZA = Ze 
H,+H+0= 224 22H. +22 
pg 2g 2g 
H.=H,+H--~* 
But v= = 
0.62 
vi 1 
H.=H,+ H-|—| x— 
62 2g 
But Heras A 
2g 
M rH ONH 
2g 1375 





H, = H, + H - .7272 Hx : 
(.62) 


=H,+H-189H=H,-.89H 


10.3 — .89 x 6.0 


H-—x 





Fig. 7.14 


v? l 





2g (62) 


{ H, = 10.3 and H = 6.0} 


= 10.3 — 5.34 = 4.96 m (Absolute). Ans. 


|] 


344 Fluid Mechanics 
> 7.14 FLOW THROUGH A CONVERGENT-DIVERGENT MOUTHPIECE 








If a mouthpiece converges upto vena-contracta and then diverges as shown in Fig. 7.15 then that 
type of mouthpiece is called Convergent-Divergent Mouthpiece. As in this mouthpiece there is no 
sudden enlargement of the jet, the loss of energy due to sudden enlargement is eliminated. The co- 
efficient of discharge for this mouthpiece is unity. Let H is the head of liquid over the mouthpiece. 

Applying Bernoulli’s equation to the free surface of water in tank and section C-C, we have 
B. + +Z= Pe + em FPZ 
pg 2g pg 2g 


Taking datum passing through the centre of orifice, we get 





2- „p v=0,z=H,  =H,,2.=0 
Ps 


Pg 
v? G © 
H,+0+H=H,+— +0 sed) a; 
2g — 
3 a, a 
ve =H +H-H, (ii) cv 
2g 


or v= oi H,+H-H.,) Fig. 7.15 Convergent- 
divergent mouthpiece. 
Now applying Bernoulli's equation at sections C-C and (1)-(1) 


5 


Pe Ve +z sibi p Ki 
2g 


mia c= +z 
Pg 2g pg 


But Ze =Z; and Ae Ha 
Ps 


9 


ey 
2g 2g 


Also from (i), H, + včhNg=H +H, 
: H,+v/2g=H+H, 
vi = j2eH (iii) 


Now by continuity equation, a, v, = vı X a) 








a Ve 2g(H, + H- H,) By A 
a. v 2gH H H 
s hefa Me (7.17) 
H 
The discharge, Q is given as Q = a, X 28H ...(7.18) 


where a, = area at vena-contracta. 
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Problem 7.26 A convergent-divergent mouthpiece having throat diameter of 4.0 cm is discharging 

water under a constant head of 2.0 m, determine the maximum outer diameter for maximum discharge. 

Find maximum discharge also. Take H, = 10.3 m of water and H,,,, = 2.5 m of water (absolute). 
Solution. Given : 


Dia. of throat, d, = 4.0 cm 
<. Area, a. = = (4)? = 12.566 cm? 
Constant head, H = 2.0 m 
Find max. dia. at outlet, d) and Q max 
H, = 10.3 m 


Hep = 2.5 m (absolute) 
The discharge, Q in convergent-divergent mouthpiece depends on the area at throat. 


Omax = % X J2gH = 12.566 x 2 x9.81x 200 = 7871.5 cm°/s. Ans. 


Now ratio of areas at outlet and throat is given by equation (7.17) as 


li s pi-i. faas f H. = H,,, = 2.5} 
a, H 2.0 = 


= 2.2135 


c 


za fa = 2.2135 or | “| = 2.2135 
4a'/4 d 


s = ¥2.2135 = 1.4877 


c 


d, = 1.4877 x d, = 1.4877 x 4.0 = 5.95 cm. Ans. 


Problem 7.27 The throat and exit diameters of convergent-divergent mouthpiece are 5 cm and 
10 cm respectively. It is fitted to the vertical side of a tank, containing water. Find the maximum head 
of a water for steady flow. The maximum vacuum pressure is 8 m of water and take atmospheric 
pressure = 10.3 m water. 


Solution. Given : 
Dia. at throat, d, = 5 cm 
Dia. at exit, d, = 10 cm 
Atmospheric pressure head, H, = 10.3 m 
The maximum vacuum pressure will be at a throat only 
Pressure head at throat = 8 m (vacuum) 
or H, = H, — 8.0 (absolute) 
= 10.3 — 8.0 = 2.3 m (abs.) 


Let maximum head of water over mouthpiece = H m of water. 
The ratio of areas at outlet and throat of a convergent-divergent mouthpiece is given by equation (7.17). 


|] 








T 2 
ý H.-H, 4® 103-23 
— = /1+—* <= or = {1+ 
a. H T (d F H 
4\* 
or 1o =4= nE or TE EE or is- 2 
D \ H H H 
H = Ë = 0.5333 m of water 


Maximum head of water = 0.533 m. Ans. 

Problem 7.28 A convergent-divergent mouthpiece is fitted to the side of a tank. The discharge 
through mouthpiece under a constant head of 1.5 m is 5 litres/s. The head loss in the divergent portion 
is 0.10 times the kinetic head at outlet. Find the throat and exit diameters, if separation pressure is 
2.5 m and atmospheric pressure head = 10.3 m of water. 

Solution. Given : 

Constant head, H=1.5m 

Discharge, Q =5 litres = .005 m*/s 

h, or Head loss in divergent = 0.1 x kinetic head at outlet 

H, or H,,,, = 2.5 (abs.) 
H, = 10.3 m of water 

Find (i) Dia. at throat, d, 

(ii) Dia. at outlet, d, 

(i) Dia. at throat (d,). Applying Bernoulli’ s equation to the free water surface and throat section, 
we get (See Fig. 7.15). 

2 2 
E piiga Pe yEy f 
Ps 2g Pg 2g 

Taking the centre line of mouthpiece as datum, we get 


H,+0+H=H,+ 2 


2g 
5 = H,+ H- H, = 10.3 + 1.5 — 2.5 = 9.3 m of water 
v. = 42 x9.81x9.3 = 13.508 m/s 
Now Q =a, X v, or .005 = z d? x 13.508 


d.= ee = 4.00047 = .0217 m = 2.17 cm. Ans. 
T x 13.508 


(ii) Dia. at outlet (d,). Applying Bernoulli’s equation to the free water surface and outlet of mouth- 
piece (See Fig. 7.15), we get 


4 


> é 
y“ v 
Eyr iG aA Ba ay 


Pg 2g pg 2g 


iE 
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H,+0+H=H,+ 2 +0+0.1 x2 TTA 
2g 2g Ps 
2 2 2 
akoy | yokes (fe 
2g 2g 2g 
i [2sH - [2x981 x15 51724 
1.1 Ll 
Tw 9 
Now Q=A,v, or .005 = —d," x v, 





4 
d, = 4 x .005 = _4x-005_ = 0.035 m = 3.5 cm. Ans. 
TX V n x 5.1724 


> 7.15 FLOW THROUGH INTERNAL OR RE-ENTRANT ON BORDA’S 
MOUTHPIECE 


A short cylindrical tube attached to an orifice in such a way that the tube projects inwardly to a 
tank, is called an internal mouthpiece. It is also called Re-entrant or Borda’s mouthpiece. If the length 
of the tube is equal to its diameter, the jet of liquid comes out from mouthpiece without touching the 
sides of the tube as shown in Fig. 7.16. The mouthpiece is known as running free. But if the length of 
the tube is about 3 times its diameter, the jet comes out with its diameter equal to the diameter of 
mouthpiece at outlet as shown in Fig. 7.17. The mouthpiece is said to be running full. 

(i) Borda’s Mouthpiece Running Free. Fig. 7.16 shows the Borda’s mouthpiece running free. 

Let H = height of liquid above the mouthpiece, 

a = area of mouthpiece, 
a, = area of contracted jet in the mouthpiece, 
vy. = velocity through mouthpiece. 





RUNNING FREE RUNNING FULL 
Fig. 7.16 Fig. 7.17 


The flow of fluid through mouthpiece is taking place due to the pressure force exerted by the fluid 
on the entrance section of the mouthpiece. As the area of the mouthpiece is ‘a’ hence total pressure 
force on entrance 


=pg.a.h 
where h = distance of C.G. of area ‘a’ from free surface = H. 


=pg.a.H wai) 


|] 


According to Newton’s second law of motion, the net force is equal to the rate of change of momen- 
tum. 


Now mass of liquid flowing/sec = p x a, X v, 
The liquid is initially at rest and hence initial velocity is zero but final velocity of fluid is v.. 
Rate of change of momentum = mass of liquid flowing/sec x [final velocity — initial velocity] 


= pa, x v.[v, - 0] = pa, v7 - (ii) 
Equating (i) and (ii), we get 
pg .a.H. = pa, v? ...(iii) 
Applying Bernoulli’s equation to free surface of liquid and section (1)-(1) of Fig. 7.16 
Pit ep Bg We 
Pg 28 pg 2g 


Taking the centre line of mouthpiece as datum, we have 


Pp Py 
z= H, z = 0, — = —=p, osp. = 9, 
pg pg P 


Vi = Vos v=0 


0+0+H=04+ 2240 or H= 
2g 2g 


Ve = y2gH 
Substituting the value of v, in (iii), we get 
pg.a.H.=p.a,.2g.H 


Bet 
a 


or a= 2a, or = 0.5 


Nj|—= 


c 


. $ a 
.. Co-efficient of contraction, C.= — = 0.5 
a 


Since there is no loss of head, co-efficient of velocity, C, = 1.0 
Co-efficient of discharge, C,= C, x C, = 0.5 x 1.0 = 0.5 


Discharge Q=C,aJ2gH .«-(7.19) 


= 0.5 x a,/2gH 
(ii) Borda’s Mouthpiece Running Full. Fig. 7.17 shows Borda’s mouthpiece running full. 
Let H = height of liquid above the mouthpiece, 
v, = velocity at outlet or at (1)-(1) of mouthpiece, 
a = area of mouthpiece, 
a, = area of the flow at C-C, 
v, = velocity of liquid at vena-contracta or at C-C. 
The jet of liquid after passing through C-C, suddenly enlarges at section (1)-(1). Thus there will be 
a loss of head due to sudden enlargement. 


h= 
L 2g 


a 


iE 
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Now from continuity, we have a, X v, = a; X v] 





yok ype ek [ C. =0.5} 
a. ala, Ce 05 
or Ve = 2v4 
(2v, - vı) x v 


Substituting this value of v, in (i), we get A; = 
2g 2g 

Applying Bernoulli’ s equation to free surface of water in tank and section (1)-(1), we get 

2 


p 
v“ Vi 
Ey +z=2L4 2 4z +h 


pg 2g pg 2g 
Taking datum line passing through the centre line of mouthpiece 
v,? v? 
0+0+H=0+ — +0+ 
2g 2g 
aaa E 
2g 2g 8 


v= JgH 


Here v, is actual velocity as losses have been taken into consideration, 
But theoretical velocity, v,, = 2gH 


so - i v ity, C, = — = ~= _ = —= l).7 
Co-efficient of velocity, C, * eH F 0.707 
As the area of the jet at outlet is equal to the area of the mouthpiece, hence co-efficient of 
contraction = | 
; Cy= C. x C, = 1.0 x .707 = 0.707 
Discharge, Q=C,xax J2gH =0.707 xax 22H ...(7.20) 
Problem 7.29 An internal mouthpiece of 80 mm diameter is discharging water under a constant 
head of 8 metres. Find the discharge through mouthpiece, when 
(i) The mouthpiece is running free, and (ii) The mouthpiece is running full. 
Solution. Given : 
Dia. of mouthpiece, d = 80 mm = 0.08 m 


:. Area, a= T08)? = .005026 m? 


Constant head, H=4m. 
(i) Mouthpiece running free. The discharge, Q is given by equation (7.19) as 


Q0=0.5xax J2gH 
= 0.5 x 005026 x 2x 9.81 x 4.0 


= 0.02226 m*/s = 22.26 litres/s. Ans. 
(it) Mouthpiece running full. The discharge, Q is given by equation (7.20) as 
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1 


2. 
3: 


4 


n 
. 


an 
. 


7 


Q = 0.707 x a x J2gH 
= 0.707 x .005026 x ./2 x 9.81 x 4.0 


= (0.03147 m°/s = 31.47 litre/s. Ans. 


HIGHLIGHTS 


Orifice is a small opening on the side or at the bottom of a tank while mouthpiece is a short length of 
pipe which is two or three times its diameter in length. 

Orifices as well as mouthpieces are used for measuring the rate of flow of liquid. 

Theoretical velocity of jet of water from orifice is given by 


V = J2gH , where H = Height of water from the centre of orifice. 
There are three hydraulic co-efficients namely : 





(a) Co-efficient of velocity, C,= ee saree 
Theoretical velocity V4 yH 
(b) Co-efficient of contraction, C, = pit den iin CONRO ar lb = ae 
Area of orifice 


Actual discharge 


(c) Co-efficient of discharge, C} = Thacestical dinchiarae 
1 1 


=C,xC, 

where x and y are the co-ordinates of any point of jet of water from vena-contracta. 

A large orifice is one, where the head of liquid above the centre of orifice is less than 5 times the depth of 
orifice. The discharge through a large rectangular orifice is 


== C,xbx J2g iH” - Hp’) 


where b = Width of orifice, 
C, = Co-efficient of discharge for orifice, 
H, = Height of liquid above top edge of orifice, and 
H, = Height of liquid above bottom edge of orifice. 
The discharge through fully sub-merged orifice, Q = C, x b x (H, — H,) x J2gH 
where 6 = Width of orifice, 
C,, = Co-efficient of discharge for orifice, 
H, = Height of liquid above bottom edge of orifice on upstream side, 
H, = Height of liquid above top edge of orifice on upstream side, 
H = Difference of liquid levels on both sides of the orifice. 
Discharge through partially sub-merged orifice, 
Q= Q; Y Q, 
= Cyb (H, — H) x J2gH +23 Cbx J2g (H?-H,°”) 
where b = Width of orifice 
Ca H, H, and H are having their usual meaning. 
Time of emptying a tank through an orifice at its bottom is given by, 


A 
pm CNE 


where H, = Initial height of liquid in tank, 
H, = Final height of liquid in tank, 
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A = Area of tank, 
a = Area of orifice, 
C, = Co-efficient of discharge. 
If the tank is to be completely emptied, then time 7, 


___2AVvH 
C,.a.J2¢ 


Time of emptying a hemispherical tank by an orifice fitted at its bottom, 
3/2 3/2 5/2 5/2 
“ae aol R(H,? — H3'*) = (Hi - H} | 


and for completely emptying the tank, T = =l; RH? - bez Zae] 
Cy. a. d 


= 


where œR = Radius of the hemispherical tank, 
H, = Initial height of liquid, 
H, = Final height of liquid, 
a = Area of orifice, and 
C„ = Co-efficient of discharge. 
10. Time of emptying a circular horizontal tank by an orifice at the bottom of the tank, 


4L 3/2 3/2 
= —  —— |2R - H,“ - QR- H, y 
ate AE 


; 4L 3/2 3/2 
and for completely emptying the tank, T= (2R)y"~ —(2R—-H,) 
pictely emptying Iade m vd 
where L = Length of horizontal tank. 
11. Co-efficient of discharge for, 
(i) External mouthpiece, C, = 0.855 
(ii) Internal mouthpiece, running full, C, = 0.707 
(iii) Internal mouthpiece, running free, C, =0.50 
(iv) Convergent or convergent-divergent, C, = 1.0. 
12. For an external mouthpiece, absolute pressure head at vena-contracta 
H, =H,-0.89 H 
where H, = atmospheric pressure head = 10.3 m of water 
H = head of liquid above the mouthpiece. 
13. For a convergent-divergent mouthpiece, the ratio of areas at outlet and at vena-contracta is 


ioe ppa he 
a, \ H 


where a, = Area of mouthpiece at outlet 
a, = Area of mouthpiece at vena-contracta 
H, = Atmospheric pressure head 
H, = Absolute pressure head at vena-contracta 
H = Height of liquid above mouthpiece. 
14. In case of internal mouthpieces, if the jet of liquid comes out from mouthpiece without touching its sides 
it is known as running free, But if the jet touches the sides of the mouthpiece, it is known as running full. 


mi 


l 


12. 


13. 


14. 


1. 





EXERCISE 


(A) THEORETICAL PROBLEMS 


Define an orifice and a mouthpiece. What is the difference between the two ? 

Explain the classification of orifices and mouthpieces based on their shape, size and sharpness ? 

What are hydraulic co-efficients ? Name them. 

Define the following co-efficients : (i) Co-efficient of velocity, (ii) Co-efficient of contraction and 
(iii) Co-efficient of discharge. 

Derive the expression C; = C, X C.. 

Define vena-contracta. 

Differentiate between a large and a small orifice. Obtain an expression for discharge through a large 
rectangular orifice. 

What do you understand by the terms wholly sub-merged orifice and partially sub-merged orifice ? 
Prove that the expression for discharge through an external mouthpiece is given by 


Q=.855xaxv 


where a = Area of mouthpiece at outlet and 

v = Velocity of jet of water at outlet. 
Distinguish between : (7) External mouthpiece and internal mouthpiece, (ii) Mouthpiece running free and 
mouthpiece running full. 
Obtain an expression for absolute pressure head at vena-contracta for an external mouthpiece. 
What is a convergent-divergent mouthpiece ? Obtain an expression for the ratio of diameters at outlet and 
at vena-contracta for a convergent-divergent ‘mouthpiece’ in terms of absolute pressure head at vena- 
contracta, head of liquid above mouthpiece and atmospheric pressure head. 
The length of the divergent outlet part in a venturimeter is usually made longer compared with that of the 
converging inlet part. Why ? 
Justify the statement, “In a convergent-divergent mouthpiece the loss of head is practically eliminated”. 


(B) NUMERICAL PROBLEMS 


The head of water over an orifice of diameter 50 mm is 12 m. Find the actual discharge and actual velocity 
of jet at vena-contracta, Take C, = 0.6 and C, = 0.98. [Ans. .018 m/s ; 15.04 m/s} 
The head of water over the centre of an orifice of diameter 30 mm is 1.5 m. The actual discharge through 
the orifice is 2.35 litres/sec. Find the co-efficient of discharge. [Ans. 0.613] 
A jet of water, issuing from a sharp edged vertical orifice under a constant head of 60 cm, has the horizon- 
tal and vertical co-ordinates measured from the vena-contracta at a certain point as 10.0 cm and 0.45 cm 
respectively. Find the value of C,. Also find the value of C, if C, = 0.60. [Ans. 0.962, 0.623] 
The head of water over an orifice of diameter 100 mm is 5 m. The water coming out from orifice is 
collected in a circular tank of diameter 2 m, The rise of water level in circular tank is .45 m in 30 seconds. 
Also the co-ordinates of a certain point on the jet, measured from vena-contracta are 100 cm horizontal 
and 5.2 cm vertical, Find the hydraulic co-efficients C,, C, and C,. [Ans. 0.605, 0.98, 0.617] 
A tank has two identical orifices in one of its vertical sides. The upper orifice is 4 m below the water 
surface and lower one 6 m below the water surface. If the value of C, for each orifice is 0.98, find the point 
of intersection of the two jets. [Ans. At a horizontal distance of 9.60 cm] 
A closed vessel contains water upto a height of 2.0 m and over the water surface there is air having 
pressure 8.829 N/cm? above atmospheric pressure. At the bottom of the vessel there is an orifice of diam- 
eter 15 cm. Find the rate of flow of water from orifice. Take C, = 0.6. [Ans. 0.15575 m? fs] 
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A closed tank partially filled with water upto a height of 1 m, having an orifice of diameter 20 mm at the 
bottom of the tank. Determine the pressure required for a discharge of 3.0 litres/s through the orifice. Take 


C, = 0.62. [Ans. 10.88 N/em’] 
Find the discharge through a rectangular orifice 3.0 m wide and 2 m deep fitted to a water tank. The water 
level in the tank is 4 m above the top edge of the orifice. Take C, = 0.62 [Ans. 36.77 m’/s] 


A rectangular orifice, 2.0 m wide and 1.5 m deep is discharging water from a tank. If the water level in the 
tank is 3.0 m above the top edge of the orifice, find the discharge through the orifice. Take C, = 0.6. 
[Ans. 15.40 m*/s] 
A rectangular orifice, 1.0 m wide and 1.5 m deep is discharging water from a vessel. The top edge of the 
orifice is 0.8 m below the water surface in the vessel. Calculate the discharge through the orifice if 
C,, = 0.6. Also calculate the percentage error if the orifice is treated as a small orifice. [Ans. 1.058%] 
Find the discharge through a fully sub-merged orifice of width 2 m if the difference of water levels on 
both the sides of the orifice be 800 mm. The height of water from top and bottom of the orifice are 2.5 m 


and 3 m respectively. Take C, = 0.6. [Ans. 2.377 m*/s] 
Find the discharge through a totally drowned orifice 1.5 m wide and | m deep, if the difference of water 
levels on both the sides of the orifice be 2.5 m. Take C,, = 0.62. [Ans. 6.513 m’°/s] 


A rectangular orifice of 1.5 m wide and 1.2 m deep is fitted in one side of a large tank. The water level on 
one side of the orifice is 2 m above the top edge of the orifice, while on the other side of the orifice, the 
water level is 0.4 m below its top edge. Calculate the discharge through the orifice if C} = 0.62. 
[Ans. 7.549 m*/s] 
A circular tank of diameter 3 m contains water upto a height of 4 m. The tank is provided with an orifice 
of diameter 0.4 m at the bottom. Find the time taken by water : (i) to fall from 4 m to 2 m and (ii) for 
completely emptying the tank. Take C, = 0.6. [Ans. (i) 24.8 s, (ii) 84.7 s] 
A circular tank of diameter 1.5 m contains water upto a height of 4 m. An orifice of 40 mm diameter is 
provided at its bottom. If C, = 0.62, find the height of water above the orifice after 10 minutes. [Ans. 2 m] 
A hemispherical tank of diameter 4 m contains water upto a height of 2.0 m. An orifice of diameter 50 mm 
is provided at the bottom. Find the time required by water (i) to fall from 2.0 m to 1.0 m (ii) for completely 
emptying the tank. Take C, = 0.6 [Ans. (7) 30 min 14.34 s, (i) 52 min 59 s] 
A hemispherical cistern of 4 m radius is full of water. It is fitted with a 60 mm diameter sharp edged orifice 
at the bottom, Calculate the time required to lower the level in the cistern by 2 metres. Take C, = 0.6. 
[Ans. 1 hr 58 min 45.9 s] 
A cylindrical tank is having a hemispherical base. The height of cylindrical portion is 4 m and diameter is 
3 m. At the bottom of this tank an orifice of diameter 300 mm is fitted. Find the time required to completely 
emptying the tank. Take C, = 0.6. [Ans. 2 min 7.37 s] 
An orifice of diameter 200 mm is fitted at the bottom of a boiler drum of length 6 m and of diameter 2 m. 
The drum is horizontal and half full of water. Find the time required to empty the boiler, given the value of 
C,=0.6 [Ans. 2 min 55.20 s] 
An orifice of diameter 150 mm is fitted at the bottom of a boiler drum of length 6 m and of diameter 2 m. 
The drum is horizontal and contains water upto a height of 1.8 m. Find the time required to empty the 


boiler. Take C, = 0.6. [Ans. 7 min 46.64 s] 
Find the discharge from a 80 mm diameter external mouthpiece, fitted to a side of a large vessel if the head 
over the mouthpiece is 6 m. [Ans. 0.0466 m*/s] 


An external cylindrical mouthpiece of diameter 100 mm is discharging water under a constant head of 8 m. 
Determine the discharge and absolute pressure head of water at vena-contracta. Take C, = 0.855 and C, for 
vena-contracta = 0.62. Take atmospheric pressure head = 10.3 m of water. _ [Ans. 0.084 m*/s ; 3.18 m] 
A convergent-divergent mouthpiece having throat diameter of 60 mm is discharging water under a con- 
stant head of 3.0 m. Determine the maximum outlet diameter for maximum discharge. Find maximum 
discharge also. Take atmospheric pressure head = 10.3 m of water and separation pressure head = 2.5 m of 
water absolute. [Ans. 6.88 cm, Qna = 0.01506 m°/s] 





The throat and exit diameter of a convergent-divergent mouthpiece are 40 mm and 80 mm respectively. 
It is fitted to the vertical side of a tank, containing water. Find the maximum head of water for steady 
flow. The maximum vacuum pressure is 8 m of water. Take atmospheric pressure head = 10.3 m of water. 
[Ans. 0.533 m] 
The discharge through a convergent-divergent mouthpiece fitted to the side of a tank under a constant head 
of 2 m is 7 litres/s, The head loss in the divergent portion is 0.10 times the kinetic head at outlet. Find the 
throat and exit diameters, if separation pressure head = 2.5 m and atmospheric pressure head = 10.3 m of 
water. [Ans. 25.3 mm ; 38.6 mm] 
An internal mouthpiece of 100 mm diameter is discharging water under a constant head of 5 m., Find the 
discharge through mouthpiece, when 
(i) the mouthpiece is running free, and (i) the mouthpiece is running full. 
[Ans. (7) 38.8 litres/s, (i) 54.86 litres/s] 
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NOTGHES AND 
WHIRS 


> 8.1 INTRODUCTION 


A notch is a device used for measuring the rate of flow of a liquid through a small channel or a 
tank. It may be defined as an opening in the side of a tank or a small channel in such a way that the 
liquid surface in the tank or channel is below the top edge of the opening. 

A weir is a concrete or masonary structure, placed in an open channel over which the flow occurs. 
It is generally in the form of vertical wall, with a sharp edge at the top, running all the way across the 
open channel. The notch is of small size while the weir is of a bigger size. The notch is generally made 
of metallic plate while weir is made of concrete or masonary structure. 

1. Nappe or Vein. The sheet of water flowing through a notch or over a weir is called Nappe or Vein. 


2. Crest or Sill. The bottom edge of a notch or a top of a weir over which the water flows, is known 
as the sill or crest. 


> 8.2 CLASSIFICATION OF NOTCHES AND WEIRS 


The notches are classified as : 
l. According to the shape of the opening : 
(a) Rectangular notch, 
(6) Triangular notch, 
(c) Trapezoidal notch, and 
(d) Stepped notch. 
2. According to the effect of the sides on the nappe : 
(a) Notch with end contraction. 
(6) Notch without end contraction or suppressed notch. 
Weirs are classified according to the shape of the opening, the shape of the crest, the effect of the 
sides on the nappe and nature of discharge. The following are important classifications. 
(a) According to the shape of the opening : 
(Ò Rectangular weir, (ii) Triangular weir, and 
(iii) Trapezoidal weir (Cipolletti weir) 
(b) According to the shape of the crest : 


(D Sharp-crested weir, (if) Broad-crested weir, 
(iii) Narrow-crested weir, and (iv) Ogee-shaped weir. 
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(c) According to the effect of sides on the emerging nappe : 
(i) Weir with end contraction, and (ii) Weir without end contraction. 


> 8.3 DISCHARGE OVER A RECTANGULAR NOTCH OR WEIR 


The expression for discharge over a rectangular notch or weir is the same. 








CREST 


OR SILL (c) SECTION AT 
CREST 


(a) RECTANGULAR NOTCH (b) RECTANGULAR WEIR 


Fig. 8.1 Rectangular notch and weir. 


Consider a rectangular notch or weir provided in a channel carrying water as shown in Fig. 8.1. 
Let H = Head of water over the crest 
L = Length of the notch or weir 
For finding the discharge of water flowing over the weir or notch, consider an elementary horizontal 
strip of water of thickness dh and length L at a depth h from the free surface of water as shown in 
Fig. 8.1(c). 
The area of strip =Lxdh 
and theoretical velocity of water flowing through strip = 2gh 
The discharge dQ, through strip is 
dQ = C, x Area of strip x Theoretical velocity 
=C,x Lxdhx.J2gh i) 
where C, = Co-efficient of discharge. 


The total discharge, Q , for the whole notch or weir is determined by integrating equation (i) between 
the limits 0 and H. 


H H 
o=] FE A 2gh .dh=C,xLx 42g | h”? dh 
0 








H 
pit! 132 H 
=C,xLx 2g =C XLX 2g 
Ti 3/2], 
Z 0 
== C,xLx 28 tay. (8.1) 


Problem 8.1 Find the discharge of water flowing over a rectangular notch of 2 m length when the 
constant head over the notch is 300 mm. Take C, = 0.60. 
Solution. Given : 


Length of the notch, L=2.0m 
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Head over notch, H = 300 m = 0.30 m 
Cy = 0.60 
Discharge, Q= > GRL x/2g [H*?] 
= f x 0.6 x 2.0 x 2x 981 x [0.30]'* m*/s 


= 3.5435 x 0.1643 = 0.582 m*/s. Ans. 
Problem 8.2 Determine the height of a rectangular weir of length 6 m to be built across a rectan- 
gular channel. The maximum depth of water on the upstream side of the weir is 1.8 m and discharge is 
2000 litres/s. Take C4 = 0.6 and neglect end contractions. 
Solution. Given : 


Length of weir, L=6m 

Depth of water, H,=18m 

Discharge, Q = 2000 lit/s = 2 m*/s 
C,=0.6 


Let H is height of water above the crest of weir, and H, = height of weir (Fig. 8.2) 
The discharge over the weir is given by the equation (8.1) as 


Q= = C,xL xg H” 





or 2.0 = Zx 0.6 x 6.0 x 42 x9.81 x H’? 
= 10.623 H” 
n__20 ; 
10.623 Fig. 8.2 
2/3 
H= a) = (0.328 m 
10.623 
Height of weir, H,=H,-H 


= Depth of water on upstream side — H 
= 1.8 — .328 = 1.472 m. Ans. 
Problem 8.3 The head of water over a rectangular notch is 900 mm. The discharge is 300 litres/s. 
Find the length of the notch, when C, = 0.62. 
Solution. Given : 


Head over notch, H = 90 cm = 0.9 m 

Discharge, O =300 lit/s = 0.3 m*/s 
C, = 0.62 

Let length of notch =L 


Using equation (8.1), we have 


Q= 5 x CX LX 2g x H” 


iE 


a 03= : x 0.62 x Lx J2x981 x (0.9) 


= 1.83 x L x 0.8538 


0.3 


= ————— = .192 m = 192 mm. Ans. 
1.83 x .8538 


> 8.4 DISCHARGE OVER A TRIANGULAR NOTCH OR WEIR 


The expression for the discharge over a triangular notch or weir is the same. It is derived as : 
Let H = head of water above the V- notch 
6 = angle of notch 
Consider a horizontal strip of water of thickness ‘dh’ at a depth of h from the free surface of water 
as shown in Fig. 8.3. 
From Fig. 8.3 (b), we have 


AC__AC_ 
OC (H-h) 


8 
an — = 
2 


AC = (H —h) tan : 





Width of strip = AB = 2AC = 2 (H - h) tan 3 Fig. 8.3 The triangular notch. 


*, Area of strip = 2 (H — h) tan s x dh 


The theoretical velocity of water through strip = J2gh 


Discharge, through the strip, 
dQ = C, x Area of strip x Velocity (theoretical) 


= C, x2 (H—h) tan : x dh x ./2gh 
= 2C, (H —h) tan 2 x /2gh x dh 
H 8 
-, Total discharge, g= j 2C, (H ~h) tan =x J2gh x dh 
0 
H 
= 2C, x tan sx 28 j (H — h)h'? dh 
0 


H 
=2xC,x tan sx 28 Í (Hh? — h*”) dh 
o 


3/2 5/2 
=2xC,x tan 2 | I 
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=2xC,X tan 4 x (2 | 2 H.H?? -žge 
2 3 5 
=2 x C; X tan $x ye |= me -2492| 


=2x C,x tan ox ye | =H] 


8 8 5/2 
= — C,xtan —X.j/2g xH (8.2 
15 d 2 8 ) 
For a right-angled V-notch, if C4 = 0.6 
e=907, +, MiS 
2 
Discharge, Q= = x 0.6 x 1 x 42x981 x H” aa 
=1417 H”. 


Problem 8.4 Find the discharge over a triangular notch of angle 60° when the head over the 
V-notch is 0.3 m. Assume C, = 0.6. 
Solution. Given : 


Angle of V-notch, 8 =60° 
Head over notch, H =0.3 m 
Cy = 0.6 


Discharge, Q over a V-notch is given by equation (8.2) 


8 8 2 
Q = qz * Ca% tan ZX V28 x H’? 


60° 5 
= Š x 0.6 tan 3% J2x981 x(0.3)>” 


= 0.8182 x 0.0493 = 0.040 m*/s. Ans. 
Problem 8.5 Water flows over a rectangular weir | m wide at a depth of 150 mm and afterwards 
passes through a triangular right-angled weir. Taking C, for the rectangular and triangular weir as 
0.62 and 0.59 respectively, find the depth over the triangular weir. 


Solution. Given: 


For rectangular weir, length, L = 1m 

Depth of water, H = 150 mm = 0.15 m 
C4 = 0.62 

For triangular weir, 8 =90° 
Cy = 0.59 

Let depth over triangular weir = H, 


The discharge over the rectangular weir is given by equation (8.1) as 
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o== KC;8 LX. je x 
= : x 0.62 x 1.0 x J2x981 x (.15)*” m*/s = 0.10635 m/s 


The same discharge passes through the triangular right-angled weir. But discharge, Q, is given by 
equation (8.2) for a triangular weir as 


Q= = xC,xtan 2x igx H” 


o 


8 90 5/2 o 
0.10635 = += * -59 x tan =~ x 2g XH, {= 0 = 90° and H= H,} 


= 5 x .59 x 1 x 4.429 x H,” = 1.3936 H,’ 


s2 _ 0.10635 
' 13936 
H, = (.07631)°* = 0.3572 m. Ans. 
Problem 8.5A_ Water flows through a triangular right-angled weir first and then over a rectangu- 
lar weir of 1 m width. The discharge co-efficients of the triangular and rectangular weirs are 0.6 and 
0.7 respectively. If the depth of water over the triangular weir is 360 mm, find the depth of water over 
the rectangular weir. 
Solution. Given : 
For triangular weir — : 8 = 90°, C, = 0.6, H = 360 mm = 0.36 m 
For rectangular weir : L=1m,C,=0.7,H=? 
The discharge for a triangular weir is given by equation (8.2) as 





= 0.07631 


= — X C;X tan —X „2g x H” 
Q 15 d 2 & 


= Š x 0.6 x tan (> J Ja x 9.81 x (0.36)*? = 0.1102 m?/s 


The same discharge is passing through the rectangular weir. But discharge for a rectangular weir is 
given by equation (8.1) as 


Q= Z x CX LX 2g xH”? 
or 0.1102 = $ x 0.7 x 1 xX J2x981 x H = 2.067 H*” 
or H? = 01102 _ 9.0533 
2.067 


H = (0.0533)? = 0.1415 m = 141.5 mm. Ans. 
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Problem 8.6 A rectangular channel 2.0 m wide has a discharge of 250 litres per second, which is 
measured by a right-angled V-notch weir. Find the position of the apex of the notch from the bed of the 
channel if maximum depth of water is not to exceed 1.3 m. Take C, = 0.62. 

Solution. Given: 

Width of rectangular channel, L = 2.0 m 

Discharge, Q = 250 lit/s = 0.25 m*/s 

Depth of water in channel =13m 

Let the height of water over V-notch = H 

The rate of flow through V-notch is given by equation (8.2) as 

o=Ž x C, x 428 x tan x HP? 

where C, = 0.62, 8 = 90° 


b 


90 
Q= à X .62 x 42 x981 x tan = x H’? 


or 0.25 = à x .62 x 4.429 x 1 x H’? 
or t= DA i 
8 x .62 x 4.429 


3 H = (.1707)" = (.1707)°* = 0.493 m 

Position of apex of the notch from the bed of channel 
= depth of water in channel—height of water over V-notch 
= 1.3 — 493 = 0.807 m. Ans. 


> 8.5 ADVANTAGES OF TRIANGULAR NOTCH OR WEIR OVER RECTANGULAR 
NOTCH OR WEIR 


A triangular notch or weir is preferred to a rectangular weir or notch due to following reasons : 

1. The expression for discharge for a right-angled V-notch or weir is very simple. 

2. For measuring low discharge, a triangular notch gives more accurate results than a rectangular 
notch. 

3. Incase of triangular notch, only one reading, i.e., H is required for the computation of discharge. 

4. Ventilation of a triangular notch is not necessary. 


> 8.6 DISCHARGE OVER A TRAPEZOIDAL NOTCH OR WEIR 


As shown in Fig. 8.4, a trapezoidal notch or weir is a 
combination of a rectangular and triangular notch or weir. 
Thus the total discharge will be equal to the sum of 
discharge through a rectangular weir or notch and discharge 
through a triangular notch or weir. 

Let H = Height of water over the notch 


D C 
L = Length of the crest of the notch bi L= 
Fig. 8.4 The trapezoidal notch. 
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Ca, = Co-efficient of discharge for rectangular portion ABCD of Fig. 8.4. 


Ca, = Co-efficient of discharge for triangular portion [FAD and BCE] 
The discharge through rectangular portion ABCD is given by (8.1) 
or Q,= =x Cy, xLx 2g x H” 


The discharge through two triangular notches FDA and BCE is equal to the discharge through a 
single triangular notch of angle 6 and it is given by equation (8.2) as 


8 0 
og oe 2g x H” 
Discharge through trapezoidal notch or weir FDCEF = Q, + Q, 
2 8 
=£ Ca, L J28 X H” + T C4, X tan 0/2 x „2g X H°. (8.4) 


3 


Problem 8.7 Find the discharge through a trapezoidal notch which is I m wide at the top and 
0.40 m at the bottom and is 30 cm in height. The head of water on the notch is 20 cm. Assume C, for 
rectangular portion = 0.62 while for triangular portion = 0.60. 


Solution. Given : 


Top width, AE=1m 
Base width, CD = L = 0.4 m 
Head of water, H = 0.20 m 


G 


For rectangular portion, C, = 0.62 





For triangular portion, Cy, = 0.60 
From AABC, we have 
© AB (AE-CD)/2 
tan — = —— = = 
2 BC H 
_ (1.0 -0.4)/2 _ 0.6/2 _ 03 =" 
7 03 03 03 


Discharge through trapezoidal notch is given by equation (8.4) 


Q= > C,xLx 2g x H+ © C,,xtan 9x 2g x H°”? 


«i Nex Oa J2x9.81 x (0.2)? + Š x 60 x 1 x 4/2 x9.81 x (0.2) 


= 0.06549 + 0.02535 = 0.09084 m*/s = 90.84 litres/s. Ans. 


> 8.7 DISCHARGE OVER A STEPPED NOTCH 


A stepped notch is a combination of rectangular notches. The discharge through stepped notch is 
equal to the sum of the discharges through the different rectangular notches. 
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Consider a stepped notch as shown in Fig. 8.6. 
Let H, = Height of water above the crest of notch 1, 
L, = Length of notch 1, 
H,, L, and H}, L, are corresponding values for notches 
2 and 3 respectively. 
C„ = Co-efficient of discharge for all notches ah ity 


j<—_—— L, ——_——_>| 
Total discharge Q = Q, + Q, + Q, Ki 
2 3 E 





or Q= i x C,x L, x y2g (A =H" | Fig. 8.6 The stepped notch. 
+ 5 C, x L, x {2g [H,°? - H,*”) + i C) Mig fig oH (8.5) 


Problem 8.8 Fig. 8.7 shows a stepped notch. Find the discharge through the notch if C, for all 
section = 0.62. 
Solution. Given: 


L, =40 cm, L, = 80 cm, 





L, = 120 cm 
H, = 50 +30 + 15 = 95 cm, / 
H, = 80 cm, H, = 50 cm, “40 cm" 
'<— 80 cm —>! 
Cy = 0.62 '<———— 120 cm ———» 
Total discharge, Q = Q; + Q, + Q, Fig. 8.7 
where Q= : KC,XL, < fe (A -~ HS") 


N 


= = x 0.62 x 40 x 2x 981 x [95*? - 80°7] 


Ww 


= 732.26[925.94 — 715.54] = 154067 cm*/s = 154.067 lit/s 


N 


Q, = 2 x CX L, X 42g x [H° - H; "] 


W 


= ; x 0.62 x 80 x 42x981 x [80° - 50°°] 
= 1464.52[715.54 — 353.55] cm*/s = 530141 cm*/s = 530.144 lit/s 
and O =x Cix Lx 2g sH 
2 


=> 0.62 x 120 x ./2 x 981 x 50°? = 776771 cm*/s = 776.771 lit/s 


Q = Q, + Q, + Q, = 154.067 + 530.144 + 776.771 
= 1460.98 lit/s. Ans. 
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> 8.8 EFFECT ON DISCHARGE OVER A NOTCH OR WEIR DUE TO ERROR IN 
THE MEASUREMENT OF HEAD 


For an accurate value of the discharge over a weir or notch, an accurate measurement of head over 
the weir or notch is very essential as the discharge over a triangular notch is proportional to H°” and in 
case of rectangular notch it is proportional to H**. A small error in the measurement of head, will 
affect the discharge considerably. The following cases of error in the measurement of head will be 
considered : 

(i) For Rectangular Weir or Notch. 

(ii) For Triangular Weir or Notch. 


8.8.1 For Rectangular Weir or Notch. The discharge for a rectangular weir or notch is given 
by equation (8.1) as 


Q= : x C,x Lx J2g x HY? 
=iKH™ old) 
where K = $ C,xLx 2g 


Differentiating the above equation, we get 


3 nn ji 
dQ =K x > H” dH (ii) 
Kx? xH"?dH 
ONN dQ 2 3 dH 
wait eth à a2 „(8.6 
ividing (if) by (i) Q KH”? 2H 8-0) 


Equation (8.6) shows that an error of 1% in measuring H will produce 1.5% error in discharge over 
a rectangular weir or notch. 


8.8.2 For Triangular Weir or Notch. The discharge over a triangular weir or notch is given 
by equation (8.2) as 


a tan 8 By x HP? 


15 2 
= KH” „(iii 
where K = 5 C,. tan 3 28 

Differentiating equation (iii), we get 

dQ=K ; H?” x dH (iv) 
5 3/2 
K— H~- dH 

Dividing (iv) by (iii), we get = = a? = ; = (8.7) 


Equation (8.7) shows that an error of 1% in measuring H will produce 2.5% error in discharge over 
a triangular weir or notch. 
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Problem 8.9 A rectangular notch 40 cm long is used for measuring a discharge of 30 litres per 
second, An error of 1.5 mm was made, while measuring the head over the notch. Calculate the 
percentage error in the discharge. Take C, = 0.60. 

Solution. Given: 


Length of notch, L=40 cm 
Discharge, Q = 30 lit/s = 30000 cm*/s 
Error in head, dH = 1.5 mm = 0.15 cm 

C, = 0.60 


Let the height of water over rectangular notch = H 
The discharge through a rectangular notch is given by (8.1) 


or Q= 5X C,xLx 2g x HY”? 
or 30000 = : x 0.60 x 40 x 2x 981 x H*? 
or 3/2 3x 30009 = 42.33 


p 2 x .60 x 40 x /2 x 981 
é H = (42.33)? = 12.16 cm 
Using equation (8.6), we get 

d2 34H 3g M5 0.0185 = 1.85%. Ans. 
Q 2H 2 = 12.16 


Problem 8.10 A right-angled V-notch is used for measuring a discharge of 30 litres/s. An error of 
1.5 mm was made while measuring the head over the notch. Calculate the percentage error in the 
discharge. Take C, = 0.62. 

Solution. Given : 


Angle of V-notch, 0 = 90° 
Discharge, Q = 30 lit/s = 30000 cm*/s 
Error in head, dH = 1.5 mm = 0.15 cm 

Cy = 0.62 


Let the head over the V-notch =H 
The discharge Q through a triangular notch is given by equation (8.2) 


Q= = Cy. tan 2x 3g x H’? 


o 


or 30000 = Š x 0.62 x tan (2 jx x981 x H’? 


=Ë xox 1 x 44.29 x H’? 


~ 8x.62 x 44.29 
H = (2048.44)°" = 21.11 cm 


iE 


Using equation (8.7), we get 


dE JE ogg SO conrmesn77s:. Am 
Q 2H 21.11 


Problem 8.11 The head of water over a triangular notch of angle 60° is 50 cm and co-efficient of 
discharge is 0.62. The flow measured by it is to be within an accuracy of 1.5% up or down. Find the 


limiting values of the head. 
Solution. Given : 


Angle of V-notch, 8 = 60° 
Head of water, H = 50 cm 
C, = 0.62 
dQ 


=+ 1.5% =+0.015 
Q 


The discharge Q over a triangular notch is 
8 
Q= Š C, 2g tan 5 H”? 


= à x 0.62 x ./2 x 981 x tan a x (50)? 


= 14.64 x 0.5773 x 17677.67 = 149405.86 cm*/s 
Now applying equation (8.7), we get 


Ee eia a ome 
Q 2H H H 2.5 
iF ag a Seg OO Sy ar a 

2.5 ZS 


The limiting values of the head 
= H + dH = 50 + 0.3 = 50.3 cm, 49.7 cm 
= 50.3 cm and 49.7 cm. Ans. 


> 8.9. (a) TIME REQUIRED TO EMPTY A RESERVOIR OR A TANK WITH A 
RECTANGULAR WEIR OR NOTCH 


Consider a reservoir or tank of uniform cross-sectional area A. A rectangular weir or notch is 
provided in one of its sides. 
Let L = Length of crest of the weir or notch 
C, = Co-efficient of discharge 
H, = Initial height of liquid above the crest of notch 
> = Final height of liquid above the crest of notch 
T = Time required in seconds to lower the height of liquid from H, to H}. 
Let at any instant, the height of liquid surface above the crest of weir or notch be / and in a small 
time dT, let the liquid surface falls by ‘dh’. Then, 
~ Adh = Q x dT 
—ve Sign is taken, as with the increase of 7, / decreases. 
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But == C,xLx 2g x Ao? 
aah : Cix Lx 2g -h° xdT or dT= 5 zaii 


3 Ca X LX 2¢ xh? 


The total time T is obtained by integrating the above equation between the limits H, and H,. 


[ aT = j” 5 -Adh 
2 My 3 Ca X Lx 2g xh”? 


H 
= H, = = -3/2 +1 
or T= n J, “he? dh as h 
1 


+ C, X Lx 28 2 Ca X LXy2g -2+1 
~ H, 


A h| -3A (2) a" 
2C,xLxJj2g| _! 2C,xLxJ2g\ Whi Jy, 
2 


H, 


3A 


1 1 
= ats -+(8.8) 


(b) TIME REQUIRED TO EMPTY A RESERVOIR OR A TANK WITH A TRIANGULAR 
WEIR OR NOTCH 


Consider a reservoir or tank of uniform cross-sectional area A, having a triangular weir or notch in 
one of its sides. 


Let @= Angle of the notch 
C, = Co-efficient of discharge 
H, = Initial height of liquid above the apex of notch 
H, = Final height of liquid above the apex of notch 
T = Time required in seconds, to lower the height from H, to H, above the apex of the notch. 


Let at any instant, the height of liquid surface above the apex of weir or notch be h and in a small 
time dT, let the liquid surface falls by ‘dh’. Then 


— Adh = Q x dT 
-ve sign is taken, as with the increase of T, h decreases. 
And Q for a triangular notch is 


8 6 5/2 
J) = — xC,xtan — 42g xh 
Q 15 d 7 £ 


- Adh = 5 x C, x tan = 2g xh? x aT 


|] 


| 


368 Fluid Mechanics 


Adh 
dT = 5 


A XC, xtan 5 x 3g xh? 


The total time 7 is obtained by integrating the above equation between the limits H, and H). 


f a= E —Adh 


M = C, tan > Bg Ke 


= H, 
or rè ys] b>? dh 
— C, xtan— x 2g A 
15 2 
E -15A pej” 
ee lt 
8x C, xtan— x 2g | -> 
2 Sda 





-15A IA t F 
z o x =a || gen 
8x Cy x tan 5 X J28 PALM” JH, 


5A 1 l 
= —* r | an .-(8.9) 
4x Ca x tan 5X J28 2 l 


Problem 8.12 Find the time required to lower the water level from 3 m to 2 m in a reservoir of 
dimension 80 m X 80 m, by a rectangular notch of length 1.5 m. Take C,, = 0.62. 
Solution. Given : 


Initial height of water, H,=3m 
Final height of water, H,=2m 
Dimension of reservoir = 80 m x 80 m 
or Area, A = 80 x 80 = 6400 m? 
Length of notch, L=1,5 m, C,= 0.62 


Using the relation given by the equation (8.8) 


3A 


3 x 6400 to. 
0.62x1.5x 42x981 | V2 V3 


= 4661.35 [0.7071 — 0.5773] seconds 
= 605.04 seconds = 10 min 5 sec. Ans. 


Problem 8.13 /f in problem 8.12, instead of a rectangular notch, a right-angled V-notch is used, 
find the time required. Take all other data same. 
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Solution. Given : 


Angle of notch, 86 = 90° 

Initial height of water, H,=3m 

Final height of water, H,=2m 

Area of reservoir, A = 80 x 80 = 6400 m? 
Cy = 0.62 


Using the relation given by equation (8.9) 


n 5A | l l | 
m A e a 373 
4x, xtan © x J3 H, H, 





5x 6400 1 l i 90° 
4x.62x tan X 2x981 s 
l I 
= 2913.34 x - S| 
2.8284 5.1961 


= 2913.34 [0.3535 — 0.1924] seconds 

= 469.33 seconds = 7 min 49.33 sec. Ans. 
Problem 8.14 A right-angled V-notch is inserted in the side of a tank of length 4 m and width 2.5 m. 
Initial height of water above the apex of the notch is 30 cm. Find the height of water above the apex if 


the time required to lower the head in tank from 30 cm to final height is 3 minutes. Take C; = 0.60. 
Solution. Given : 


Angle of notch, 8 = 90° 
Area of tank, A = Length x width = 4 x 2.5 = 10.0 m? 
Initial height of water, H, = 30 cm = 0.3 m 
Time, T = 3 min = 3 x 60 = 180 seconds 
C, = 0.60 


Let the final height of water above the apex of notch = H, 
Using the relation given by equation (8.9) 





F- 5A | l l | 
se lee 
4xC, xtan 9 x 43g Hy” H; 


‘ao 5x10 l l | 
= ANN. | an aaa 
4x60 x tan (22 )x J259381 H3” (03) 


s M O e tae 
4 x .60 x 1x 4.429 | H,*” (0.3) 
1.1 10006004A 


or 
HY 03! 50 








= 38.266. 


iE 


or —1. - 6.0858 = 38.266 
H * 


l 
H 


= = 38.266 + 6.0858 = 44.35 or H,'? = wi = 0.0225 


H, = (0.0225)""* = (0.0225) = 0.0822 m = 8.22 cm. Ans. 





ne 


> 8.10 VELOCITY OF APPROACH 


Velocity of approach is defined as the velocity with which the water approaches or reaches the 
weir or notch before it flows over it. Thus if V, is the velocity of approach, then an additional head h,, 
2 


equal to he due to velocity of approach, is acting on the water flowing over the notch. Then initial 
£ 


height of water over the notch becomes (H+ /,) and final height becomes equal to /,. Then all the 
formulae are changed taking into consideration of velocity of approach. 

The velocity of approach, V, is determined by finding the discharge over the notch or weir 
neglecting velocity of approach. Then dividing the discharge by the cross-sectional area of the channel 
on the upstream side of the weir or notch, the velocity of approach is obtained. Mathematically, 


=í Q 


“Area of channel 


> 


a 


} Again the discharge is 
28 





This velocity of approach is used to find an additional head hn. = 


calculated and above process is repeated for more accurate discharge. 
Discharge over a rectangular weir, with velocity of approach 


= x CyxLx 2g (A, + hy)? = ho?) (8.10) 


Problem 8.15 Water is flowing in a rectangular channel of | m wide and 0.75 m deep. Find the 
discharge over a rectangular weir of crest length 60 cm, if the head of water over the crest of weir is 
20 cm and water from channel flows over the weir. Take C, = 0.62. Neglect end contractions. Take 
velocity of approach into consideration. 

Solution. Given : 


Area of channel, A = Width x depth = 1.0 x 0.75 = 0.75 m? 
Length of weir, L = 60 cm = 0.6 m 
Head of water, H, = 20 cm = 0.2 m 

C, = 0.62 


Discharge over a rectangular weir without velocity of approach is given by 


Q= 5 xC,x Lx J2g x H,? 


= ; x 0.62 x 0.6 x V2 x 981 x (0.2)*? m*/s 
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= 1.098 x 0.0894 = 0.0982 m*/s 


ee Q _ .0982 
Velocity of approach, V, = A” 075" 0.1309 m/s 
“. Additional head, h,= i = (.1309)?/2 x 9.81 = 0008733 m 
8 


Then discharge with velocity of approach is given by equation (8.10) 


Q= 


N 


SX Ci XLX J28 ((H,+4,)? - 1°") 


x 0.62 x 0.6 x 2 X9.81 [(0.2 + .00087)*? — (.00087)°°] 


wire 


1.098 [0.09002— .00002566] 
1.098 x 0.09017 = .09881 m*/s. Ans. 


Problem 8.16 Find the discharge over a rectangular weir of length 100 m. The head of water over 
the weir is 1.5 m. The velocity of approach is given as 0.5 m/s. Take C4 = 0.60. 
Solution. Given : 


Length of weir, L= 100m 
Head of water, H,=1.5m 
Velocity of approach, V, =0.5 m/s 
C, = 0.60 
an v? 05x05 
“. Additional head, h, = = ==—— = 0.0127 m 


4 2g 2x981 
The discharge, Q over a rectangular weir due to velocity of approach is given by equation (8.10) 


Q= 5 XC, x Lx J2g¢ (H, +h? - Ar") 


z x 0.6 x 100 x „2x981 [(1.5 + .0127)*? — .0127°7] 


177.16 [ 1.5127°° — .0127°7) 
= 177.16 [1.8605 — .00143] = 329.35 m*/s. Ans. 
Problem 8.17 A rectangular weir of crest length 50 cm is used to measure the rate of flow of water 


in a rectangular channel of 80 cm wide and 70 cm deep. Determine the discharge in the channel if the 


water level is 80 mm above the crest of weir. Take velocity of approach into consideration and value of 
C, = 0.62. 


Solution. Given: 


Length of weir, L = 50 cm = 0.5 m 
Area of channel, A = Width x depth = 80 cm x 70 cm = 0.80 x 0.70 = 0.56 m? 
Head over weir, H = 80 mm = 0.08 m 

C, = 0.62 


The discharge over a rectangular weir without velocity of approach is given by equation (8.1) 


|] 


OS KRL ex 


N [|N 


=Z 0.62 x 0.5 x 4/2 xX9.81 x (0.08)°? m?/s 
= 0.9153 x .0226 = .0207 m*/s 


Velocity of approach, V= Pen an = .0369 m/s 
A 056 
0369)" 
Head due to V, h, = V2/2g = ene = .0000697 m 
2x981 


Discharge with velocity of approach is 


O= 2x Cayx Lx JIE H + ho? h?) 


wiry 


x 0.62 x 0.5 x V2 x 9.81 [(.08 + .0000697)*” — .0000697*7} 


= 0.9153 x [.0800697' — .0000697'} 


= .9153 [.02265 — .000000582] = 0.2073 m*/s. Ans. 
Problem 8.18 A suppressed rectangular weir is constructed across a channel of 0.77 m width with 
a head of 0.39 m and the crest 0.6 m above the bed of the channel. Estimate the discharge over it. 
Consider velocity of approach and assume C,, = 0.623. 
Solution. Given : 


Width of channel, b = 0.77 m 

Head over weir, H = 0.39 m 

Height of crest from bed of channel = 0.6 m 
Depth of channel = 0.6 + 0.39 = 0.99 

Value of Cy = 0.623 


Suppressed weir means that the width of channel is equal to width of weir i.e., there is no end 
contraction. 
Width of channel = Width of weir = 0.77 m 


Now area of channel, A = Width of channel x Depth of channel 
= 0.77 x 0.99 
The discharge over a rectangular weir without velocity of approach is given by equation (8.1). 
o=Ż xC,xbx J2g x Hw” (7 Here b= L) 
= : x 0.623 x 0.77 x 29.81 x 0.39%" = 0.345 m*/s 


Q _ 0.345 


— = — = 0.4526 mis 
Area of channel 0.77 x 0.99 


Now velocity of approach, V, = 
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Head due to velocity of approach, 

_ Ve _ 0.45267 
“2g 2x981 
Now the discharge with velocity of approach is given by, 


h = 0.0104 m 








Q= 5 xC,xbx J2g (HARY =h] 


2 
= 3/2 3/2 
3% 0.623 x 0.77 x 42x981 [(0.39 + 0.0104)"* — (0.0104)"*] 


2 
3 x 0.623 x 0.77 x 4.43 [0.2533 — 0.00106] 


= 0.3573 m*/s. Ans. 


Problem 8.19 A sharp crested rectangular weir of | m height extends across a rectangular 
channel of 3 m width. If the head of water over the weir is 0.45 m, calculate the discharge. Consider 
velocity of approach and assume C; = 0.623. 

Solution. Given : 


Width of channel, b=3m 
Height of weir =Im 
Head of water over weir, H=0.45m 
Depth of channel = Height of weir + Head of water over weir 
= | +0.45 = 1.45 m 
Value of C, = 0.623 


The discharge over a rectangular weir without velocity of approach is given by equation (8.1) as 


Q==xC,xbx 2g x H” 


= 4 6.603.%3x J2 x981 x 0.45%” = 1.665 m*/s 


3 
Now velocity of approach is given by 
g-—2 _. 
Area of channel 


_ 1.665 _ 1.665 
Width of channel x Depth of channel 31.45 


Head due to velocity of approach is given by, 


= 0.382 m/s 


_ Vč _ 0382? 
1 2g 2x981 


Now the discharge with velocity of approach is given by, 





h = 0.0074 m 


Q= : x Cx bx J2g (H+ hy -= (hI 


x 0.623 x 3 x 2 «9.81 [(0.45 + 0.0074)*” — (0.0074)*7] 


-2 
3 
= 1.703 mř/s. Ans. 
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> 8.11 EMPIRICAL FORMULAE FOR DISCHARGE OVER RECTANGULAR WEIR 


The discharge over a rectangular weir is given by 


Q= ; Cria REX [H*?] without velocity of approach ---(i) 
= Zc 2g x Lx ((H+ Ayo = har with velocity of approach 


.(ii) 

Equations (i) and (ii) are applicable to the weir or notch for which the crest length is equal to the 
width of the channel. This type of weir is called Suppressed weir. But if the weir is not suppressed, the 
effect of end contraction will be taken into account. 

(a) Francis’s Formula. Francis on the basis of his experiments estab- 
lished that end contraction decreases the effective length of the crest of 
weir and hence decreases the discharge. Each end contraction reduces the 
crest length by 0.1 x H, where H is the head over the weir. For a rectangu- 
lar weir there are two end contractions only and hence effective length 


L=(L -0.2 H) 


0.1H 0.1H 





and Q= =x C,x(L-02 x H]x y3g H” 
If C, = 0.623, g = 9.81 m/s’, then 


Q = =x .623x J2x981 x [L - 0.2 x H] x H”? 


= 1.84 [L - 0.2 x H]H*” (8.11) 
If end contractions are suppressed, then 
H = 1.84 LH? (8.12) 


If velocity of approach is considered, then 
Q=1.84L ((H+ hy? -h,>”] (8.13) 
(b) Bazin’s Formula. On the basis of results of a series of experiments, Bazin’s proposed the 
following formula for the discharge over a rectangular weir as 
Q=mxLx J2g x ..(8.14) 


where m = = x C, = 0.405 + 003 
3 H 


H = height of water over the weir 
If velocity of approach is considered, then 
Q=m,xLx J2g (H+h,)7] (8.15) 
003 
(H+h,) ` 
Problem 8.20 The head of water over a rectangular weir is 40 cm. The length of the crest of the 


weir with end contraction suppressed is 1.5 m. Find the discharge using the following formulae : 
(i) Francis’s Formula and (ii) Bazin’s Formula. 


where m, = 0.405 + 
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Solution. Given : 
Head of water, H = 40 cm = 0.40 m 
Length of weir, L=1.5m 
(i) Francis’s Formula for end contraction suppressed is given by equation (8.12). 
Q = 1.84 L x H®” = 1.84 x 1.5 x (.40)°” 
= 0.6982 m°/s 
(ii) Bazin’s Formula is given by equation (8.14) 


Q=mxLx 2g x H” 


where m = 0.405 + 003 = 0.405 + 203 = 0.4125 
H 40 


Q = 4125 x 1.5 x J2x981 x (.4)*” 
= 0.6932 m°/s. Ans. 
Problem 8.21 A weir 36 metres long is divided into 12 equal bays by vertical posts, each 60 cm 
wide. Determine the discharge over the weir if the head over the crest is 1.20 m and velocity of 


approach is 2 metres per second, 
Solution. Given : 








Length of weir, L, =36m 
Number of bays, =12 
For 12 bays, no. of vertical post = 11 
Width of each post = 60 cm = 0.6 m 
Effective length, L=L, - 11 x 0.6 = 36 - 6.6 = 29.4 m 
Head on weir, H= 1.20 m 
Velocity of approach, V, = 2 m/s 
v 2 
Head due to V,, h;= —= = 0.2038 m 
2g 2x981 
Number of end contraction, n=2 x 12 {Each bay has two end contractions} 
=24 


Discharge by Francis Formula with end contraction and velocity of approach is 
Q = 1.84 [L — 0.1 x n(H + h DJH + h)? — h] 
1.84[29.4 — 0.1 x 24(1.20 + .2038)] x [(1.2 + .2038)!> — .2038!>] 
1.84[29.4 — 3.369][1.663 — .092] 
75.246 m*/s. Ans. 


Problem 8.22 A discharge of 2000 m’/s is to pass over a rectangular weir. The weir is divided into 
a number of openings each of span 10 m. If the velocity of approach is 4 m/s, find the number of 
openings needed in order the head of water over the crest is not to exceed 2 m. 

Solution. Given : 

Total discharge, Q = 2000 m*/s 

Length of each opening, L=10 
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Velocity of approach, V, = 4 m/s 
Head over weir, H=2m 
Let number of openings =N 


Head due to velocity of approach, 


_Va _ 4x4 

“2g 2x981 

For each opening, number of end contractions are two. Hence discharge for each opening 
considering velocity of approach is given by Francis Formula 
ie., Q = 1.84[L - 0.1 x 2 X (H + h JIH + h)?’ = 47] 
1.84[10.0 — 0.2 x (2 + .8155)][2.8155' — .8155!>] 
17.363[4.7242 — 0.7364] = 69.24 m’/s 
E Total discharge _ 2000 
7 Discharge for one opening ~ 69.24 
= 28.88 (say 29) = 29. Ans. 


> 8.12 CIPOLLETTI WEIR OR NOTCH 


Cipolletti weir is a trapezoidal weir, which has side slopes of 
l horizontal to 4 vertical as shown in Fig. 8.9. Thus in AABC, 
© AB H/4 1 
tan — = —=—— =— 
2 BC H 4 


h = 0.8155 m 





<. Number of opening 


2 = tan A IST: 
2 + 

By giving this slope to the sides, an increase in discharge through the 
triangular portions ABC and DEF of the weir is obtained. If this slope is 
not provided the weir would be a rectangular one, and due to end Fig. 8.9 The cipolletti weir. 
contraction, the discharge would decrease. Thus in case of cipolletti 
weir, the factor of end contraction is not required which is shown below. 

The discharge through a rectangular weir with two end contractions is 


Q= =x C,x(L-0.2H) [3g x H”? 





i—i. =H 


=ŽxCıxLx J3 H-E x Cx 2g x H’? 


Thus due to end contraction, the discharge decreases by 5 x C4 X 428g X H°”. This decrease in 
discharge can be compensated by giving such a slope to the sides that the discharge through two 
triangular portions is equal to 5 XC, X J2g X H°”. Let the slope is given by 0/2. The discharge 
through a V-notch of angle 9 is given by 


8 8 sn 
= — X C, X 42g x tan — H”^ 
Tt ea 


| 
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Thus 2g Ca X 2g x tan 8 pr. 2 x C,x 2g x H? 
15 2 15 
Mk w amami er, 
2 15 8 4 4 


Thus discharge through cipolletti weir is 
Q= : “CX Lx.j2g HY (8.16) 
If velocity of approach, V,, is to be taken into consideration, 
= : x Cy x Lx 2g (H+ hr? - 3”) (8.17) 


Problem 8.23 Find the discharge over a cipolletti weir of length 2.0 m when the head over the weir 
is 1 m. Take C4 = 0.62. 
Solution. Given : 


Length of weir, L=20m 
Head over weir, H=1.00m 
C, = 0.62 


Using equation (8.16), the discharge is given as 


Q==xC,xLx Jie x H” 


wir 


x 0.62 x 2.0 x 2981 x (1)*? = 3.661 m*/s. Ans. 


Problem 8.24 A cipolletti weir of crest length 60 cm discharges water. The head of water over the 
weir is 360 mm. Find the discharge over the weir if the channel is 80 cm wide and 50 cm deep. Take 
Cy = 0.60. 

Solution. Given : 


C, = 0.60 
Length of weir, L= 60 cm = 0.60 m 
Head of water, H = 360 mm = 0.36 m 
Channel width = 80 cm = 0.80 m 
Channel depth = 50 cm = 0.50 m 


A = cross-sectional area of channel = 0.8 x 0.5 = 0.4 m? 
To find velocity of approach, first determine discharge over the weir as 


= 5x C.x Lx 2g x HP? 


The velocity of approach, V, = 


> |O 


Q= $ x 0.60 x 0.60 x 42 xX9.81 x (0.36)? m*/s = 0.2296 m*/s 


y, = 276 20.574 mis 
0.40 
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Head due to velocity of approach, 


(0.574) 
2x9.81 
Thus the discharge is given by equation (8.17) as 


h, = V; 12g = = 0.0168 m 


Q= ; xC,xLx J2g (HER) -h 3] 


: x 0.60 x .6 x 2x 981 [(.36 + .0168)'> - (.0168)'] 


1.06296 x [.2313 — .002177] = 0.2435 m*/s. Ans. 


> 8.13 DISCHARGE OVER A BROAD-CRESTED WEIR 


A weir having a wide crest is known as broad-crested weir. 
Let H = height of water above the crest 
L = length of the crest 





a 
Fig. 8.10 Broad-crested weir. 


If 2L > H, the weir is called broad-crested weir 
If 2L < H, the weir is called a narrow-crested weir 
Fig. 8.10 shows a broad-crested weir. 
Let h = head of water at the middle of weir which is constant 
v = velocity of flow over the weir 
Applying Bernoulli’s equation to the still water surface on the upstream side and running water at 


the end of weir, 
x 


040+ H=04 24h 
2g 


eh 


28 


v= J28 (H-h) 


‘` The discharge over weir Q = C, x Area of flow x Velocity 


=C,xLxhx J28 (H -h) 
=C,xLx 28 (Hn -h*) ...(8.18) 
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The discharge will be maximum, if (Hh? — h°) is maximum 


or £ (Hk? — h°) = 0 or 2h X H — 3h? = 0 or 2H = 3h 


h= : H 
3 
Q max WIll be obtained by substituting this value of / in equation (8.18) as 


5 


5 fa S 
Qna = CyX LX 26| (3 -(4) 


F 
=C,xLx 2g HxixH? 2 
9 27 
4 12- 8)H° 
= C,x Lx 28 aH Ep = C,x Lx 2g Cae 


4 z 
=C, xLx J2g ae =C,xLx 2g x 0.3849 x H*? 


3849 x J2x981 x C,x Lx H*? = 1.7047 x C, x L x H*? 
1.705 x Cyx Lx H*?. (8.19) 


> 8.14 DISCHARGE OVER A NARROW-CRESTED WEIR 


For a narrow-crested weir, 2L < H. It is similar to a rectangular weir or notch hence, Q is given by 


Q= ; KC RLX Je x He? ... (8.20) 


> 8.15 DISCHARGE OVER AN OGEE WEIR 


Fig. 8.11 shows an Ogee weir, in which the crest of the weir 
rises upto maximum height of 0.115 x H (where H is the height of 
water above inlet of the weir) and then falls as shown in Fig. 8.11. 
The discharge for an Ogee weir is the same as that of a rectangular 
weir, and it is given by 


Q=—=xC,xLx 2g xH” (8.21) 


wir 


Fig. 8.11 An Ogee weir. 
> 8.16 DISCHARGE OVER SUB-MERGED OR DROWNED WEIR 


When the water level on the downstream side of a weir is above the crest of the weir, then the weir 
is called to be a sub-merged or drowned weir. Fig. 8.12 shows a sub-merged weir. The total 
discharge, over the weir is obtained by dividing the weir into two parts. The portion between upstream 
and downstream water surface may be treated as free weir and portion between downstream water 
surface and crest of weir as a drowned weir. 





|] 





Fig. 8.12 Sub-merged weir. 


Let H = height of water on the upstream side of the weir 
h = height of water on the downstream side of the weir 
Then Q, = discharge over upper portion 


7X, XEK A28 H=” 


Q, = discharge through drowned portion 
= C, x Area of flow x Velocity of flow 


=C,, xLxhx y2g(H - h) 


<. Total discharge, Q=0,+Q, 
2 
= 3 Cu, XLx y2g [H- hp? + C, xLxhx J28(H =h) . ...(8.22) 


Problem 8.25 (a) A broad-crested weir of 50 m length, has 50 cm height of water above its crest. 
Find the maximum discharge. Take C, = 0.60. Neglect velocity of approach. (b) If the velocity of 
approach is to be taken into consideration, find the maximum discharge when the channel has a cross- 
sectional area of 50 m° on the upstream side. 

Solution. Given : 


Length of weir, L= 50 m 
Head of water, H = 50 cm = 0.5 m 
Cy = 0.60 


(i) Neglecting velocity of approach. Maximum discharge is given by equation (8.19) as 
Omnax = 1.705 X CX Lx H 
= 1.705 x 0.60 x 50 x (.5)** = 18.084 m*/s. Ans. 
(ii) Taking velocity of approach into consideration 


Area of channel, A=50 m- 

Velocity of approach, V, = g = eet = (0.36 m/s 
A 50 

+. Head due toV, pada a Sx i 
2g 2x981 


Maximum discharge, Q max is given by 
Omax = 1:705 X CX LX [(H + h)?” - h^] 
= 1.705 x 0.6 x 50 x [(.50 + .0066)"5 — (.0066)"5] 
= 51.15[0.3605 — .000536] = 18.412 mř/s. Ans. 


Problem 8.26 An Ogee weir 5 metres long has a head of 40 cm of water. If Cy = 0.6, find the 
discharge over the weir. 


Solution. Given : 
Length of weir, L=5m 
Head of water, H = 40 cm = 0.40 m 


Cy = 0.6 
Discharge over Ogee weir is given by equation (8.21) as 


Q= =x C,xLx 2g x He? 


a 5 x 0.60 x 5.0 x J2x981 x (0.4)? = 2.2409 m/s. Ans. 


Problem 8.27 The heights of water on the upstream and downstream side of a sub-merged weir of 
3 m length are 20 cm and 10 cm respectively. If Cy for free and drowned portions are 0.6 and 
0.8 respectively, find the discharge over the weir. 

Solution. Given : 

Height of water on upstream side, H = 20 cm = 0.20 m 

Height of water on downstream side, = 10 cm = 0.10 m 


Length of weir, L=3m 
Cy, = 0.6 
Cy, = 0.8 


Total discharge Q is the sum of discharge through free portion and discharge through the drowned 
portion. This is given by equation (8.22) as 


2 
= 3% Cu, xLx 2g IH- hP? + C, x Lx hx J2g(H-h) 
= = x0.6x3x 2 xX 9.81 [.20 -.10]'> + 0.8 x 3 x .10 x £2 x 9.81(.2 -.1) 


= 0.168 + 0.336 = 0.504 m*/s. Ans. 
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4. The discharge through a trapezoidal notch or weir is equal to the sum of discharge through a 


= 


7 


e 


10. 


11. 


rectangular notch and the discharge through a triangular notch. It is given as 
== Cy XL x fig x? + Z G, xian Sx 2 2g x H” 
where C 4,= co-efficient of discharge for rectangular notch, 


C,, = co-efficient of discharge for triangular notch, 


6/2 = slope of the side of trapezoidal notch. 
The error in discharge due to the error in the measurement of head over a rectangular and triangular notch 
or weir is given by 


a = 2an .. For a rectangular weir or notch 
QO: 2: 

5 dH i : 

= T .. For a triangular weir or notch 


where Q = discharge through rectangular or triangular notch or weir 
H = head over the notch or weir. 
The time required to empty a reservoir or a tank by a rectangular or a triangular notch is given by 


= 3A de .. By a rectangular notch 
C,L 28 JA, VA; 


a — ilr l - ar | ... By a triangular notch 


AG tan 9 x 2g 


where A = cross-sectional area of a ga or a reservoir 
H, = initial height of liquid above the crest or apex of notch 
H, = final height of liquid above the crest or apex of notch. 
The velocity with which the water approaches the weir or notch is called the velocity of approach. It is 
denoted by V, and is given by 
Discharge over the notch or weir 


V= c 
Cross - sectional area of channel 


a 


2 
The head due to velocity of approach is given by h, = ‘aa 
8 


Discharge over a rectangular weir, with velocity of approach, 


Francis’s Formula for a rectangular weir is given by 


Q = 1.84[L -0.2 H] ge ... For two end contractions 
= 1.84 L H?” ... If end contractions are suppressed 
= 1.84 L[(H +h," - ho?) .. If velocity of approach is considered 


where L= length of weir, 
H = height of water above the crest of the weir, 
h, = head due to velocity of approach. 

Bazin’s Formula for discharge over a rectangular weir, 
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Q=mL gH?” .. without velocity of approach 
=m L Ng [(H + RI T .. with velocity of approach 
2 003 5 ; 
where m= A C= 0.405 + “a ... Without velocity of approach 
=0,405 + ae ... With velocity of approach. 
(H+h,) 


12. A trapezoidal weir, with side slope or | horizontal to 4 vertical, is called Cipolletti weir. The discharge 
through Cipolletti weir is given by 


Q= = C,x Lx 2g H” .. Without velocity of approach 
2 
= 3 C,x Lx Ng KH + Ai - EA ... With velocity of approach. 


13. The discharge over a broad-crested weir is given by, 


Q=CyL ye (Hh? =°) 


where H = height of water above the crest 
h = head of water at the middle of the weir which is constant 
L = length of the weir. 


14. The condition for maximum discharge over a broad-crested weir is h = — H 


wji 


and maximum discharge is given by Q,,,,. = 1-705 C, L HZ 
15. The discharge over an Ogee weir is given by Q = 5 C,L x V2 er, 


16. The discharge over sub-merged or drowned weir is given by 
Q =discharge over upper portion + discharge through downed portion 


2 
= 3 Ca LX 2g (H- hy + Cy, Lax 28 (H-h) 


where H = height of water on the upstream side of the weir, 
h = height of water on the downstream side of the weir. 


EXERCISE 


(A) THEORETICAL PROBLEMS 


- Define the terms : notch, weir, nappe and crest. 

. How are the weirs and notches classified ? 

. Find an expression for the discharge over a rectangular weir in terms of head of water over the crest of 
the weir. 

4. Prove that the discharge through a triangular notch or weir is given by 


Q== ¢,xtan $x Je g” 


where H = head of water over the notch or weir 
8 = angle of notch or weir. 


Ww N = 


| 


11. 


12. 
13. 
14. 


15. 
16. 


5. 





What are the advantages of triangular notch or weir over rectangular notch ? 
Prove that the error in discharge due to the error in the measurement of head over a rectangular notch is 
given by 


Q 2H 
where Q = discharge through rectangular notch 
and H = head over the rectangular notch. 
Find an expression for the time required to empty a tank of area of cross-section A, with a rectangular 
notch. 
What do you understand by ‘Velocity of Approach’ ? Find an expression for the discharge over a rectan- 
gular weir with velocity of approach. 
Define ‘end contraction’ of a weir. What is the effect of end contraction on the discharge through a weir ? 
What is a Cipolletti Weir ? Prove that the discharge through Cipolletti weir is given by 


= ca Jig H” 


where L = length of weir, and H = head of water over weir. 

Differentiate between Broad-crested weir and Narrow-crested weir. Find the condition for maximum dis- 
charge over a Broad-crested weir and hence derive an expression for maximum discharge over a broad- 
crested weir. 

What do you mean by a drowned weir ? How will you determine the discharge for the downed weir ? 
Discuss ‘end contraction’ of a weir. 

State the different devices that can be used to measure the discharge through a pipe also through an open 
channel. Describe one of such devices with a neat sketch and explain how one can obtain the actual 
discharge with its help. 

What is the difference between a notch and a weir ? 

Define velocity of approach. How does the velocity of approach affect the discharge over a weir ? 


(B) NUMERICAL PROBLEMS 


Find the discharge of water flowing over rectangular notch of 3 m length when the constant head of water 
over the notch is 40 cm. Take C,, = 0.6. [Ans. 1.344 m*/s] 
Determine the height of a rectangular weir of length 5 m to be built across a rectangular channel. The 
maximum depth of water on the upstream side of the weir is 1.5 m and discharge is 1.5 m* per second. 
Take C, = 0.6 and neglect end contractions. [Ans. 1.194 m] 
Find the discharge over a triangular notch of angle 60° when the head over the triangular notch is 0.20 m. 
Take C, = 0.6. [Ans. 0.0164 m°/s] 
A rectangular channel 1.5 m wide has a discharge of 200 litres per second, which is measured by a right- 
angled V-notch weir. Find the position of the apex of the notch from the bed of the channel if maximum 
depth of water is not be exceed | m. Take C, = 0.62. [Ans. 549 m] 
Find the discharge through a trapezoidal notch which is 1.2 m wide at the top and 0.50 m at the bottom and 
is 40 cm in height, The head of water on the notch is 30 cm. Assume C,, for rectangular portion as 0.62 
while for triangular portion = 0.60. [Ans. 0.22 m*/s] 
A rectangular notch 50 cm long is used for measuring a discharge of 40 litres per second. An error of 2 mm 
was made in measuring the head over the notch. Calculate the percentage error in the discharge. Take 
C, = 0.6. [Ans. 2.37%] 
A right-angled V-notch is used for measuring a discharge of 30 litres/s. An error of 2 mm was made in 
measuring the head over the notch. Calculate the percentage error in the discharge. Take C,, = 0.62. 
[Ans. 2.37%] 


mi 
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12. 


13. 


14. 


15. 


17. 





Find the time required to lower the water level from 3 m to 1.5 m in a reservoir of dimension 70 m x 70 m, 


by a rectangular notch of length 2.0 m, Take C} = 0.60. {Ans. 11 min | s] 
If in the problem 8, instead of a rectangular notch, a right angled V-notch is used, find the time required. 
Take all other data same. {Ans. 13 min 31 s] 


Water is flowing in a rectangular channel of 1.2 m wide and 0.8 m deep. Find the discharge over a rectan- 
gular weir of crest length 70 cm if the head of water over the crest of weir is 25 cm and water from channel 
flows over the weir. Take C, = 0.60. Neglect end contractions but consider velocity of approach. 

[Ans. 0.1557 m/s} 
Find the discharge over a rectangular weir of length 80 m. The head of water over the weir is 1.2 m. The 
velocity of approach is given as 1.5 m/s. Take C,, = 3.6. [Ans. 208.11 m*/s] 
The head of water over a rectangular weir is 50 cm. The length of the crest of the weir with end contraction 
suppressed is 1.4 m. Find the discharge using following formulae : (7) Francis’s Formula and (ii) Bazin’s 
Formula. [Ans. (i) 0.91 m*/s, (ii) .901 m*/s] 
A discharge of 1500 m/s is to pass over a rectangular weir. The weir is divided into a number of openings 
each of span 7.5 m. If the velocity of approach is 3 m/s, find the number of openings needed in order the 


head of water over the crest is not to exceed 1.8. [Ans. 37.5 say 38] 
Find the discharge over a cipolletti weir of length 1.8 m when the head over the weir is 1.2 m. Take 
C, = 0.62 [Ans. 4.331 m°/s] 
(a) A broad-crested weir of length 40 m, has 400 mm height of water above its crest. Find the maximum 

discharge. Take C, = 0.6. Neglect velocity of approach. [Ans. 10.352 m*/s] 
(b) If the velocity of approach is to be taken into consideration, find the maximum discharge when the 

channel has a cross-sectional area of 40 m? on the upstream side. [Ans. 10.475 m*/s] 


An Ogee weir 4 m long has a head of 500 mm of water. If C,, = 0.6, find the discharge over the weir. 
[Ans. 2.505 m*/s] 
The heights of water on the upstream and downstream side of a sub-merged weir of length 3.5 m are 
300 mm and 150 mm respectively. If C, for free and drowned portion are 0.6 and 0.8 respectively, find the 
discharge over the weir. [Ans. 1.0807 m*/s] 
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VISCOUS FLOW 


> 9.1 INTRODUCTION 


This chapter deals with the flow of fluids which are viscous and flowing at very low velocity. At 
low velocity the fluid moves in layers. Each layer of fluid slides over the adjacent layer. Due to relative 


velocity between two layers the velocity gradient a exists and hence a shear stress T= UL “acts on 
the layers. ay g 

The following cases will be considered in this chapter : 

l. Flow of viscous fluid through circular pipe. 

2. Flow of viscous fluid between two parallel plates. 

3. Kinetic energy correction and momentum correction factors. 

4. Power absorbed in viscous flow through 

(a) Journal bearings, (5) Foot-step bearings, and (c) Collar bearings. 


> 9.2 FLOW OF VISCOUS FLUID THROUGH CIRCULAR PIPE 


For the flow of viscous fluid through circular pipe, the velocity distribution across a section, the 
ratio of maximum velocity to average velocity, the shear stress distribution and drop of pressure for a 
given length is to be determined. The flow through the circular pipe will be viscous or laminar, if the 
Reynolds number (R,*) is less than 2000. The expression for Reynold number is given by 

pVD 
Rr. = —\— 
L 
where p = Density of fluid flowing through pipe 
V = Average velocity of fluid 
D = Diameter of pipe and 
u = Viscosity of fluid. 


č 


DIRECTION 

OF FLOW tr 
-— H x 
— 





(a) {b} 
Fig. 91 Viscous flow through a pipe. 


* For derivation, please refer to Art. 12.8.1. 
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Consider a horizontal pipe of radius R. The viscous fluid is flowing from left to right in the pipe as 
shown in Fig. 9.1 (a). Consider a fluid element of radius r, sliding in a cylindrical fluid element of 


radius (r + dr). Let the length of fluid clement be Ax. If ‘p’ is the intensity of pressure on the face AB, 


then the intensity of pressure on face CD will be (r+ 2 ar}. Then the forces acting on the fluid 
element are : 2 
1. The pressure force, p X nr“ on face AB. 
2. The pressure force, Í pt Ee ar} tr on face CD. 
x 
3. The shear force, TX 2rrAx on the surface of fluid element. As there is no acceleration, hence the 
summation of all forces in the direction of flow must be zero i.e., 


0 
prr — [p+ Bas nr —tx2nrx Ar=0 
ox 
0 
or -P amr —tx mr x Ax =0 
ox 
d, 
or Pa .r-2t=0 
ox 
op r 
T=-—— (9.1) 
ox 2 
, aa eed 
The shear stress T across a section varies with ‘r’ as ax across a section is constant. Hence shear 
x 
stress distribution across a section is linear as shown in Fig. 9.2 (a). 
SHEAR STRESS VELOCITY 


DISTRIBUTION DISTRIBUTION 





(a) (b) 
Fig. 9.2 Shear stress and velocity distribution across a section. 
(i) Velocity Distribution. To obtain the velocity distribution across a section, the value of shear 


stress T= LL = is substituted in equation (9.1). 
y 


But in the relation T= u a, y is measured from the pipe wall. Hence 
y 


y=R-r and dy=-dr 


Substituting this value in (9.1), we get 


|] 


du dp r du 1 Op 


Sz =-->- or —=— r 
p dr ax 2 dr 2u ox 
Integrating this above equation w.r.t. ‘r’, we get 
yi LE Figg (9.2) 
4u dx 


where C is the constant of integration and its value is obtained from the boundary condition that at 
r=R,u=0. 


Substituting this value of C in equation (9.2), we get 
- | op 2 1 p 


4u dx 4u dx 
l op 2 2 
=- — — [R -r AAI 
4u ax | ed ai 


; a, ; ; oni 
In equation (9.3), values of y, X. and R are constant, which means the velocity, u varies with the 


ax 
square of r. Thus equation (9.3) is a equation of parabola. This shows that the velocity distribution 
across the section of a pipe is parabolic. This velocity distribution is shown in Fig. 9.2 (b). 
(ii) Ratio of Maximum Velocity to Average Velocity. The velocity is maximum, when r = 0 in 


equation (9.3). Thus maximum velocity, U,,,, is obtained as 


Sn Se pe ...(9.4) 


The average velocity, u, is obtained by dividing the discharge of the fluid across the section by the 
area of the pipe (1tR7). The discharge (Q) across the section is obtained by considering the flow through 
a circular ring element of radius r and thickness dr as shown in Fig. 9.1 (b). The fluid flowing per 
second through this elementary ring 

dQ = velocity at a radius r X area of ring element 


=u x 2nrdr 
== P R Pjk inr dr 
4u dx 
„Ea E EDP 2 
o= do = fi -gga CON 


5 R 
(2) x20 Í (R?- r°) rdr 
0 


l 
4u ax 
ara x 2n j (R°r-— °) dr 
4u | ax 0 


| 
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4u \ dx 4 ox 
ail ar) 
Average velocity, u= Q` pier 
Area mR 
or u= g R? (9.5) 

8u | dx 

Dividing equation (9.4) by equation (9.5), 
z l op R? 

Gee aes 4u dx we 2.0 





u p 1 -2) 2 
at el 


Ratio of maximum velocity to average velocity = 2.0. 
(iii) Drop of Pressure for a given Length (L) of a pipe 
From equation (9.5), we have 

ae e (2) 
8u \ dx ox 
Integrating the above equation w.r.t. x, we get 


- f dp = | ous dx 


> 











~(i-pd= Siy [xı -x21 0r (P; - p2) = y Üs- 
Buu 
R? 
= spul fi r=?) 
(D127 2 


Fig. 9.3 





E {~ x,-—x, =L from Fig. 9.3} 








or (p, — p>) = ——. where p; — p, is the drop of pressure. 


Ps 
Pi-~ Pr _, — 32huL 


pg =! pg? 
Equation (9.6) is called Hagen Poiseuille Formula. 





(9.6) 


|] 


Problem 9.1 A crude oil of viscosity 0.97 poise and relative density 0.9 is flowing through a 
horizontal circular pipe of diameter 100 mm and of length 10 m. Calculate the difference of pressure 
at the two ends of the pipe, if 100 kg of the oil is collected in a tank in 30 seconds. 


Solution. Given : u = 0.97 poise = = = 0.097 Ns/m? 
Relative density =0.9 
Pp, Or density, = 0.9 x 1000 = 900 kg/m* 
Dia. of pipe, D = 100 mm = 0.1 m 
L=10m 
Mass of oil collected, M = 100 kg 
Time, t = 30 seconds 


Calculate difference of pressure or (p; — p2). 
The difference of pressure (p, — p,) for viscous or laminar flow is given by 





Pi- P= yai, , where u = average velocity = 2L 
i D- Area 
Now, mass of oil/sec = = kg/s 
30 
= P X Q =900x0Q (Pg = 900) 
100 
— = 900x 
30 Q 
g= 10 | = 0.0037 m%s 
30 900 
ge eg MOT M ours, 





Area Tp: Tii 
4 4 
For laminar or viscous flow, the Reynolds number (R,) is less than 2000. Let us calculate the 
Reynolds number for this problem. 


Reynolds number, R= pvD 
u 
where p= p= 900, V= u = 0.471, D = 0.1 m, u = 0.097 
R aii 41X01 _ 436.91 
0.097 


As Reynolds number is less than 2000, the flow is laminar. 

_ 32puL — 32x 0.097 x .471x 10 
D? (1)? 

= 1462.28 N/m? = 1462.28 x 10°* N/cm? = 0.1462 N/cm?. Ans. 


2 


Pi P2 N/m 


* For derivation, please refer to Art. 12.8.1 
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Problem 9.2 An oil of viscosity 0.1 Ns/m? and relative density 0.9 is flowing through a circular 
pipe of diameter 50 mm and of length 300 m. The rate of flow of fluid through the pipe is 3.5 litres/s. 
Find the pressure drop in a length of 300 m and also the shear stress at the pipe wall. 


Solution. Given : Viscosity, u = 0.1 Ns/m? 


Relative density = 0.9 
Py Or density of oil = 0.9 x 1000 = 900 kg/m? (7 Density of water = 1000 kg/m*) 
D = 50 mm = .05 m 
L = 300 m 


Q = 3.5 litres/s = 35_ = 9035 mis 
1000 
Find (i) Pressure drop, p, — p> 
(ii) Shear stress at pipe wall, To 


_ 32uuL 


(i) Pressure drop (p; - p) ===, where u= Q _ .0035 _ _.0035 


Area i D? (.05)° 





= 1.782 m/s 











at 

4 

The Reynolds number (R,) is given by, R, = pvp 

where p = 900 kg/m’, V = average velocity = u = 1.782 m/s 
1.782 x .05 


R, = 900 x ———— = 801.9 
0.1 
As Reynolds number is less than 2000, the flow is viscous or laminar 
32 x 0.1 X 1.782 x 3000 
fe ae 


(05) 


= 684288 N/m? = 68428 x 10°* N/cm? = 68.43 N/em’. Ans. 
(ii) Shear Stress at the pipe wall (Ty) 
The shear stress at any radius r is given by the equation (9.1) 





z op r 
1.2., t= -—— 
ox 2 
Shear stress at pipe wall, where r = R is given by 
n- R 
ox 2 
Now zp _ -(P2— Pi) _ P-P „P-P 
ox Xea X, = Xi L 
= 884288 Nim” _ 9980.96 Nim? 
300 m 
and R= 2-53 = 925m 
2 2 
025 N 





Ty = 2280.96 x ay = 28.512 N/m?. Ans. 
a 


iE 


Il 


Problem 9.3 A laminar flow is taking place in a pipe of diameter 200 mm. The maximum velocity 
is 1.5 m/s. Find the mean velocity and the radius at which this occurs. Also calculate the velocity at 
4 cm from the wall of the pipe. 
Solution. Given : Dia. of pipe, D = 200 mm = 0.20 m 
U nar = 1.5 mis 

Find (i) Mean velocity, u 

(ii) Radius at which u occurs 
(iii) Velocity at 4 cm from the wall. 


(i) Mean velocity, u 


ae a a S o Te 3 = 0.75 m/s. Ans. 





Ratio of 


(ii) Radius at which u occurs 
The velocity, u, at any radius ‘r’ is given by (9.3) 


eo Pig n e {1-5 





4u dx p 4u ox R 
But from equation (9.4) U max IS given by 
1 op .> ry 
Umax = “as R i w= Una [ -(=) | s 


Now, the radius r at which u = u = 0.75 m/s 


0.75=1.5 I-G] 








r=0.1 x V5 =0.1 x .707 = .0707 m 
= 70.7 mm. Ans, 
(iii) Velocity at 4 cm from the wall 
r= R-4.0= 10 — 4.0 = 6.0 cm = 0.06 m 
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The velocity at a radius = 0.06 m 
or 4 cm from pipe wall is given by equation (1) 


, a $ | i 
U hi -(=) Jets) -(%) | 

R A R= 10cm 
1.5[1.0 — .36] = 1.5 x .64 = 0.96 m/s. Ans. Fig. 9.4 


Problem 9.4 Crude oil of = 1.5 poise and relative density 0.9 flows through a 20 mm diameter 
vertical pipe. The pressure gauges fixed 20 m apart read 58.86 N/cm? and 19.62 N/cm? as shown in 
Fig. 9.5. Find the direction and rate of flow through the pipe. 





Solution. Given : u= 1.5 poise = = = 0.15 Ns/m? 
Relative density =0.9 
Density of oil = 0.9 x 1000 = 900 kg/m* 
Dia. of pipe, D = 20 mm = 0.02 m 
L=20m 


Pp, = 58.86 N/em? = 58.86 x 10* N/m? 
Pp = 19.62 Nicm* = 19.62 x 10* N/m’. 
Find (i) Direction of flow 
(ii) Rate of flow. 


(i) Direction of flow. To find the direction of flow, the total energy E + 2 + z) at the lower end 


A and at the upper end B is to be calculated. The direction of flow will be given from the higher energy 
to the lower energy. As here the diameter of the pipe is same and hence kinetic energy at A and B will 


be same. Hence to find the direction of flow, calculate (+ z) at A and B. 
Ps 







=p 
Taking the level at A as datum. The value of | 24+ Z | at 2 
pg 19.62 N/cm 


A=P44Z, 20m 
pg 
_ 6x10" x9.81 
~ 900x981 
= 66.67 m 


+0 {+ r=900kg/em7} 77A 
58.86 N/cm 


D 
~j 20 mm 


p Peg 
The value of | — + Z | at B= —+Z ‘ 
í ) pg B Fig. 9.5 


Pg 
_ 2x10 x981 


+ 20 = 22.22 + 20 = 42.22 m 
900 x 9.81 


As the value of (2 + z) is higher at A and hence flow takes place from A to B. Ans. 
Ps 


(ii) Rate of flow. The loss of pressure head for viscous flow through circular pipe is given by 


32uuL 
h;= = 
pgD° 
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For a vertical pipe h, = Loss of peizometric head 


P (2+ Z; ) a (2+ 2,| = 66.67 — 42.22 = 24.45 m 
pg 


pg 
32 x 0.15 xu x 20. 
e 
900 x 9.81 x (.02) 
ee g = 2445x900 x9.81x.0004 _ 9 999 = 0.9 mis. 
32 x0.15 x 20.0 


The Reynolds number should be calculated. If Reynolds number is less than 2000, the flow will be 
laminar and the above expression for loss of pressure head for laminar flow can be used. 


Now Reynolds number = pro 
u 
where p = 900 kg/m? and V = u 
Reynolds number =900x 22X92 -108 
0.15 
As Reynolds number is less than 2000, the flow is laminar. 
Rate of flow = average velocity x area 
=u xX i D’ =0.9 x 7 x (.02)* m*/s = 2.827 x 10°* m*/s 
= 0.2827 litres/s. Ans. Ce  10°m°?= 1 litre) 


Problem 9.5 A fluid of viscosity 0.7 Ns/m? and specific gravity 1.3 is flowing through a circular 
pipe of diameter 100 mm. The maximum shear stress at the pipe wall is given as 196.2 N/m’, find 
(i) the pressure gradient, (ii) the average velocity, and (iii) Reynolds number of the flow. 





Solution. Given : u=0.7 = 
mn 
Sp. gr. = 1.3 
Density = 1.3 x 1000 = 1300 kg/m? 
Dia. of pipe, D = 100 mm = 0.1 m 
Shear stress, To = 196.2 N/m? 
dp 


Find (i) Pressure gradient, Si 
x 


(ii) Average velocity, u 
(iii) Reynolds number, R, 
(i) Pressure gradient, £ 
IX 

The maximum shear stress (Tọ) is given by 

dp R dp D op_ Ol 
Tt =— —— or 196.2 = - — x—=-— x— 

ox 2 ox 4 ox 4 
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op 196.2 x 4 2 
— = ~-——— = ~ 7848 N/m” 
ax 0.1 2 m 
Pressure Gradient = — 7848 N/m? per m. Ans. 
(ii) Average velocity, u 
= l 1| 1 P-a 1 Op p2 
=—Una =| -— U — 
E i | 4u dx | l mx = Bu dx 
(SP 
8u ox 
site x (7848) x (.05)? a: Re ete 
~ 8x0.7 : a 2 a 
= 3.50 m/s 


(iii) Reynolds number, R, 


4 u/p H 
U X U. 
= 1300 x at = 650.00. Ans. 
Problem 9.6 What power is required per kilometre of a line to overcome the viscous resistance to 
the flow of glycerine through a horizontal pipe of diameter 100 mm at the rate of 10 litres/s ? Take 
u = 8 poise and kinematic viscosity (v) = 6.0 stokes. 
Solution. Given : 








Length of pipe, L=1km= 1000m 
Dia. of pipe, D = 100 mm = 0.1 m 
Discharge, Q = 10 litres/s = EE A 
1000 
Viscosity, u = 8 poise = x ak = 0.8 N s/m? 
10 m^ 
Kinematic Viscosity, v= 6.0 stokes f l poise = Ns! m?) 
= 6.0 cm?/s = 6.0 x 1074 m?/s 
Loss of pressure head is given by equation (9.6) as /i;= a 
psd” 
Power required = W X h, watts „AÀ 
where W = weight of oil flowing per sec = pg x Q 
Substituting the values of W and Apin equation (i), 
32 wu = 
Power required = (pg xX Q) x (nit) watts = ox (cancelling pg) 
psp” 


But = ee r aS 
Area ae mx (.1) 


iE 


_ 01x32 x 0.8 x 1.273 x 1000 


(1) 
= 32588.8 W = 32.588 kW. Ans. 


s. Power required 


> 9.3 FLOW OF VISCOUS FLUID BETWEEN TWO PARALLEL PLATES 


In this case also, the shear stress distribution, the velocity distribution across a section ; the ratio of 
maximum velocity to average velocity and difference of pressure head for a given length of parallel 


plates, are to be calculated. 
PARALLEL PLATE 








DIRECTION 

OF FLOW x t 
ah, {t ‘Oy Ay)Ax x1 
o t 


Era aL) 


<c (p+ SPaxyay x1 | 
PARALLEL PLATE 
Ax 
Fig. 9.6 Viscous flow between two parallel plates. 
Consider two parallel fixed plates kept at a distance ‘f apart as shown in Fig. 9.6. A viscous fluid is 


flowing between these two plates from left to right. Consider a fluid element of length Av and thick- 
ness Ay at a distance y from the lower fixed plate. If p is the intensity of pressure on the face AB of the 


d 
fluid element then intensity of pressure on the face CD will be ( p+ z ar} Let T is the shear stress 


acting on the face BC then the shear stress on the face AD will be [r+ Z ay} If the width of the 


elementin the direction perpendicular to the paper is unity then the forces acting on the fluid element 
are : 
1. The pressure force, p X Ay x | on face AB. 


d, 
2. The pressure force, (> +P as] Ay X | on face CD. 
x 
3. The shear force, tT x Ax x 1 on face BC. 
4. The shear force, (+ + z ay] Ax x 1 on face AD. 
Ad 


For steady and uniform flow, there is no acceleration and hence the resultant force in the direction 
of flow is zero. 


ð 
påyx1 -(p+ Bar) ay 1-tArx1+ (ža) Axxl=0 


ax 
or - op AvAy + a AyAx = 0 
ox ox 
Dividing by AxAy, we get - d at =0 or a gt (9.7) 
ox oy Ix Oy 
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(i) Velocity Distribution. To obtain the velocity distribution across a section, the value of shear 


du i à ; ; i 
stress T= Ll ae from Newton’s law of viscosity for laminar flow is substituted in equation (9.7). 





ax ody\ dy dy? 
au _1a% 
dy? pð 
Integrating the above equation w.r.t. y, we get 
ðu _ 1 op | op . 
— =—— yt C, "t —— is constant 
ð ud yma ox 
ý ; 1 ðp y 
Integrating again u=———+Cy+C, (9.8) 
u ax 2 7 


where C, and C, are constants of integration. Their values are obtained from the two boundary condi- 
tions that is (i) at y = 0, u = 0 (ii) at y = t, u = 0. 


The substitution of y = 0, u = 0 in equation (9.8) gives 
0=0+C, x0+ C, or C,=0 
The substitution of y =f, u= 0 in equation (9.8) gives 
(in RP gee xt+0 
u dx 2 
lop t lð 


Ler ——- - — I 


uox 2xr 2u ax 
Substituting the values of C, and C, in equation (9.8) 


1 op 2 1 op 
=z —— — y“ ) | =- — — t 
“ EERI 7 | 


l op 2 
or u=—-——[N-y (9.9) 
2u ax yy] 
In the above equation, p, a and f are constant. It means u varies with the square of y. Hence 
x 


equation (9.9) is a equation of a parabola. Hence velocity distribution across a section of the parallel 


plate is parabolic. This velocity distribution is shown in Fig. 9.7 (a). 
[e to >| 





Fig. 9.7 Velocity distribution and shear stress distribution 
across a section of parallel plates. 
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(ii) Ratio of Maximum Velocity to Average Velocity. The velocity is maximum, when y = #/2. 
Substituting this value in equation (9.9), we get 


Ua- elixe- (E 
ax! 2 \2 


- — — (9.10 
2 4 2u ax 4 8u ax ee 


The average velocity, u, is obtained by dividing the discharge (Q) across the section by the area of 
the section (1 x 1). And the discharge Q is obtained by considering the rate of flow of fluid through the 
strip of thickness dy and integrating it. The rate of flow through strip is 


dQ = Velocity at a distance y x Area of strip 


1 op 2 
dmj hl ainm sii ry" dy l 
on or y] x dy X 
_ — "1 op , oe , 
o> , o=f ma [ty — y"] dy 


-t%[y YP lia? e 
~ Quox[ 2 Sh Wal 3 


3 
1 opt 1 Op 3 


2u dx 6 ~ 12 ax 








1 op 3 
3 1p ax” 1a 
J= Od Pp (911) 
Area txl 12u dx 
Dividing equation (9.10) by equation (9.11), we get 
_1 2 
Vix _ 8H dx _ 12 _3 (9.12) 
u _ l Op 8 2 
12u ðx 
(iii) Drop of Pressure head for a given Length. From equation (9.11), we have 
u= sokra or a at 
12u dx ox ge 


Integrating this equation w.r.t. x, we get 
l 1 12pu 

d =Í LAR i 

J P=, p s 


120 
or Pi- p=- r [xı -32]= 





oe [x-xi] 








iE 





ze © @ 
l2uuL i 
or pPi=pis = DESI. saaana 
If h, is the drop of pressure head, then Pa! Pe 
h;= Ei Eia ee (9.13) SE a 
ps pst i üi 
(iv) Shear Stress Distribution. It is obtained by substituting x ; 
the value of u from equation (9.9) into "s *2 = 
ðu Fig. 9.8 
T= pu = 
ou d 1 ðp 3 1 op 
t= =P —|-——|[ -y)| =p | -——(t-2y 
Py | oy ax | »)| n| max D) 
1 ðp 
T= ——— [1r-2y ...(9.14) 
2 ox »] 


d, 
In equation (9.14), 2P. and f are constant. Hence T varies linearly with y. The shear stress distribution 


ox 
is shown in Fig. 9.7 (b). Shear stress is maximum, when y = 0 or ¢ at the walls of the plates. Shear stress 
is zero, when y = #/2 that is at the centre line between the two plates, Max. shear stress (Tp) is given by 
1 op 
TW=-=3 «ée(9 15) 
i 2 ox 
Problem 9.7 Calculate : (i) the pressure gradient along flow, (ii) the average velocity, and 


(iii) the discharge for an oil of viscosity 0.02 Ns/m? flowing between two Stationary parallel plates | m 
wide maintained 10 mm apart. The velocity midway between the plates is 2 m/s. 

Solution. Given : 

Viscosity, u = .02 N s/m? 

Width, b=1m 

Distance between plates, t=10mm=.01m 

Velocity midway between the plates, U max = 2 m/s. 








(i) Pressure gradient (2) 
dx 
Using equation (9.10), U,..=-——t or 2.00=- — | (.01 
SME: Riga hie Fe axa) OP 
ap. =- AOSV = — 3200 N/m? per m. Ans. 
dx .01 x.01 
(ii) Average velocity (u) 
Using equation (9.12), U mas = Š u= 2 os -73x2 = 1.33 m/s. Ans. 
(iii) Discharge (Q) = Area of flow Xu =bXtX u = 1 X .01 x 1.33 = .0133 m?/s. Ans. 


im 





Problem 9. 8 Determine (a) the pressure Pena ( b) th the shear stress at the two horizontal parallel 

plates and (c) the discharge per metre width for the laminar flow of oil with a maximum velocity of 

2 m/s between two horizontal parallel fixed plates which are 100 mm apart. Given u = 2.4525 N s/m?, 
Solution. Given : 


Umax = 2 m/s, t = 100 mm = 0.1 m, p = 2.4525 N/m? 
Find (i) Pressure gradient, 2 


(ii) Shear stress at the wall, Ty 
(iii) Discharge per metre width, Q. 


(i) Pressure gradient, a 
x 


Maximum velocity, U,,,,, is given by equation (9.10) 


1 Dp 2 
Unn =- 
re Bu ax. 
Substituting the values i 
l x P 2 
0 =- — 1 
z 20e- Fx RASS a CP 
op — _ 2.0x8x24525 __ 3924 Nim? per m. Ans. 
ox a 
(ii) Shear stress at the wall, to 
is given by equation (9.15) as Tt =- — i? xt=- : (- 3924) x 0.1 = 196.2 N/m’. Ans. 
* 2 ax 2 
(iii) Discharge per metre width, Q 
= Mean velocity x Area 


== Umax X (0% 1) = =X 2.00.1 x 1 = 0.133 mss, Ans. 


Problem 9.9 An oil of viscosity 10 poise flows between two parallel fixed plates which are kept at 
a distance of 50 mm apart. Find the rate of flow of oil between the plates if the drop of pressure in a 
length of 1.2 m be 0.3 N/cm’. The width of the plates is 200 mm. 

Solution. Given : 


u = 10 poise 
= 10 Nym? =1 N s/m? ( | poise = * 
10 m 


t = 50 mm = 0.05 m 
pı - p: = 0.3 N/m? = 0.3 x 10° N/m? 
L=1.20m 


Width, B = 200 mm = 0.20 m. 
Find Q, rate of flow 


The difference of pressure is given by equation (9.13) 


12uuL 
Pı- P2 F7 E 


2 e 





Substituting the values, we get 


ux 1.20 
05 x .05 


0.3 x 10*= 12 x 1.0 x 


4 
AE 0.3 x10" x 1.0 x .05 x .05 HOSLE 
12 x 1.20 


u X Area = 0.52 x (BX f) 

= 0.52 x 0.20 x .05 m*/s = .0052 m*/s 

= 0.0052 x 10° litre/s = 5.2 litre/s. Ans. 
Problem 9.10 Water at 15°C flows between two large parallel plates at a distance of 1.6 mm apart. 
Determine (i) the maximum velocity (ii) the pressure drop per unit length and (iii) the shear stress at 
the walls of the plates if the average velocity is 0.2 m/s. The viscosity of water at 15°C is given as 
0.01 poise. 

Solution. Given : t= 1.6mm = 1.6 x 10° m 
= 0.0016 m 


<. Rate of flow 


u = 0.2 m/sec, u = .01 poise = ai = 0.001 N s/m? 


(i) Maximum velocity, U max IS given by equation (9.12) 








ie., Üa ža = 1.5 x 0.2 = 0.3 m/s. Ans. 
(ii) The pressure drop, (p; — p2) is given by equation (9.13) 
l2uuL 
Ri -pF E 

t 
or pressure drop per unit length = Laji 

P 
or P a ate D nA N/m? per m. 

ox 10 (.0016) 


(iii) Shear stress at the walls is given by equation (9.15) 


t=- LP eye x 937.44 x .0016 = 0.749 N/m?. Ans. 


Problem 9.11 There is a horizontal crack 40 mm wide and 2.5 mm deep in a wall of thickness 
100 mm. Water leaks through the crack. Find the rate of leakage of water through the crack if the 
difference of pressure between the two ends of the crack is 0.02943 N/cm’. Take the viscosity of water 
equal to 0.01 poise. 

Solution. Given : 


Width of crack, b = 40 mm = 0.04 m 
Depth of crack, t = 2.5 mm = .0025 m 
Length of crack, L= 100 mm = 0.1 m 


im 


Il 


P — P2 = 0.02943 N/em? = 0.02943 x 10* N/m? = 294.3 N/m? 





.01 Ns 
= .01 poise = —— 
10 m^ 
Find rate of leakage (Q) 
(Pı — P2) is given by equation (9.13) as 
_ l2puL 01 uxO.l 





a ca 
Pha A 10 (0025 x.0025) 


_ 294.3 x 10 x .0025 x .0025 
12 x.01x0.1 


= 1.5328 m/s 


Rate of leakage = u X area of cross-section of crack 
1.538 x (b x t) 
1.538 x .04 x .0025 m*/s = 1.538 x 10°* m*/s 
= 1.538 x 10% x 10° litre/s = 0.1538 litre/s. Ans. 
Problem 9.12 The radial clearance between a hydraulic plunger and the cylinder walls isO.1 mm; 
the length of the plunger is 300 mm and diameter 100 mm. Find the velocity of leakage and rate of 
leakage past the plunger at an instant when the difference of the pressure between the two ends of the 
plunger is 9 m of water. Take u = 0.0127 poise. 
Solution. Given : 
The flow through the clearance area will be the same as the flow between two parallel surfaces, 
t= 0.1 mm = 0.0001 m 
L = 300 mm = 0.3 m 


Diameter, D = 100 mm = 0.1 m 
Difference of pressure = — = 9m of water 

Pı — p> = 9 X 1000 x 9.81 N/m? = 88290 N/m? 
Viscosity, u = .0127 poise = HIS 


Find (i) Velocity of leakage, i.e., mean velocity u 
(ii) Rate of leakage, Q 
(i) Velocity of leakage (i). The average velocity (#) is given by equation (9.11) 
1 op 


= 2 
“=-—— ff 


12u dx 





s— 1 xB P ¥ (9001) x (0001) 
ee 


10 
= —! _ ,, 88200 (0001) x (.0001) 
12x.0127 03 


.193 m/s = 19.3 cm/s. Ans. 
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(ii) Rate of leakage, Q 
Q = u x area of flow 
= 0.193 x nD x tm*/s = 0.193 x n x .1 x .0001 m°/s 
= 6.06 x 10° m*/s = 6.06 x 10° x 10° litre/s 
= 6.06 x 107 litre/s. Ans. 


> 9.4 KINETIC ENERGY CORRECTION AND MOMENTUM CORRECTION 
FACTORS 


Kinetic energy correction factor is defined as the ratio of the kinetic energy of the flow per second 
based on actual velocity across a section to the kinetic energy of the flow per second based on average 
velocity across the same section. It is denoted by œ. Hence mathematically, 


K.E./sec based on actual velocity 


= no ...(9.16) 
K.E./sec based on average velocity 


Momentum Correction Factor. It is defined as the ratio of momentum of the flow per second 
based on actual velocity to the momentum of the flow per second based on average velocity across a 
section. It is denoted by B. Hence mathematically, 


_ Momentum per second based on actual velocity 


= ; »(9.17) 
Momentum per second based on average velocity 


Problem 9.13 Show that the momentum correction factor and energy correction factor for laminar 
flow through a circular pipe are 4/3 and 2.0 respectively. 

Solution. (i) Momentum Correction Factor or B 

The velocity distribution through a circular pipe for laminar flow at any radius r is given by 
equation (9.3) 


1 dp 2 2 
or u=—)|-—|(R-r sacl 
4u z) ) (1) 
Consider an elementary area dA in the form of a ring at a radius r and of width dr, then 
dA = 27r dr 

aw RY 
— e 
=T 

La 

dA = 2nr dr 
Fig. 9.9 


Rate of fluid flowing through the ring 
= dQ = velocity X area of ring element 
=u x 2urdr 
Momentum of the fluid through ring per second 
= mass X velocity 
=pxdQxu=p x 2nrdrxuxu=2np wr dr 
Total actual momentum of the fluid per second across the section 


R 2 
= Í 2np ur dr 
0 
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Substituting the value of u from (1) 
R| + {-8p D- 8 ? 
= 2mp L j (2) (R -r )| rdr 


a 
Í [R° - r°} rdr 
0 























ae 
= 2mp i- (2) f (R? +r’ -2R°r°) rdr 
(164°) ox} Jo 
2 eR 
= zR (2) f (Ror + r’ - 2R°P) dr 
8u- Lax) J0 
oe) ee “me (2) Re Re 2R" 
8u> \ ax 2 6 4 | Sr \axr/[2 6 4 
O np 3) 6R° +2R° -6R® 
~ $n? Lox 12 
_ (2) a (2) RE (2) 
8u? (ax 6 48u? (ax 


Momentum of the fluid per second based on average velocity 


mass of fluid i 
= ——— x average velocity 
sec 


=pAuxu=pAu 


U max 





. > . 
where A= Area of cross-section = TR’, u = average velocity = 


Momentum/sec based on average velocity 


if aal 1 ( ap) 
= pcan xla (2) e =p x mR’ x az(-2) R’ 


ap)" Rs 
pr(- 2) e 


2 3 
at (3) 


B= Momentum / sec based on actual velocity 


Momentum / sec based on average velocity 


| 





(ii) Energy Correction Factor, œ. Kinetic energy of the fluid flowing through the elementary ring 
of radius ‘r’ and of width ‘dr’ per sec 


eh 2al 
=3%msxu s > X pdQ x u? 


=} x px (ux 2r dr)x u? = 1px ari dr = npr dr 


Total actual kinetic energy of flow per second 
-f npru? dr = L orli (-2)(@ =y ‘| a 


1 op > oR 
= mp x k x(-2) i [R? - PP rdr 














=x ots (- x) (RÉ - 16- 3R'P + 3RH)r dr 
- 2,(- æ) p Rr- P- 3R'P + 3R) dr 
INT R r? rè 3Rtr4 3R2r° 1° 
acne qaa 
E =, ( P) E R* me =] 
6 \ xj|2 8 4 6 
ay .4f12—3-16418 
"are al -a ] 
š z- = £ (4) 


Substituting the valueof A = (mR?) 





= 5 x pxaR x 1 (- æ) x RÉ 
2 64x 8? ax 
=— Pr (_ 9) ps 
128 x 8u? s{- æ) a o 


_ _K.E/sec based on actual velocity _ Equation (4) 
` K.EJsec based on average velocity Equation (5) 


mee) s 
p_w \ ax _128x8 _ 








oP (æ 
128x 8p? s|- 4 am 


p> 9.5 POWER ABSORBED IN VISCOUS FLOW 


For the lubrication of the machine parts, an oil is used. Flow of oil in bearings is an example of 
viscous flow. If a highly viscous ail is used for lubrication of bearings, it will offer great resistance and 
thus a greater power loss will take place. But if a light oil is used, a required film between the rotating 
part and stationary metal surface will not be possible. Hence, the wear of the two surface will take place. 
Hence an oil of correct viscosity should be used for lubrication. The power required to overcome the 
viscous resistance in the following cases will be determined : 

1. Viscous resistance of Journal Bearings, 

2. Viscous resistance of Foot-step Bearings, 

3. Viscous resistance of Collar Bearings. 

9.5.1 Viscous Resistance of Journal Bearings. Consider a shaft of diameter D rotating in a 
journal bearing. The clearance between the shaft and journal bearing is filled with a viscous oil. The oil 
film in contact with the shaft rotates as the same speed as that of shaft while the oil film in contact with 
journal bearing is stationary. Thus the viscous resistance will be offered by the oil to the rotating shaft. 

Let N = speed of shaft in f.p.m. 

t = thickness of oil film 
L = length of oil film 


Angular speed of the shaft, œ = = 


Tangential speed of the shaft= œ x R or Va ZN y D PN 
60 2 60 


The shear stress in the oil is given by,t = 1 z 





Fig. 9.10 Journal bearing. 
As the thickness of oil film is very small, the velocity distribution in the oil film can be assumed as 


linear. 





He — Z Á — SE = 
p SOUN dy t t 60xt 
, nDN 
=P 60 xt 


Shear force or viscous resistance = Tt x Area of surface of shaft 


_ HnDN un?’ D?NL 
, 60r i aai 60r 
Torque required to overcome the viscous resistance, 





T = Viscous resistance x 2 


a `; a Ro 
Power absorbed in overcoming the viscous resistance 
2nNT _2mN yn? D? NL 
60 120¢ 


Ip3n2 
= BE DNL atis An. ; 9.18 
60x60xt Aa 
Problem 9.14 A shaft having a diameter of 50 mm rotates centrally in a journal bearing having a 
diameter of 50.15 mm and length 100 mm. The angular space between the shaft and the bearing is 
filled with oil having viscosity of 0.9 poise. Determine the power absorbed in the bearing when the 


*P= 


speed of rotation is 60 r.p.m. 
Solution. Given : 
Dia. of shaft, D = 50 mm or .05 m 
Dia. of bearing, D, = 50.15 mm or 0.05015 m 
Length, L = 100 mm or 0.1 m 
*Power, P=TX@= Pee ee sia AT uy, 


60 60 60,000 


t of oil = 0.9 poise = 2a Be: 
10 m^ 
N = 600 r.p.m. 
Power = ? 


Thickness of oil film, f= = 








2 2 
= > = 0.075 mm = 0.075 x 10° m 
Tapaa Ve a A sg 
60 60 
Shear stress gy egy egg AR a N 


dy H- To 0075x107 
tX Area = 1883.52 xnD XL 
1883.52 x m x .05 x 0.1 = 29.586 N 


Resistance torque TFX 3 = 29.586 x 2 = 0.7387 Nm 


Shear force (F) 


_ 2RNT _ 2x x 600 0.7387 _ 46 41 W. Ans. 
60 60 


Problem 9.15 A shaft of 100 mm, diameter rotates at 60 r.p.m. in a 200 mm long bearing. Taking 
that the two surfaces are uniformly separated by a distance of 0.5 mm and taking linear velocity 
distribution in the lubricating oil having dynamic viscosity of 4 centipoises, find the power absorbed in 
the bearing. 


Solution. Given: 


Power 





Dia. of shaft, D = 100 mm = 0.1 m 
Length of bearing, L = 200 mm = 0.2 m 
t=0.5 mm=.5x 10° m 
u = 4 centipoise = .04 poise = BOF m. 
10 m“ 
N = 60 r.p.m. 
Find power absorbed 
Inar? 
nemin i JANE 
60 x 60 xr 


_ 04, n* x(.1)’ x (60) x 0.2 


10 +60x60x0.5x107% 


Problem 9.16 A shaft of diameter 0.35 m rotates at 200 r.p.m. inside a sleeve 100 mm long. The 
dynamic viscosity of lubricating oil in the 2 mm gap between sleeve and shaft is 8 poises. Calculate the 
power lost in the bearing. 

Solution. Given : 

Dia. of shaft, D = 0.35 m 


= 4.961 x 10° W. Ans. 


im 


Speed of shaft, N= 200 r.p.m. 
Length of sleeve, L= 100 mm = 0.1 m 
Distance between sleeve and shaft, t = 2 mm = 2 x 10° m 
Viscosity, u = 8 poise = = = 
10 m^ 

The power lost in the bearing is given by equation (9.18) as 

ut? D?N?L 

= ————_ watts 
60 x 60 x ft 


3 3 2 
= S g EB MAN ENL = 590.8 W= 0.59 kW. Ans. 
10 60x60x2x10 


Problem 9.17 A sleeve, in which a shaft of diameter 75 mm, is running at 1200 r.p.m., is having a 
radial clearance of 0.1 mm. Calculate the torque resistance if the length of sleeve is 100 mm and the 
space is filled with oil of dynamic viscosity 0.96 poise. 

Solution. Given : 





Dia. of shaft, D = 75 mm = 0.075 m 
N = 1200 r.p.m. 
t=0.1 mm =0.1 x 10° m 
Length of sleeve, L= 100 mm = 0.1 m 
u = 0.96 poise = os Na 
10 m“ 
Tangential velocity of shaft, V = IPN. = FANE = 4.712 m/s 
60 60 
Shear stress, T=Ņ x = = x ae = 4523.5 N/m? 
t 10 1x10“ 
Shear force, F=ītXnDL 
= 4523.5 x n x .075 x .1 = 106.575 N 
Torque resistance =Fx 3 


= 106.575 x = = 3.996 Nm. Ans. 
Problem 9.18 A shaft of 100 mm diameter runs in a bearing of length 200 mm with a radial clear- 
ance of 0.025 mm at 30 r.p.m. Find the velocity of the oil, if the power required to overcome the viscous 
resistance is 183.94 watts. 
Solution. Given : 
D = 100 mm = 0.1 m 
L = 200 mm = 0.2 m 
t = .025 mm = 0.025 x 10° m 
N = 30 r.p.m. ; H.P. = 0.25 
Find viscosity of oil, y. 
The h.p. is given by equation (9.18) as 
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3 py\3 ay2 3 3 2 
_ ET DN°L or 183.94 = un’ x (.1)" x (30) n 
60 x 60 xt 60 x 60 x 0.025 x 10~ 





_ 183.94 x 60 x 60 x.025 x 10° Ns 


T? x .001 x 900 x 0.2 m°? 


= 2.96 = = 2.96 x 10 = 29.6 poise. Ans. 
m 


9.5.2 Viscous Resistance of Foot-Step Bearing. Fig. 9.11 shows the foot-step bearing, in 
which a vertical shaft is rotating. An oil film between the bottom surface of the shaft and bearing is 
provided, to reduce the wear and tear. The viscous resistance is offered by the oil to the shaft. In this 
case the radius of the surface of the shaft in contact with oil is not constant as in the case of the journal 
bearing. Hence, viscous resistance in foot-step bearing is calculated by considering an elementary 
circular ring of radius r and thickness dr as shown in Fig. 9.11. 

Let N = speed of the shaft 

t = thickness of oil film 
R = radius of the shaft 


Area of the elementary ring == 2mrdr 
du V 


Now shear stress is given by t = y — = u — 
dy t 


where V is the tangential velocity of shaft at radius r and is equal to 






t= 
27N 

@ xX r= — Xr 
60 


Shear force on the ring = dF = T X area of elementary ring 


2 2 
ae e nba dt dr 
60 t 15 





Torque required to overcome the viscous resistance, Fig. 9:11 Footstep bearing: 


aT=dF Xt 
=! we arx rs © PNP ar (9.19) 
157 151 


Total torque required to overcome the viscous resistance, 


T= [ dT= fe TNPdr 





) 15t 
R rÍ - u 3 R! 
ae wn [ Pars Egy sye 
15r 0 15t 4 A 15t 4 
= Nr! (919A) 
601 
T 
Power absorbed, P= watts 


372 p4 
nN R 
= 2 iF eve n EAR 


2nN Z (9.20 
60 60F 60 x 307 (9.20) 


|] 


Problem 9.19 Find the torque required to rotate a vertical shaft of diameter 100 mm at 750 r.p.m. 
The lower end of the shaft rests in a foot-step bearing. The end of the shaft and surface of the bearing 
are both flat and are separated by an oil film of thickness 0.5 mm. The viscosity of the oil is given 





1.5 poise. 
Solution. Given : 
Dia. of shaft, D = 100 mm = 0.1 m 
D Od 
R = — = — = 0.05 m 
2 2 $ 
N = 750 r.p.m. 
Thickness of oil film, t= 0.5 mm = 0.0005 m 
1.5 Ns 
= 1.5 poise = — —; 
F = 10 m7 


The torque required is given by equation (9.19) as 


T= NR’ Nm 
601 


_ 15 7? x750 x (.05)* 
10 60 x .0005 
Problem 9.20 Find the power required to rotate a circular disc of diameter 200 mm at 1000 r.p.m. 
The circular disc has a clearance of 0.4 mm from the bottom flat plate and the clearance contains oil 
of viscosity 1.05 poise. 
Solution. Given : 


= 0.2305 Nm. Ans. 


Dia. of disc, D = 200 mm = 0.2 m 
R= 2... pa =0.1 m 
2 2 
N = 1000 r.p.m. 
Thickness of oil film, t = 0.4 mm = 0.0004 m 


u = 1.05 poise = n N s/m? 


The power required to rotate the disc is given by equation (9.20) as 
_ pmîN?RË 


= watts 
60x30xt 


E 


-105 n* x 1000? x (0.1)* 
10 60x30 x .0004 


9.5.3 Viscous Resistance of Collar Bearing. Fig. 9.12 shows the collar bearing, where the 
face of the collar is separated from bearing surface by an oil film of uniform thickness. 
Let N = Speed of the shaft in r.p.m. 
R, = Internal radius of the collar 


= 452.1 W. Ans. 


|] 





R, = External radius of the collar 


t = Thickness of oil film. 
COLLAR 





Fig.9.12 Collar bearing. 


Consider an elementary circular ring of radius ‘r’ and width dr of the bearing surface. Then the 
torque (dT) required to overcome the viscous resistance on the elementary circular ring is the same as 
given by equation (9.19A) or 


dT = © Nr dr 
151 


Total torque, required to overcome the viscous resistance, on the whole collar is 


R. 

R, R in 
T=( are ("4 enews co 

157 i 





R R, 15t 4 

= —Ë— PNR} -R t=- rN [Ri -R A’ (9.21) 
IStx4 a 60t 

Power absorbed in overcoming viscous resistance 
P= INT ZTN H NIR -RA 
60 60 60r 
3 ? 

un N“ 4 4 

z= [Ry -R atts. (9,22 
60x30 (2 ~ rw — 


Problem 9.21 A collar bearing having external and internal diameters 150 mm and 100 mm 
respectively is used to take the thrust of a shaft. An oil film of thickness 0.25 mm is maintained 
between the collar surface and the bearing. Find the power lost in overcoming the viscous resistance 
when the shaft rotates at 300 r.p.m. Take 4 = 0.91 poise. 

Solution. Given: 

External Dia. of collar, D, = 150 mm = 0.15 m 


R,= Pra 0.075 
2 Tee 
Internal Dia. of collar, D, = 100 mm = 0.1 m 
R= 2u = 0.05 m 
Thickness of oil film, t = 0.25 mm = 0.00025 m 
N = 300 r.p.m. 


0.91 Ns 
= 0.91 poise = —— — 
B PRSE m 


| 
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The power required is given by equation (9.22) or 
uN? 
60 x 30 xt 

0.91 ®° x 300° x|.075* -.05*| 
“10 ~~ 60 x30 x.00025 
= 564314 [.00003164 — .00000625] 
= 564314 x .00002539 = 14.327 W. Ans. 
Problem 9.22 The external and internal diameters of a collar bearing are 200 mm and 150 mm 
respectively. Between the collar surface and the bearing, an oil film of thickness 0.25 mm and of 
viscosity 0.9 poise, is maintained. Find the torque and the power lost in overcoming the viscous 


resistance of the oil when the shaft is running at 250 r.p.m. 
Solution. Given : 


P= R =R] 


D, = 200 mm = 0.2 m 


Ro aim 
2 2 
D, = 150 mm = 0.15 m 
alae S = .075m 
2 2 
t = 0.25 mm = .00025 m 
0.9 Ns 
= 0.9 poise = — —- 
p ps 10 m? 


Torque required is given by equation (9.21) 
T? x250[0.1* — .075° 
T=— PNR -R= og „7230 [oa 05] N 
60r š 10 60 x 0.00025 
= 14804.4 [ .0001 — .00003164] = 1.0114 Nm. Ans. 
Power lost in viscous resistance 


= 2nNT = 2n x250 x 1.0114 = 26.48 W. Ans. 
60 60 


m 


> 9.6 LOSS OF HEAD DUE TO FRICTION IN VISCOUS FLOW 


The loss of pressure head, fh, in a pipe of diameter D, in which a viscous fluid of viscosity [1 is 
flowing with a velocity u is given by Hagen Poiseuille formula i.e., by equation (9.6) as 
aon 
ine wi) 
pgD 
where L = length of pipe 
The loss of head due to friction* is given by 
jat EN Abai 
f Dx2g Dx2g 


{*. velocity in pipe is always average velocity ~. V= u} 


--(ii) 


*For derivation, please refer to Art. 10.3.1. 


|] 


where f = co-efficient of friction between the pipe and fluid. 


32uuL 4. f. Liu 
pgD* Dx 2g 





Equating (i) and (ii), we get 


_ 32nuLxDx2g _ 16 


2 a p { u = v} 
4.L.u .pg.D? u.p-D 
= 16x 2 165+ 
pVD R, 
where Ea A. and R, = Reynolds number = at 
PVD R, 
16 
= (9.23) 
f R 


Problem 9.23 Water is flowing through a 200 mm diameter pipe with coefficient of friction 
f= 0.04. The shear stress at a point 40 mm from the pipe axis is 0.00981 N/em’. Calculate the shear 
stress at the pipe wall. 

Solution. Given : 

Dia. of pipe, D = 200 mm = 0.20 m 

Co-efficient of friction, f= 0.04 

Shear stress at r=40 mm, t= 0.00981 N/em? 

Let the shear stress at pipe wall = Tp. 

First find whether the flow is viscous or not. The flow will be viscous if Reynolds number R, is less 
than 2000. 


Using equation (9.23), we get f= 15. or .04= 3s 
R, R, 
na 
04 


This means flow is viscous. The shear stress in case of viscous flow through a pipe is given by the 
equation (9.1) as 
dp r 


ox 2 


op . i i ; sche 5 
But ax is constant across a section. Across a section, there is no variation of x and there is no 
x 


variation of p. 
a tær 
At the pipe wall, radius = 100 mm and shear stress iS To 
Tat ci 0.00981 a 
r 100 40 100 
n= 100 x 0.00981 
40 





= 0.0245 N/cm?, Ans. 


iE 


Il 


Problem 9.24 A pipe of diameter 20 cm and length 10° m is laid at a slope of 1 in 200. An oil of 
sp. gr. 0.9 and viscosity 1.5 poise is pumped up at the rate of 20 litres per second. Find the head lost 
due to friction. Also calculate the power required to pump the oil. 

Solution. Given : 





Dia. of pipe, D = 20 cm = 2.50 m 

Length of pipe, L = 10000 m 
1 

Slope of pipe, i= 1 in 200 = — 

pe ot pipe 200 
Sp. gr. of oil, S=0.9 
Density of oil, p = 0.9 x 1000 = 900 kg/m? 

Viscosity of oil, u= 1.5 poise = ra wi 
10 m“ 

Discharge, Q = 20 litre/s = 0.02 m/s {-- 1000 litres = 1 m*} 


-_  @ _ 0.020 0.020 


{= 


= 0.6366 m/s 











Velocity of flow, 


Area Tj? Seay 
4 4 
R, = Reynolds number 
_ PVD _ 900 x 0.6366 x .2 


u ee 
10 
- eee {~ V= u = 0.6366} 
= 763.89 


As the Reynolds number is less than 2000, the flow is viscous. The co-efficient of friction for 
viscous flow is given by equation (9.23) as 


16 16 


= = 0.02094 
R, 763.89 


Ef 


. Head lost due to friction, /, = 
Dx2g 


_ 4x 02094 x 10000 x (.6366)” 
E 0.2x2x9.81 

Due to slope of pipe 1 in 200, the height through which oil is to be raised by pump 
= Slope Xx Length of pipe 


m = 86.50 m. Ans. 


zka -L enasi 
200 


Total head against which pump is to work, 
H = h;+ i X L= 86.50 + 50 = 136.50 m 
Power required to pump the oil 


iE 


_ pg.Q-H _ 900x981 x 0.20 x 136.50 
1000 1000 


> 9.7 MOVEMENT OF PISTON IN DASH-POT 


Consider a piston moving in a vertical dash-pot containing oil as 
shown in Fig. 9.13. 
Let D = Diameter of piston, 
L = Length of piston, 
W = Weight of piston, 
u = Viscosity of oil, 
V = Velocity of piston, t 
u= Average velocity of oil in the clearance, i Uj d 
l = Clearance between the dash-pot and piston, 
= Difference of pressure intensities between the two ends 
of the piston. 

The flow of oil through clearance is similar to the viscous flow 
between two parallel plates. The difference of pressure for parallel plates 
for length ‘L’ is given by Fig. 9.13 
tepu, 

t? 
Also the difference of pressure at the two ends of piston is given by, 


Weight of piston _ W _ 4W 
Area of piston tt D? nD? 


= 24.1 kW. Ans. 








Ric WN Ae Bey 


ae See 
ase ? 








Ap = woah 


Ap= 








(ii) 


ee 4W 

nD? 
saa E a 
TD? 12uL 3nuLD? 


V is the velocity of piston or the velocity of oil in dash-pot in contact with piston. The rate of flow 
of oil in dash-pot 


Equating (i) and (ii), we get 





.(iii) 


= velocity x area of dash-pot = V x í D? 


Rate of flow through clearance = velocity through clearance x area of clearance = W X nD X t 
Due to continuity equation, rate of flow through clearance must be equal to rate of flow through dash-pot. 


WxmDxt=Vx2 D? 





ruyxi peee (iv) 
4 mDxt 4t 
Equating the value of w from (iii) and (iv), we get 
wè _ VD 
3nuLD? 4t 


im 


4r°w 4wre 


se Mea (9.24 
te SRLD'V  3nLD'V ae 


Problem 9.25 An oil dash-pot consists of a piston moving in a cylinder having oil. This arrange- 
ment is used to damp out the vibrations. The piston falls with uniform speed and covers 5 cm in 
100 seconds. If an additional weight of 1.36 N is placed on the top of the piston, it falls through 5 cm 
in 86 seconds with uniform speed. The diameter of the piston is 7.5 cm and its length is 10 cm. The 
clearance between the piston and the cylinder is 0.12 cm which is uniform throughout. Find the 
viscosity of oil. 


or 


or 


or 
or 


Solution. Given : 
Distance covered by piston due to self weight, = 5 cm 


Time taken, = 100 sec 

Additional weight, = 1.36N 

Time taken to cover 5 cm due to additional weight, = 86 sec 
Dia. of piston, D = 7.5 cm = 0.075 m 

Length of piston, L= 10 cm = 0.1 m 

Clearance, t = 0.12 cm = 0.0012 m 

Let the viscosity of oil =u 


W = Weight of piston, 
V = Velocity of piston without additional weight, 
V* = Velocity of piston with additional weight. 
Using equation (9.24), we have 


awe — 4[W+ 136] 0° 


OS BRD LV 3nD°LV* 
4 3 
Ww = W +136 Cancelling ae 
V y* 3nD°L 
Vo o 
V* W+136 = 
But V = Velocity of piston due to self weight of piston 
z Distance covered < Ss ei 
Time taken 100 
Similarly, Vt = Distance covered due eee weight + additional weight 
Time taken 
= LS cm/s 
86 
a2 a 3 x 86 = 0.86 (ii) 
v* 100 5 


W 
Equating (7) and (ii), we get ———— = 0.86 
q : - W +1.36 


W = 0.86 W + .86 x 1.36 
W- 0.86 W = 0.14 W = .86 x 1.36 


iE 


_ 0.86 x 1.36 


We Lea 8954.N 

0.14 

4wr 

si tion (9.24), ta 
Using equation ( ), we get h 3nD LV 
3 
= ahoga nean 
3r x (0.0757 x.10 x (= x a) 
100 100 


= 0.29 N s/m? = 0.29 x 10 poise = 2.9 poise. Ans. 


> 9.8 METHODS OF DETERMINATION OF CO-EFFICIENT OF VISCOSITY 


The following are the experimental methods of determining the co-efficient of viscosity of a liquid: 

1. Capillary tube method, 

2. Falling sphere resistance method, 

3. By rotating cylinder method, and 

4. Orifice type viscometer. 

The apparatus used for determining the viscosity of a liquid is called viscometer. 
9.8.1 Capillary Tube Method. In capillary tube method, the viscosity of a liquid is calculated 
by measuring the pressure difference for a given length of the capillary tube. The Hagen Poiseuille law 
is used for calculating viscosity. 







CONSTANT HEAD 


ee MEASURING 


TANK 


Fig. 9.14 Capillary tube viscometer. 


Fig. 9.14 shows the capillary tube viscometer. The liquid whose viscosity is to be determined is 
filled in a constant head tank. The liquid is maintained at constant temperature and is allowed to pass 
through the capillary tube from the constant head tank. Then, the liquid is collected in a measuring tank 
for a given time. Then the rate of liquid collected in the tank per second is determined. The pressure 
head ‘/” is measured at a point far away from the tank as shown in Fig. 9.14. 


Then h = Difference of pressure head for length L. 
The pressure at outlet is atmospheric. 
Let D = Diameter of capillary tube, 


L = Length of tube for which difference of pressure head is known, 
p = Density of fluid, 


|] 


and u = Co-efficient of viscosity. 
32uuL 


Using Hagen Poiseuille’s Formula, h = > 
pgD° 











But u = 


where Q is rate of liquid flowing through tube. 


Q 
324 X : xL 


4?  _ I28po.L 
= pD? mpgD" 


> 
l 


7 mpghD* 
128Q.L 
Measurement of D should be done very accurately. 
9.8.2 Falling Sphere Resistance Method. 


Theory. This method is based on Stoke’s law, according to which the drag force, F on a small 
sphere moving with a constant velocity, U through a viscous fluid of viscosity, u for viscous conditions 


or (9.25) 


is given by 
F = 3nuUd Ai) pe ss 
where d= diameter of sphere 
U = velocity of sphere. CONSTANT 
When the sphere attains a constant velocity U, the drag Sos 
force is the difference between the weight of sphere and 
buoyant force acting on it. SPHERE 
Let L = distance travelled by sphere in viscous fluid, 
t = time taken by sphere to cover distance /, 

P, = density of sphere, 

py = density of fluid, 

W = weight of sphere, 
and Fp = buoyant force acting on sphere. Fig. 9.15 Falling sphere resistance method. 


Then constant velocity of sphere, U = 
Weight of sphere, W = volume x density of sphere x g 
= 7 d’xp,xg j volume of sphere = za) 


and buoyant force, F, = weight of fluid displaced 
= volume of liquid displaced x density of fluid x g 


= a Ëx p/xg {volume of liquid displaced = volume of sphere} 





im 


mi 


For equilibrium, 
Drag force = Weight of sphere — buoyant force 
or F=W-F, 
Substituting the values of F, W and Fp, we get 


3nuUd =E d’ xp, xg-E dx px g= E dè xg Ip,- ph 


d’ x glp, -Pr] _ ga? 


or p= T 
6 3nUd 18U 


IP; - PA ...(9.26) 


where p,= Density of liquid 

Hence in equation (9.26), the values of d, U, p, and p; are known and hence the viscosity of liquid 
can be determined. 

Method. Thus this method consists of a tall vertical transparent cylindrical tank, which is filled 
with the liquid whose viscosity is to be determined. This tank is surrounded by another transparent 
tank to keep the temperature of the liquid in the cylindrical tank to be constant. 

A spherical ball of small diameter ‘d’ is placed on the surface of liquid. Provision is made to release 
this ball. After a short distance of travel, the ball attains a constant velocity. The time to travel a 
known vertical distance between two fixed marks on the cylindrical tank is noted to calculate the 
constant velocity U of the ball. Then with the known values of d, P,, pp the viscosity H of the fluid is 
calculated by using equation (9.26). 


9.8.3 Rotating Cylinder Method. This method TORSIONAL 
consists of two concentric cylinders of radii R,; and R, as SPRING 
shown in Fig. 9.16. The narrow space between the two POINTER 
cylinders is filled with the liquid whose viscosity is to be 
determined. The inner cylinder is held stationary by means 
of a torsional spring while outer cylinder is rotated at con- viscous 
stant angular speed @. The torque T acting on the inner LIQUID (w) E 
cylinder is measured by the torsional spring. The torque on 
the inner cylinder must be equal and opposite to the torque OUTER—» RA 
applied on the outer cylinder. ROTATING [= 
The torque applied on the outer cylinder is due to CYLINDER SE 
viscous resistance provided by liquid in the annular space 
and at the bottom of the inner cylinder. 







N NA] 


Let @ = angular speed of outer cylinder. 
Tangential (peripheral) speed of outer cylinder Fig. 9.16 Rotating cylinder viscometer. 
=@xR, 


Tangential velocity of liquid layer in contact with outer cylinder will be equal to the tangential 
velocity of outer cylinder. 
Velocity of liquid layer with outer cylinder = @ Xx R, 
Velocity of liquid layer with inner cylinder = 0 
Velocity gradient over the radial distance (R, — R,) 


_ du _@R,-0_ OR, 


{-. Inner cylinder is stationary } 


.. Shear stress (T) =u—=ų 


| 
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<. Shear force (F) = shear stress X area of surface 
=tX2nR,H 
{7 shear stress is acting on surface area = 2m R, X H} 
=p OR, 
(R, - R,) 
The torque 7, on the inner cylinder due to shearing action of the liquid in the annular space is 
T, = shear force x radius 


oR, 
=u ——- x2nR,HxR 
ER A 


x27 RH 


_ 2moH R; R, 
(R, — R;) 
If the gap between the bottom of the two cylinders is ‘h’, then the torque applied on inner cylinder 
(T3) is given by equation (9.19A) as 


lD 


T, =~ RNR’ 
- 60t 
But here R = R,, t= h then T,= T? NR? 
~ 60h 
60 2 
u 2., 600 4_ THOM 4 aps 
Ta = —— XW xX — XR; = — R ilit 
° 60h 2n | oh ' s9 
Total torque T acting on the inner cylinder is 





_ 2muoH RÈR, THO 4 _ >| RH R 
- Rk) A tt Se lz R mo 
2(R, — R, )hT 
L = (9.27) 
TR [4HhR, + Ry (R, - R,)} 
where T = torque measured by the strain of the torsional spring, 
R,, R, = radii of inner and outer cylinder, 
h = clearance at the bottom of cylinders, 
H = height of liquid in annular space, 
u = co-efficient of viscosity to be determined. 
Hence, the value of u can be calculated from equation (9.27). 


9.8.4 Orifice Type Viscometer. In this method, the time taken by a certain quantity of the 
liquid whose viscosity is to be determined, to flow through a short capillary tube is noted down. The 
co-efficient of viscosity is then obtained by comparing with the co-efficient of viscosity of a liquid 
whose viscosity is known or by the use conversion factors. 

Viscometers such as Saybolt, Redwood or Engler are usually used. The principle for all the three 
viscometer is same. In the United Kingdom, Redwood viscometer is used while in U.S.A., Saybolt 
viscometer is commonly used. 


| 


Fig. 9.17 shows that Saybolt viscometer, which consists of a tank 
at the bottom of which a short capillary tube is fitted. In this tank the ONSTANT 
liquid whose viscosity is to be determined is filled. This tank is sur- ; J TEMPERATURE 
rounded by another tank, called constant temperature bath. The liq- 
uid is allowed to flow through capillary tube at a standard 
temperature. The time taken by 60 c.c. of the liquid to flow through 
the capillary tube is noted down. The initial height of liquid in the tank 





is previously adjusted to a standard height. From the time measure- , MEASURING 
ment, the kinematic viscosity of liquid is known from the relation, : CYLINDER 
B ; i 
v= At- — À - 
t Fig. 9.17 Saybolt viscometer. 


where A = 0.24, B = 190, f = time noted in seconds, v= kinematic viscosity in stokes. 
Problem 9.26 The viscosity of an oil of sp. gr. 0.9 is measured by a capillary tube of diameter 
50 mm. The difference of pressure head between two points 2 m apart is 0.5 m of water. The mass of 
oil collected in a measuring tank is 60 kg in 100 seconds. Find the viscosity of oil. 

Solution. Given : 


Sp. gr. of oil =0.9 
Dia. of capillary tube, D = 50 mm = 5 cm = 0.05 m 
Length of tube, L=2m 
Difference of pressure head, h = 0.5 m 
Mass of oil, M = 60 kg 
Time, t=100s 
; 60 
Mass of oil per second = 100 = 0.6 kg/s 
Density of oil, p = sp. gr. of oil x 1000 = 0.9 x 1000 = 900 kg/m? 
Discharge, Q= een = 0s m*/s = 0.000667 m*/s 


Density 900 
Using equation (9.25), we get viscosity, 


4 
= apshD [here h = h;= 0.5] 
1280. L 
4 
= 7X900 x9.81x0.5x (05) _ L 0.5075 (SI Units) N s/m? 
128 x 0.000667 x 2.0 


= 0.5075 x 10 poise = 5.075 poise. Ans. 
Problem 9.27 A capillary tube of diameter 2 mm and length 100 mm is used for measuring viscosity 
ofa liquid. The difference of pressure between the two ends of the tube is 0.6867 N/em? and the viscosity 
of liquid is 0.25 poise. Find the rate of flow of liquid through the tube. 
Solution. Given : 


Dia. of capillary tube, D=2m=2x10°m 

Length of tube, L = 100 mm = 10 cm = 0.1 m 

Difference of pressure, Ap = 0.6867 N/cm? = 0.6867 x 10* N/m? 
_ Ap _ 0.6867 x 10° 


Difference of pressure head, hh 
Ps Ps 


iE 


Il 


424 Fluid Mechanics 


Viscosity, Lt = 0.25 poise 
= —— Ns/m? 
10 
Let the rate of flow of liquid = Q 


4 


4 
sia} — x (210°) 
; . npgh g 
Usin equation 9.25 , we get = = 
=< Pet WORE TSS ocr ee 128x 0x0. 


4 -3\4 
0.25  ™x0.6867 x10 x (2x10 ) 
10 128xQx0.l 


or 


Tt x 0.6867 x 10* x 2* x10? x10, 
or Q = —— ms 
128 x 0.1 x 0.25 


107.86 x 10° m?/s = 107.86 x 10 * x 10° cm*/s 
107.86 x 10° cm*/s = 1.078 cm*/s. Ans. 


Problem 9.28 A sphere of diameter 2 mm falls 150 mm in 20 seconds in a viscous liquid. The 
density of the sphere is 7500 kg/m? and of liquid is 900 kg/m’. Find the co-efficient of viscosity of the 


liquid. 
Solution. Given : 
Dia. of sphere, d=2mm=2x10°m 
Distance travelled by sphere = 150 mm = 0.15 m 
Time taken, t = 20 seconds 
Velocity of sphere, U= De 23 = .0075 m/s 
Time 20 
Density of sphere, p, = 7500 kg/m* 
Density of liquid, pr = 900 kg/m? 
U 9.2 gd’ satx[2x10"] 7500 — 900 
sing relation (9.26), we get n= —— [p, - pJ = —————————_ ~ 
g 9:26), We get N= = y Pe- OA Exons | | 
_ 981x4 x 10° x 6600 _ | 9). Ns 
18 x 0.0075 om 


= 1.917 x 10 = 19.17 poise. Ans. 
Problem 9.29 Find the viscosity of a liquid of sp. gr. 0.8, when a gas bubble of diameter 10 mm 
rises steadily through the liquid at a velocity of 1.2 cm/s. Neglect the weight of the bubble. 
Solution. Given : 


Sp. gr. of liquid = 0.8 

Density of liquid, P, = 0.8 x 1000 = 800 kg/m? 
Dia. of gas bubble, D = 10 mm = 1 cm = 0.01 m 
Velocity of bubble, U = 1.2 cm/s = .012 m/s 


As weight of bubble is neglected and density of bubble 


iE 


p,=0 
: ; gd’ oa i ; 
Now using the relation, p= 1807 [P, — Py] which is for a falling sphere. 


For a rising bubble, the relation will become as 








S 
H= 18U [Py Psl 
Substituting the values, we get u= PELON ONE [800 — 0} Ne = 3.63 a 
18 x .012 m‘ m“ 


= 3.63 x 10 = 36.3 poise. Ans. 
Problem 9.30 The viscosity of a liquid is determined by rotating cylinder method, in which case 
the inner cylinder of diameter 20 cm is stationary. The outer cylinder of diameter 20.5 cm, contains 
the liquid upto a height of 30 cm. The clearance at the bottom of the two cylinders is 0.5 cm. The outer 
cylinder is rotated at 400 r.p.m. The torque registered on the torsion meter attached to the inner 
cylinder is 5.886 Nm. Find the viscosity of fluid. 
Solution. Given : 


Dia. of inner cylinder, D, =20 cm 
~<. Radius of inner cylinder,R,; = 10 cm = 0.1 m 
Dia. of outer cylinder, D, = 20.5 cm 


<. Radius of outer cylinder, R, = = = 10.25 cm = .1025 m 

Height of liquid from bottom of outer cylinder = 30 cm 

Clearance at the bottom of two cylinders, # = 0.5 cm = .005 m 

Height of inner cylinder immersed in liquid 
= 30-h=30-0.5=29.5m 

or H = 29.5 cm = .295 m 

Speed of outer cylinder, N = 400 r.p.m. 

po 2nN = 2x mx 400 
60 60 
Torque measured, T = 5.886 Nm 


= 41.88 


2(R, —R,)xhxT 


Using equation (9.27), we get = ———+-__—_______ 
TR © [4HhR, + R? (R, — R; )] 


2(.1025 — 0.1) x .005 x 5.886 
T X (.1)* x 41.88 [4 x .295 x .005 x .1025 + .1? (1025 — .1)] 
B 2 x 0025 x .005 x 5.886 
T x .01 x 41.88 [.0006047 — .000025] 
= 0.19286 Ns/m? = 0.19286 x 10 = 1.9286 poise. Ans. 


iE 


Problem 9.31 A sphere of diameter I mm falls through 335 m in 100 seconds in a viscous fluid. 
If the relative densities of the sphere and the liquid are 7.0 and 0.96 respectively, determine the 
dynamic viscosity of the liquid. 

Solution. Given : 





Dia. of sphere, d=1mm=0.001 m 
Distance travelled by sphere = 335 mm = 0.335 m 
Time taken, t= 100 seconds 
Velocity of sphere, U= Duna = vaas = 0.00335 m/sec 
Time 100 
Relative density of sphere =7 
Density of sphere, — p, = 7 x 1000 = 7000 kg/m* 
Relative density of liquid = 0.96 
Density of liquid, P, = 0.96 x 1000 = 960 kg/m? 
gd’ 9.81 x 0.001? 
U the relation (9.26), tu= s — Pd = —————— [7000 - 960 
sing the relation O26), we get hs Ter lPs OA = 00835 À 
= 0.00000981 x 6040 = (0.981 Ns/m2 
18 x 0.00335 


= ().981 x 10 = 9.81 poise. Ans. 
Problem 9.32 Determine the fall velocity of 0.06 mm sand particle (specific gravity = 2.65) in 
water at 20°C, take = 107 kg/ms. 
Solution. Given : 


Dia. of sand particle, d= 0.06 mm = 0.06 x 10° m 
Specific gravity of sand = 2.65 
Density of sand, p, = 2.65 x 1000 kg/m? C~ p for water in S.I. unit = 1000 kg/m°) 
= 2650 kg/m? 
E. 3 4 2 | Ns ( =) s J 
Viscosity of water, u* = 10™ kg/ms = 10” Ns/m ! TA ea Aae 
m s m“ ms 
Density of water, Pp, = 1000 kg/m? 
Sand particle is just like a sphere. 
For equilibrium of sand particle, 
Drag force = Weight of sand particle — buoyant force 
or Fp= W- Fp n) 


But Fp = 3nu x U x d, where U = Velocity of particle 
= 3nx 10° x U x 0.06 x 10° N 
W = Weight of sand particle 
= z xPxp,Xg= = x (0.06 x 10°)? x 2650 x 9.81 N 
F, = Buoyant force = Weight of water displaced 


*Viscosity in S.I. unit =N s/m?. But 1 N = 1 kg x 1 m/s? 
l kg X Im x3 
a 





Hence viscosity = ( + =kg/ms. Hence kg/ms = oe 
2 m? 
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= Æ x dè x pyx g = © x (0.06 x 10°) x 1000 x 9.81 N 


Substituting the above values in equation (7), we get 
3T x 10° x U x 0.06 x 10° = i x (0.06 x 10°}? x 2650 x 9.81 - Š x (0.06 x 10°)? x 1000 x9.81 
Cancelling (n x 0.06 x 10°) throughout, we get 


3 x U = — x 0.06° x 10° x 2650 x 9.81 — i x 0.06? x 10° x 1000 x 9.81 


x 0.067 x 107 x 9.81 (2650 — 1000) 


x 0.0036 x 10°* x 9.81 x 1650 = 0.009712 
U = 0.009712/3 = 0.00323 m/sec. Ans. 


HIGHLIGHTS 


1. A flow is said to be viscous if the Reynolds number is less than 2000, or the fluid flows in layers. 
2. For the viscous flow through circular pipes, 








op r Ë Op. 5 
i) Shear stress ...... t=-—— ii) Velocity ...... u=-——([R-r 
(i) a 2 (ii) y au ox [ ] 
(iii) Ratio of velocities U max =2:0 (iv) Loss of pressure head, h,= Deni 
8: 
op . : : 

where ae = pressure gradient, r = radius at any point, 

R = radius of the pipe, U max = Maximum velocity or velocity at r = 0, 


u = average velocity = 2. u = co-efficient of viscosity, 


D = diameter of the pipe. 
3. For the viscous flow between two parallel plates, 








1 
u=- eA (ty -y’) .. Velocity distribution 
Umax =15 .. Ratio of maximum and average velocity 
i 
h,= Dae .. Loss of pressure head 
pst 


.. Shear stress distribution 


=--L 9 
t= a ox 2y] 


where f= thickness or distance between two plates, 
y = distance in the vertical direction from the lower plate, 
qT = shear stress at any point in flow. 


428 Fluid Mechanics 


4. The kinetic energy correction factor a is given as 
__ K.E.per second based on actual velocity 
K.E. per second based on average velocity 


= 2.0 ... for a circular pipe. 
5. Momentum correction factor, B is given by 


B= Momentum per second based on actual velocity 
Momentum per second based on average velocity 


4 ; š 
= 3 .. for a circular pipe. 


6. For the viscous resistance of Journal Bearing. 
mDN du_V_ «DN 


60 ‘dy 1 60t 





2p2 
t= H , Shear force = eee 
60 60t 
2 3 2 
Torque, T= Er D'NL and power = ps D’N?L 
120r 60 x 60 xt 


where L= length of bearing, N = speed of shaft 
t = clearance between the shaft and bearing. 


7. For the Foot-Step Bearing, the shear force, torque and h.p. absorbed are given as : 
2 3 
Shear force, fests. 
Is 3 
Torque T= r NR’ 
í 60r 
3yy2 
SERM s PÉN R’ 
60x30xt 


where R= radius of the shaft, N = speed of the shaft. 





8. For the collar bearing the torque and power absorbed are given as 
372 
= N(R, -R,'), Pate ete 
60t = 60x 30t ` 
where R, = internal radius of the collar, 2 = external radius of the collar, 
t = thickness of oil film, P = power in watts. 
9. For the viscous flow the co-efficient of friction is given by, f= a2 
where R, = the Reynolds number = ee v 
v 
; nad : awe 
10. The co-efficient of viscosity is determined by dash-pot arrangement as p = LDV 
T. 
where W = weight of the piston, t = clearance between dash-pot and piston, 
L = length of the piston, D = diameter of the piston, 


V = velocity of the piston. 





(A) THEORETICAL PROBLEMS 


Define the terms ; Viscosity, kinematic viscosity, velocity gradient and pressure gradient. 

What do you mean by ‘Viscous Flow’? 

Derive an expression for the velocity distribution for viscous flow through a circular pipe. Also sketch the 
velocity distribution and shear stress distribution across a section of the pipe. 

Prove that the maximum velocity in a circular pipe for viscous flow is equal to two times the average 
velocity of the flow. (Delhi University, December 2002) 
Find an expression for the loss of head of a viscous fluid flowing through a circular pipe. 

What is Hagen Poiseuille’s Formula ? Derive an expression for Hagen Poiseuille’s Formula. 

Prove that the velocity distribution for viscous flow between two parallel plates when both plates are fixed 
across a section is parabolic in nature. Also prove that maximum velocity is equal to one and a half times 
the average velocity. 

Show that the difference of pressure head for a given length of the two parallel plates which are fixed and 
through which viscous fluid is flowing is given by 





12L 
1 pgr 
where u = Viscosity of fluid, u = Average velocity, 
t = Distance between the two parallel plates, L = Length of the plates. 


Define the terms : Kinetic energy correction factor and momentum correction factor. 
Prove that for viscous flow through a circular pipe the kinetic energy correction factor is equal to 2 while 


‘ 4 
momentum correction factor = —. 


A shaft is rotating in a journal bearing. The clearance between the shaft and the bearing is filled with a 
viscous oil. Find an expression for the power absorbed in overcoming viscous resistance. 


Prove that power absorbed in overcoming viscous resistance in foot-step bearing is given by 


pa HE NR 

60x 301 
where R = Radius of the shaft, N = Speed of the shaft, 
t = Clearance between shaft and foot-step bearing, y = Viscosity of fluid. 
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14. 


15. 


17. 


18. 
19. 


1. 


4. 





Show that the value of the co-efficient of friction for viscous flow through a circular pipe is given by, 
6 
f= o, where R, = Reynolds number. 


e 
Prove that the co-efficient of viscosity by the dash-pot arrangement is given by, 


„4m 
p= 3nLD'V 
where W = Weight of the piston, f= Clearance between dash-pot and piston, 
L = Length of piston, D = Diameter of piston, 


V = Velocity of piston. 
What are the different methods of determining the co-efficient of viscosity of a liquid ? Describe any two 
method in details. 
Prove that the loss of pressure head for the viscous flow through a circular pipe is given by 
_ 32uuL 
s= 
pgd“ 
where «= Average velocity, w = Specific weight. 
For a laminar steady flow, prove that the pressure gradient in a direction of motion is equal to the shear 
gradient normal to the direction of motion. 
Describe Reynolds experiments to demonstrate the two types of flow. 
For the laminar flow through a circular pipe, prove that : 
(i) the shear stress variation across the section of the pipe is linear and 
(it) the velocity variation is parabolic. 


hy 


(B) NUMERICAL PROBLEMS 


A crude oil of viscosity 0.9 poise and sp. gr. 0.8 is flowing through a horizontal circular pipe of diameter 
80 mm and of length 15 m. Calculate the difference of pressure at the two ends of the pipe, if 50 kg of the 
oil is collected in a tank in 15 seconds. [Ans. 0.559 N/em?] 
A viscous flow is taking place in a pipe of diameter 100 mm. The maximum velocity is 2 m/s. Find the 
mean velocity and the radius at which this occurs. Also calculate the velocity at 30 mm from the wall of 
the pipe. [Ans. | m/s, r= 35.35 mm, u = 1.68 m/s] 
A fluid of viscosity 0.5 poise and specific gravity 1.20 is flowing through a circular pipe of diameter 
100 mm. The maximum shear stress at the pipe wall is given as 147.15 N/m’, find : (a) the pressure 
gradient, (b) the average velocity, and (c) the Reynolds number of the flow. 

[Ans. (a) — 64746 N/m? per m, (b) 3.678 m/s, (c) 882.72] 
Determine (a) the pressure gradient, (b) the shear stress at the two horizontal parallel plates and (c) the 
discharge per metre width for the laminar flow of oil with a maximum velocity of 1.5 m/s between two 


horizontal parallel fixed plates which are 80 mm apart. Take viscosity of oil as Ee. 
[Ans. (a) — 3678.7 N/m? per m, (b) 147.15 N/m’, (c) .08 m*/s] 
Water is flowing between two large parallel plates which are 2.0 mm apart. Determine : (a) maximum 
velocity, (b) the pressure drop per unit length and (c) the shear stress at walls of the plate if the average 
velocity is 0.4 m/s. Take viscosity of water as 0.01 poise. 
[Ans. (a) 0.6 m/s, (b) 1199.7 N/m’ per m, (c) 1.199 N/m*] 
There is a horizontal crack 50 mm wide and 3 mm deep in a wall of thickness 150 mm, Water leaks 
through the crack. Find the rate of leakage of water through the crack if the difference of pressure between 
the two ends of the crack is 245.25 N/m’. Take the viscosity of water as 0.01 poise. [Ans. 183.9 cm/s] 
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A shaft having a diameter of 10 cm rotates centrally in a journal bearing having a diameter of 10,02 cm and 
length 20 cm. The annular space between the shaft and the bearing is filled with oil having viscosity of 0.8 
poise. Determine the power absorbed in the bearing when the speed of rotation is 500 r.p.m. 
[Ans. 343.6 W] 
A shaft 150 mm diameter runs in a bearing of length 300 mm, with a radial clearance of 0.04 mm at 
40 r.p.m. Find the viscosity of the oil, if the power required to overcome the viscous resistance is 220,725 W. 
[Ans. 6.32 poise] 
Find the torque required to rotate a vertical shaft of diameter 8 cm at 800 r.p.m. The lower end of the shaft 
rests in a foot-step bearing. The end of the shaft and surface of the bearing are both flat and are separated 
by an oil film of thickness 0.075 cm. The viscosity of the oil is given as 1.2 poise. = [Ans. 0.0538 Nm] 
A collar bearing having external and internal diameters 20 cm and 10 cm respectively is used to take the 
thrust of a shaft. An oil film of thickness 0.03 cm is maintained between the collar surface and the bearing. 
Find the power lost in overcoming the viscous resistance when the shaft rotates at 250 r.p.m. Take u = 0.9 
poise. [Ans. 30.165 W] 
Water is flowing through a 150 mm diameter pipe with a co-efficient of friction f= .05. The shear stress at 
a point 40 mm from the pipe wall is 0.01962 N/cm?, Calculate the shear stress at the pipe wall. 
[Ans. 0.04198 N/cm’] 
An oil dash-pot consists of a piston moving in a cylinder having oil, The piston falls with uniform speed 
and covers 4.5 cm in 80 seconds. If an additional weight of 1.5 N is placed on the top of the piston, it falls 
through 4.5 cm in 70 seconds with uniform speed. The diameter of the piston is 10 cm and its length is 
15 cm. The clearance between the piston and the cylinder is 0.15 cm, which is uniform throughout. Find 
the viscosity of oil. [Ans. 0.177 poise] 
The viscosity of oil of sp. gr. 0.8 is measured by a capillary tube of diameter 40 mm. The difference of 
pressure head between two points 1.5 m apart is 0.3 m of water. The mass of oil collected in a measuring 
tank is 40 kg in 120 seconds. Find the viscosity of the oil. [Ans. 2.36 poise] 
A capillary tube of diameter 4 mm and length 150 mm is used for measuring viscosity of a liquid. The 
difference of pressure between the two ends of the tube is 0.7848 N/cm? and the viscosity of the liquid is 
0.2 poise. Find the rate of flow of liquid through the tube. [Ans. 16.43 cm*/s] 
A sphere of diameter 3 mm falls 100 mm in 1.5 seconds in a viscous liquid. The density of the sphere is 
7000 kg/m? and of liquid is 800 kg/m? Find the co-efficient of viscosity of the liquid. [Ans. 45.61 poise] 
The viscosity of a liquid is determined by rotating cylinder method, in which case the inner cylinder of 
diameter 25 cm is stationary. The outer cylinder of diameter 25.5 cm contains the liquid upto a height of 
40 cm. The clearance at the bottom of the two cylinders is 0.6 cm. The outer cylinder is rotated at 300 
r.p.m. The torque registered on the torsion metre attached to the inner cylinder is 4.905 Nm. Find the 
viscosity of liquid. [Ans. .77 poise] 
Calculate : (a) the pressure gradient along the flow, (b) the average velocity, and (c) the discharge for an 
oil of viscosity 0.02 Ns/m°? flowing between two stationary parallel plates 1 m wide maintained 10 mm 
apart. The velocity midway between the plates is 2.5 m/s. 
[Ans. (a) — 4000 N/m’ per m, (b) 1.667 m/s, (c) .01667 m*/s] 
Calculate : 
(i) the pressure gradient along the flow, 
(it) the average velocity, and 
(iii) the discharge for an oil of viscosity 0.03 N s/m? flowing between two stationary plates which are parallel 
and are at 10 mm apart. Width of plates is 2 m. The velocity midway between the plates is 2.0 m/s. 
A cylinder of 100 mm diameter, 0.15 m length and weighing 10 N slides axially in a vertical pipe of 
104 mm dia. If the space between cylinder surface and pipe wall is filled with liquid of viscosity u and the 
cylinder slides downwards at a velocity of 0.45 m/s, determine p. 
[Hint. D = 100 mm = 0.1, L = 0.15 m, W= 10 N, D, = 1.4 mm = 0.104 m, 
V=0.45 m/s. Hence t = (0.104 — 0.1)/2 = 0.002 m. 
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21. 


4we 4x 10x 0,002 
3nD*LV 3x 0.19 x 0.15 x45 


u= = 503 x 10% N s/m°] 
A liquid is pumped through a 15 cm diameter and 300 m long pipe at the rate of 20 tonnes per hour. The 
density of liquid is 910 kg/m’ and kinematic viscosity = 0.002 m?/s. Determine the power required and 
show that the flow is viscous, 
[Hint. D = 15 cm = 0.15 m, L = 300 m, W = 20 tonnes/hr 

= 20 x 1000 kgf/60 x 60 sec = 5.555 kgf/sec = 5.555 x 9.81 N/s. 





PL ae va E 2O 
pg 910x981 A T15?) 
4 


= 0.345 m/s, v = 0.002 m’/s. 
pVD_VxD_ 0345x0.15 
N R, = ——=— = ———_ = 25.87 
e u v 0.002 2 


which is less than 2000. Hence flow is viscous. 


hy = 32 ULVipgD”, where v= E = VX p =0.002 x 910 = 1.82 
lee p= 32% 182X300 0.345 _ 4 
(910x 981 x 0.157) 


P =pg.Q.h,/1000 = 910 x 9.81 x 0.0061 x 30/1000 = 1.633 kW. | 
Aas oil of specific gravity 0.9 and viscosity 10 poise is flowing through a pipe of diameter 110 mm. The 
velocity at the centre is 2 m/s, find : (7) pressure gradient in the direction of flow, (i) shear stress at the pipe 
wall ; (dif) Reynolds number, and (iv) velocity at a distance of 30 mm from the wall. 
[Hint. p = 900 kg/m’ ; u = 10 poise = 1 N s/m* ; D= 110 mm = 0.11 m, 


1 (-dp) .» 
Up = 2 mls: = 1 mS 5 Ue = ao (=A) 
4u \ dx 
E ae An x eax. SIX? = 2644.6 Nim? 
dx R 0.055 


záp 

dx 
Determine (i) the pressure gradient, (77) the shear stress at the two horizontal plates, (ii/) the discharge per 
metre width for laminar flow of oil with a maximum velocity of 2 m/s between two plates which are 
150 mm apart. Given : pt = 2.5 N s/m’. (Delhi University, December 2002) 
[Hint. Upa = 2 m/s, f= 150 mm = 0.15 m, p = 2.5 N s/m? 


i (R-r)= a, (2644.6) (0.055? — 0.025°) = 1.586 m/s.] 
x 


D a =- LP, 2 P a WU i a SADIKE a NA 
8u dx dx i 0.157 
1 dp 
(ii) ash xt=- > CITI1.TN x015 = 133.3 N/m’. 


2 dx 
(iii) Q = Mean velocity xX Area = (Fma) XI = & 2) x (0.15 x 1) = 0.2 m/s. ] 





y 


4 a 


| 


OU CUO a 


> 10.1 INTRODUCTION 


The laminar flow has been discussed in chapter 9. In laminar flow the fluid particles move along 
straight parallel path in layers or laminae, such that the paths of individual fluid particles do not cross 
those of neighbouring particles. Laminar flow is possible only at low velocities and when the fluid is 
highly viscous. But when the velocity is increased or fluid is less viscous, the fluid particles do not 
move in straight paths. The fluid particles move in random manner resulting in general mixing of the 
particles. This type of flow is called turbulent flow. 

A laminar flow changes to turbulent flow when (f) velocity is increased or (ii) diameter of a pipe is 
increased or (iii) the viscosity of fluid is decreased. O. Reynold was first to demonstrate that the 


DE , i VD 
transition from laminar to turbulent depends not only on the mean velocity but on the quantity E 
H 


p VD 





This quantity is a dimensionless quantity and is called Reynolds number (A,,). In case of circular 


pipe if R, < 2000 the flow is said to be laminar and if R, > 4000, the flow is said to be turbulent. If 


R, lies between 2000 to 4000, the flow changes from laminar to turbulent. 


> 10.2 REYNOLDS EXPERIMENT 
pV x 





The type of flow is determined from the Reynolds number i.e., A This was demonstrated by 


O. Reynold in 1883. His apparatus is shown in Fig. 10.1. 
DYE CONTAINER 





Fig. 10.1 Reynold apparatus. 
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The apparatus consists of : 
(i) A tank containing water at constant head, 
(ii) A small tank containing some dye, 
(iii) A glass tube having a bell-mouthed entrance at one end and a regulating value at other ends. 
The water from the tank was allowed to flow through the glass tube. The velocity of flow was varied 
by the regulating valve. A liquid dye having same specific weight as water was introduced into the 
glass tube as shown in Fig. 10.1. 
The following observations were made by Reynold : ean 
(i) When the velocity of flow was low, the dye fila- 
ment in the glass tube was in the form of a straight line. 
This straight line of dye filament was parallel to the (a) Laminar flow WAVY 


glass tube, which was the case of laminar flow as shown FILAMENT 
in Fig. 10.2 (a). 


(ii) With the increase of velocity of flow, the dye- 
filament was no longer a straight-line but it became a (b) Transition pond ones 
wavy one as shown in Fig. 10.2 (b). This shows that = 
flow is no longer laminar. 

(iii) With further increase of velocity of flow, the (c) Turbulent flow 
wavy dye-filament broke-up and finally diffused in 
water as shown in Fig. 10.2 (c). This means that the 
fluid particles of the dye at this higher velocity are moving in random fashion, which shows the case 
of turbulent flow. Thus in case of turbulent flow the mixing of dye-filament and water is intense and 
flow is irregular, random and disorderly. 

In case of laminar flow, the loss of pressure head was found to be proportional to the velocity but in 
case of turbulent flow, Reynold observed that loss of head is approximately proportional to the square 
of velocity. More exactly the loss of head, hy = V", where n varies from 1.75 to 2.0 





Fig. 10.2 Different stages of filament. 


> 10.3 FRICTIONAL LOSS IN PIPE FLOW 


When a liquid is flowing through a pipe, the velocity of the liquid layer adjacent to the pipe wall is 
zero. The velocity of liquid goes on increasing from the wall and thus velocity gradient and hence 
shear stresses are produced in the whole liquid due to viscosity. This viscous action causes loss of 
energy which is usually known as frictional loss. 

On the basis of his experiments, William Froude gave the following laws of fluid fraction for 
turbulent flow. 

The frictional resistance for turbulent flow is : 

(i) proportional to V”, where n varies from 1.5 to 2.0, 

(ii) proportional to the density of fluid, 
(iii) proportional to the area of surface in contact, 
(iv) independent of pressure, 

(v) dependent on the nature of the surface in contact. 


10.3.1 Expression for Loss of Head Due to Friction in Pipes. Consider a uniform hori- 
zontal pipe, having steady flow as shown in Fig. 10.3. Let 1-1 and 2-2 are two sections of pipe. 
Let p, = pressure intensity at section 1-1, 


V, = velocity of flow at section 1-1, 


| 


L = length of the pipe between sections 1-1 and 2-2, 
d = diameter of pipe, 
f’ = frictional resistance per unit wetted area per unit velocity, 
h, = loss of head due to friction, 
and p , V,= are values of pressure intensity and velocity at section 2-2. 





Fig. 10.3 Uniform horizontal pipe. 


Applying Bernoulli's equations between sections 1-1 and 2-2, 
Total head at 1-1 = Total head at 2-2 + loss of head due to friction between 1-1 and 2-2 


or Pig Mig i Po Me thy 
pg 2g pg 2g 
But 2, = Z2 as pipe is horizontal 


V, = V, as dia. of pipe is same at I-1 and 2-2 


AL Piha, or hy Pe Be 


PS PS PS PSs 


(i) 


But /, is the head lost due to friction and hence intensity of pressure will be reduced in the direction 


of flow by frictional resistance. 


Now frictional resistance = frictional resistance per unit wetted area per unit velocity X wetted area 


x velocity” 


or F,=f’xndLx V? [+: wetted area = nd x L, velocity = V = V, = V5] 
=f’xPxLxV’ [~ nd = Perimeter = P] ...(ii) 


The forces acting on the fluid between sections 1-1 and 2-2 are : 
1. pressure force at section 1-1 =p, x A 
where A = Area of pipe 
2. pressure force at section 2-2 =p, A 
3. frictional force F, as shown in Fig. 10.3. 
Resolving all forces in the horizontal direction, we have 


p\A-p,A-F,=0 (10.1) 

or (p,-p)A=F,=f'x PXLxV [+ From (ii), F, = f’PLV’] 
f’'xPXLxV? 
or ia 


But from equation (7), p, — p> = Pglry 


|] 
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Equating the value of (p; - p»), we get 





f'XPxLXxV? 
h, = —u—K«- 
Pehy A 
te y2 iy 
or h;= AF x TX ..- (iil) 





r „~ P _ Wetted perimeter nd 4 
In equation (iii), — = —————————— = —_ =— 
A Area T 2 d 
4 
h;= EI a E aA (iv) 
pg d pg 
Putting Pr L, where f is known as co-efficient of friction. 
p 
SS 4.f LV? 4f.L.V’ j 
Equation (iv), becomes as h;= pri S -akaa x2g ...(10.2) 


Equation (10.2) is known as Darcy-Weisbach equation. This equation is commonly used for finding 
loss of head due to friction in pipes. 
Sometimes equation (10.2) is written as 


h;= TAY. .(10.2A) 
dx2g 
Then fis known as friction factor. 


10.3.2 Expression for Co-efficient of Friction in Terms of Shear Stress. The equation (10.1) 
gives the forces acting on a fluid between sections 1-1 and 2-2 of Fig. 10.3 in horizontal direction as 


p\A - p,A-F,=0 


or (p, — p3)A = F, = force due to shear Stress To 
= shear stress x surface area 
=X nd X L 
or PEP axm [rauza] 


Cancelling nd from both sides, we have 
d 
(Pp; — P2) 4 WXL 


4t, XL 


-(10.3) 
d ( 


or (Pi - P) = 


P-P _4f L.V? 


Equation (10.2) can be written as h;= 
pg dx2g 
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AFL" 
or — = —e x oes 10.4 
(P\ — Pr) x 2g Ps ( ) 


Equating the value of (p, — p,) in equations (10.3) and (10.4), 
4, xb 4f.L.V* 





= ————_ x 
d dx2g Ps 
oe na l PE IY wigs 
2g 2g 
or =f 2a ...(10.5) 
Fa Ao, ...(10.6) 
pv" 
> 10.4 SHEAR STRESS IN TURBULENT FLOW 
The shear stress in viscous flow is given by Newton’s law of viscosity as 
Tt =U a where T, = shear stress due to viscosity. 


Similar to the expression for viscous shear, J. Boussinesq expressed the turbulent shear in math- 
ematical form as 


T= a ...(10.7) 
dy 
where T,= shear stress due to turbulence 
n = eddy viscosity 
u = average velocity at a distance y from boundary. 
The ratio of ņ (eddy viscosity) and p (mass density) is known as kinematic eddy viscosity and is 
denoted by € (epsilon). Mathematically it is written as 


pml (10.8) 
p 
If the shear stress due to viscous flow is also considered, then the total shear stress becomes as 
d dit 
T=T,+T =H — +H — ...(10.9) 
dy dy 


The value of ņ = 0 for laminar flow. For other cases the value of 1) may be several thousand times 
the value of ut. To find shear stress in turbulent flow, equation (10.7) given by Boussinesq is used. But 
as the value of n (eddy viscosity) cannot be predicted, this equation is having limited use. 


10.4.1 Reynolds Expression for Turbulent Shear Stress. Reynolds in 1886 developed 
an expression for turbulent shear stress between two layers of a fluid at a small distance apart, which 
is given as 
T= puy ...(10.10) 
where u’, v’ = fluctuating component of velocity in the direction of x and y due to turbulence. 
As w’ and v’ are varying and hence T will also vary. Hence to find the shear stress, the time average 
on both the sides of the equation (10.10) is taken. Then equation (10.10) becomes as 
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T= pu’ (10.11) 
The turbulent shear stress given by equation (10.11) is known as Reynold stress. 


10.4.2 Prandtl Mixing Length Theory for Turbulent Shear Stress. In equation (10.11), 
the turbulent shear stress can only be calculated if the value of u’ v’ is known. But it is very difficult to 
measure u’y’. To overcome this difficulty, L. Prandtl in 1925, presented a mixing length hypothesis 
which can be used to express turbulent shear stress in terms of measurable quantities. 

According to Prandtl, the mixing length /, is that distance between two layers in the transverse 
direction such that the lumps of fluid particles from one layer could reach the other layer and the 
particles are mixed in the other layer in such a way that the momentum of the particles in the direction 
of x is same. He also assumed that the velocity fluctuation in the x-direction u” is related to the mixing 
length / as 


du 
u’ =| — 
dy 
and v’, the fluctuation component of velocity in y-direction is of the same order of magnitude as u” 
and hence 


y= $ du 

dy 
Now wu’ Xv’ becomes as w v’ = Pica x 7a =l? du 
dy dy dy 


Substituting the value of u’v’ in equation (10.11), we get the expression for shear stress in turbulent 


flow due to Prandtl as 
dey 
s u 
T =p°|— (10.12) 
dy 
Thus the total shear stress at any point in turbulent flow is the sum of shear stress due to viscous 
shear and turbulent shear and can be written as 


— du >| du F 
T=U—+pl-| — ...(10.13) 
MD P (5) 


But the viscous shear stress is negligible except near the boundary. Equation (10.13) is used for 
most of turbulent fluid flow problems for determining shear stress in turbulent flow. 


> 10.5 VELOCITY DISTRIBUTION IN TURBULENT FLOW IN PIPES 


In case of turbulent flow, the total shear stress at any point is the sum of viscous shear stress and 
turbulent shear stress. Also the viscous shear stress is negligible except near the boundary. Hence it 
can be assumed that the shear stress in turbulent flow is given by equation (10.12). From this equation, 
the velocity distribution can be obtained if the relation between /, the mixing length and y is known. 
Prandtl assumed that the mixing length, / is a linear function of the distance y from the pipe wall ie., 
l = ky, where k is a constant, known as Karman constant and = 0.4. 

Substituting the value of / in equation (10.12), we get 
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Zor t= px thy? x {| 
dy 


ae Oa) S24 it ..(10.14) 
dy \pk y” ky \p 


For small values of y that is very close to the boundary of the pipe, Prandtl assumed shear stress T 
to be constant and approximately equal to Ty which presents the turbulent shear stress at the pipe 
boundary. Substituting tT = Ty. in equation (10.14), we get 


Me ok he (10.15) 
dy ky\p 
Siaa I 2 
In equation (10.15), To has the dimensions E = i = £ . But E is velocity and hence 
p ML~ T” F F 


— has the dimension of velocity, which is known as shear velocity and is denoted by u». 


Thus 2 u,, then equation (10.15) becomes Ls 2 Us. 
p dy k 


For a given case of turbulent flow, u, is constant. Hence integrating above equation, we get 
Us 


k 


u= log,y+ C (10.16) 


where C = constant of integration. 

Equation (10.16) shows that in turbulent flow, the velocity varies directly with the logarithm of the 
distance from the boundary or in other words the velocity distribution in turbulent flow is logarithmic 
in nature. To determine the constant of integration, C the boundary condition that at y = R (radius of 
pipe), u = Wmax İS Substituted in equation (10.16). 


Hence Umax = F log. R+C © C=Unar - = log, R 
Substituting the value of C in equation (10.16), we get 


n= E log, ¥ + Wx — = log, R= Umax + = (log, y— log, R) 


u 


= Umax t aA log, (Y/R) [~ k= 0.4 = Karman constant] 


= Umax + 2-5 Us log, (y/R) --(10.17) 


Equation (10.17) is called ‘Prandtl’s universal velocity distribution equation for turbulent flow in 
pipes. This equation is applicable to smooth as well as rough pipe boundaries. Equation (10.17) is also 
written as 
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Umax — 4 = — 2.5 us log, (y/R) = 2.5 ux log, (R/y) 
Dividing by Hs, we get 


Ama T = 25 log, (Riy) = 2.5 X 23 logio (Rh) [e log, (Ri) = 2.3 logio (RA)] 
Us 

or How =" = 5.75 logy (R/y) (10.18) 
U+ 


In equation (10.18), the difference between the maximum velocity tmay and local velocity u at any 
point i.e., (Umax — 4) is known as ‘velocity defect’. 


10.5.1 Hydrodynamically Smooth and Rough Boundaries. Let k is the average height of 
the irregularities projecting from the surface of a boundary as shown in Fig. 10.4. If the value of k is 
large for a boundary then the boundary is called rough boundary and if the value of k is less, then 
boundary is known as smooth boundary, in general. This is the classification of rough and smooth 
boundary based on boundary characteristics. But for proper classification, the flow and fluid charac- 
teristics are also to be considered. 

LAMINAR SUBLAYER 


p ee 


(a) Smooth boundary (b) Rough boundary 


LAMINAR SUBLAYER 





Fig. 10.4 Smooth and rough boundaries. 


For turbulent flow analysis along a boundary, the flow is divided in two portions. The first portion 
consists of a thin layer of fluid in the immediate neighbourhood of the boundary, where viscous shear 
stress predominates while the shear stress due to turbulence is negligible. This portion is known as 
laminar sub-layer. The height upto which the effect of viscosity predominates in this zone is denoted 
by ð’. The second portion of flow, where shear stress due to turbulence are large as compared to 
viscous stress is known as turbulent zone. 

If the average height k of the irregularities, projecting from the surface of a boundary is much less 
than 6’, the thickness of laminar sub-layer as shown in Fig. 10.4 (a), the boundary is called smooth 
boundary. This is because, outside the laminar sub-layer the flow is turbulent and eddies of various 
size present in turbulent flow try to penetrate the laminar sub-layer and reach the surface of the 
boundary. But due to great thickness of laminar sub-layer the eddies are unable to reach the surface 
irregularities and hence the boundary behaves as a smooth boundary. This type of boundary is called 
hydrodynamically smooth boundary. 

Now, if the Reynolds number of the flow is increased then the thickness of laminar sub-layer will 
decrease. If the thickness of laminar sub-layer becomes much smaller than the average height k of 
irregularities of the surface as shown in Fig. 10.4 (6), the boundary will act as rough boundary. This is 
because the irregularities of the surface are above the laminar sub-layer and the eddies present in 
turbulent zone will come in contact with the irregularities of the surface and lot of energy will be lost. 
Such a boundary is called hydrodynamically rough boundary. 

From Nikuradse’s experiment : 


1 In is less than 0.25 or = < 0.25, the boundary is called smooth boundary. 
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2. Nf = is greater than 6.0, the boundary is rough, 
k = 3 ey 
Ss 1f025'< (š) < 6.0, the boundary is in transition. 


In terms of roughness Reynolds number me : 
v 


kE we < 4, boundary is considered smooth, 
v 


2. qp t 





lies between 4 and 100, boundary is in transition stage, and 


3. If ne > 100, the boundary is rough. 


10.5.2 Velocity Distribution for Turbulent Flow in Smooth Pipes. The velocity distri- 
bution for turbulent flow in smooth or rough pipe is given by equation (10.16) as 


Us 
u= E log, y+ C 


It may be seen that at y = 0, the velocity u at wall is — co. This means that velocity u is positive at 
some distance far away from the wall and — c (minus infinity) at the wall. Hence at some finite distance 
from wall, the velocity will be equal to zero. Let this distance from pipe wall is y’. Now the constant 
C is determined from the boundary condition i.e., at y = y’, u = 0. Hence above equation becomes as 


Ue , Us 2 
0= T log, y a log, y 
Substituting the value of C in the above equation, we get 


Us Us Us 
u = — log, y— — log, y’ = — log, (y/y’ 
Eee ey He (y/y) 


Substituting the value of k = 0.4, we get 
Us 
u = — log, (y/y’) = 2.5 us log, (y/y’ 
04 8e Oly ) 2e Oly) 


X 225X23 log jy (v/y’) [" log, (y/y’) = 2.3 logio OY 
Us 


or = 5,75 logis (/y’) (10.19) 
Us 
For the smooth boundary, there exists a laminar sub-layer as shown in Fig. 10.4 (a). The velocity 
distribution in the laminar sub-layer is parabolic in nature. Thus in the laminar sub-layer, logarithmic 
velocity distribution does not hold good. Thus it can be assumed that y’ is proportional to 6’, where 6’ 
is the thickness of laminar sub-layer. From Nikuradse’s experiment the value of y’ is given as 


| 





~ 107 
lL6v 


us 





where 8’ = , Where v = kinematic viscosity of fluid. 


,. 1L6v gala 0.108v 
uls 107 uy 








y 


Substituting this value of y’in equation (10.19), we obtain 








u. ir 
n meg logio T08v 
Us 
yu* wy 
= 5.751 LE | e575) » x 9,259 
5 OL 19 ai 5.75 osio ( s x9.25 ) 
= 5.75 log, > + 5.75 log,, 9.259 fe z2] 
. 810 y . 810 7- ” 0108 . 
= 5.75 logy) “> + 5.55 (10.20) 
v 


10.5.3 Velocity Distribution for Turbulent Flow in Rough Pipes. In case of rough 
boundaries, the thickness of laminar sub-layer is very small as shown in Fig. 10.4 (b). The surface 
irregularities are above the laminar sub-layer and hence the laminar sub-layer is completely destroyed. 
Thus y’ can be considered proportional to the height of protrusions k. Nikuradse’s experiment shows 


the value of y’ for pipes coated with uniform sand (rough pipes) as y’ = $ 


30 
Substituting this value of y’ in equation (10.19), we get 
2 = 59546 ca = 5.75 [log,, (v/k) x 30] 
eee A 210 ua) e 810 0 ` 


= 5.75 logo (y/k) + 5.75 log, (30.0) = 5.75 logo (y/k) + 8.5. ...(10.21) 


Problem 10.1 A pipe-line carrying water has average height of irregularities projecting from the 
surface of the boundary of the pipe as 0.15 mm. What type of boundary is it ? The shear stress 
developed is 4.9 N/m?. The kinematic viscosity of water is .O1 stokes. 

Solution. Given : 


Average height of irregularities, k = 0.15 mm = 0.15 x 10° m 


Shear stress developed, To =4.9 N/m? 
Kinematic viscosity, v = 0.01 stokes = .01 cm?/s = .01 x 107 m7/s 
Density of water, p = 1000 kg/m? 


Shear velocity, ils = Sto /p= fae = 40.0049 = 0.07 m/s 
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-3 
Uk i 0.07 x 0.15 a = 10.5. 
v 01x10 





Roughness Reynold number = 


Since oe lies between 4 and 100 and hence pipe surface behaves as in transition. 
v 


Problem 10.2 A rough pipe is of diameter 8.0 cm. The velocity at a point 3.0 cm from wall is 30% 
more than the velocity at a point 1 cm from pipe wall. Determine the average height of the roughness. 


or 


Solution. Given : 


Dia. of rough pipe, D=8cm= .08m 
Let velocity of flow at 1 cm from pipe wall =U 
Then velocity of flow at 3 cm from pipe wall = 1.3 u 


The velocity distribution for rough pipe is given by equation (10.21) as 
u 





= 5.75 logy, (y/k) + 8.5, where k = height of roughness. 


For a point, 1 cm from pipe wall, we have 


u 





= 5.75 logo (1-0/k) + 8.5 zp 


Us 
For a point, 3 cm from pipe wall, velocity is 1.3 u and hence 
1.3u 
Us 





= 5.75 log yy (3.0/k) + 8.5 ..(ii) 


5.75 log ,) (3.0 / k) + 8.5 
5.75 log,)(1/ k) + 8.5 


1.3[5.75 logyg (1/k) + 8.5] = 5.75 logy, (3.0/k) + 8.5 
7.475 logy (1/k) + 11.05 = 5.75 logy, (3.0/k) + 8.5 
7.475 logy) (1/k) — 5.75 logy, (3/K) = 8.5 — 11.05 = — 2.55 
7.475 [logo 1.0 — log) k] — 5.75 [log)9 3.0 — logy, k] = — 2.55 
7.475 [0 — logy, k] — 5.75 [.4771 — logy, kJ = — 2.55 


Dividing (ii) by (i), we get 1.3 = 





— 7.475 logy k — 2.7433 + 5.75 logy) k= — 2.55 
— 1.725 logy, k = 2.7433 — 2.55 = 0.1933 

logio k= 0.1933 _ _ 0.1120 = 7.888 
-1.725 


k = .7726 cm. Ans. 


Problem 10.3 A smooth pipe of diameter 80 mm and 800 m long carries water at the rate of 
0.480 m*/minute. Calculate the loss of head, wall shearing stress, centre line velocity, velocity and 
shear stress at 30 mm from pipe wall. Also calculate the thickness of laminar sub-layer. Take kin- 
ematic viscosity of water as 0.015 stokes. Take the value of co-efficient of friction ‘f’'from the relation 
given as 





7 ay . where R, = Reynolds number. 


im 
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Solution. Given : 








Dia. of smooth pipe, d = 80 mm = .08 m 
Length of pipe, L = 800 m 
; CPA 0.48 3 

Discharge, Q = 0.048 m“/minute = E = .008 m/s 
Kinematic viscosity, v = .015 stokes = .015 x 107 m’/s [Stokes = cm”/s] 
Density of water, p = 1000 kg/m? 
Mean velocity, V= E a = 1.591 m/s 

Area T 2 

4 (.08) 


_ Vxd_1591x0.08 
“vy 015x107 
As the Reynolds number is more than 4000, the flow is turbulent. 


0791 0791 
R 4 Ton maa Ee = .004636 
e (8485x10°) 


(i) Head lost is given by equation (10.2) as 


Reynolds number, R = 8.485 x 10° 








Now the value of ‘fis given by f= 


_ 4.f.L.V*? _ 4x .004636 x 800 x 1.591? 


hy= = 23.42 m. Ans. 





dx2g 08x 2x 981 
(ii) Wall shearing stress, T) is given by equation (10.5) as 
t= a = .004636 x oS x 1.5917 = 5.866 N/m’. Ans. 
(iii) Centre-line velocity, u,,,, for smooth pipe is given by equation (10.20) as 
~ = 5.75 log £? +5.55 (i) 
Uy v 
where u, is shear velocity and = Sia == = 0.0765 m/s 
p 1000 
i 5 i d 08 
The velocity will be maximum when y = ES = .04 m. 
Hence at y = .04 m, uv = u,,,, Substituting these values in (i), we get 
LR al ae 
0765 015 x10 


= 5.75 log), 2040 + 5.55 

= 5.75 x 3.309 + 5.55 = 19.03 + 5,55 = 24.58 
X Unax = -0765 x 24.58 = 1.88 m/s. Ans. 
(iv) The shear stress, T at any point is given by 
opr 


t=- 
ox 2 


»(A) 
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where r = distance from centre of pipe 
and hence shear stress at pipe wall where r = R is 





ðp R 
ee lind (B 
ox 2 (8) 
Dividing equation (A) by equation (B), we get 
cea 
ty R 
: To F 
.. Shear stress t= —— 
R 
A point 30 mm from pipe wall is having r=4-—3 = I cm = .01 m 
Ky 5. 
sales Di je OE OOO 4 am Nita dis 
04 4 
Velocity at a point 3 cm from pipe wall means y = 3 cm = .03 m 
and is given by equation (10.20) as + ='5.75 log io kan 5.55, where u. = .0765, y = .03 
. v 
U ijg AA a 
.0765 015 x10 


= 5.75 log), 1530 + 5.55 = 23.86 
ai u = 0.0765 x 23.86 = 1.825 m/s. Ans. 
(v) Thickness of laminar sub-layer is given by 


_ 1L6xv_ 116x015 x 10% 
us 0765 

= 2.274 x 107 cm = .02274 cm. Ans. 

Problem 10.4 Determine the wall shearing stress in a pipe of diameter 100 mm which carries water. 

The velocities at the pipe centre and 30 mm from the pipe centre are 2 m/s and 1.5 m/s respectively. 


The flow in pipe is given as turbulent. 
Solution. Given : 


ë = 2.274x 104m 


Dia. of pipe, D = 100 mm = 0.10 m 
Radius, R= sag = 0.05 m 
Velocity at centre, Umax = 2 m/s 


Velocity at 30 mm or 0.03 m from centre = 1.5 m/s 
Velocity (at r = 0.03 m), u = 1.5 m/s 
Let the wall shearing stress = To 
For turbulent flow, the velocity distribution in terms of centre line velocity (u max) is given by equa- 
tion (10.18) as 


Pms E _ 5.75 log jo (>) 
2 


Us 
where u = 1.5 m/s at y= (R — r) = 0.05 — 0.03 = .02 m 
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20-15 05 0.5 





= 5.75 log,) — = 2.288 or — = 2.288 
Us .02 Ue 
Uy = : = 0.2185 m/s 
2.288 
Using the relation us = ita /p, where p for water = 1000 kg/m? 
0.2185 = J or — = 0.2185? = 0.0477 
1000 1000 
or To = 0.0477 x 1000 = 47.676 N/m?. Ans. 


10.5.4 Velocity Distribution for Turbulent Flow in Terms of Average Velocity. The 


average velocity U , through the pipe is obtained by first finding the total discharge Q and then dividing 
the total discharge by the area of the pipe. 


ELEMENTARY CIRCULAR RING 





Fig. 10.5 Average velocity for turbulent flow. 


Consider an elementary circular ring of radius ‘r’ and thickness dr as shown in Fig. 10.5. The 
distance of the ring from pipe wall is y = (R — r), where R = radius of pipe. 
Then the discharge, dQ, through the ring is given by 
dQ = area of ring X velocity 
= 2nrdr X u =u X 2nrdr 








R 
Total discharge, Q= J dQ = f u x 2nrdr (10.22) 
0 
(a) For smooth pipes. For smooth pipes, the velocity distribution is given by equation (10.20) as 
+ 25:75 logig > +55 
Uy v 
or “= [575 log) > + 55 | X is 
v 


But y=(R-r) 


u= [s7 ipp an 
v 


+ 55| X Us 
Substituting the value of u in equation (10.22), we get 


R R- 
Ü= f s7 E ss us X 2nrdr 
v 
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Average velocity, Pe a Q 
Area TR“ 
I pe u(R- r) 
a J 5.75 log,) + 5.5| tts 2mrdr 
nR” J0 v 


Integration of the above equation and subsequent simplification gives the average velocity for 
turbulent flow in smooth pipes as 


Y OST 4 175 (10.23) 
Us v 

(b) For rough pipes. For rough pipes, the velocity at any point in turbulent flow is given by 
equation (10.21) as 








* = 5.75 logy) (vik) + 8.5 
Us 
But y=(R-nr) 
“25.75 log; (2 = =) + 8.5 
uy 
R-r 
or u = il, [s35 logo (=) + 8s] 


Substituting the value of u in equation (10.22), we get 


R R-r 
Q= [ Us [5.75108 ( S )+ss] 2nrdr 


R us 
j üs [575 logo (==) € 85 2nrdr 
0 


nR? 
Integration of the above equation and subsequent simplification will give the following relation for 





Average velocity, U = 2 = 
nR“ 


average velocity, U for turbulent flow in rough pipe as 


U 

— =5.75 logio £ +4.75 (10.24) 
Uy k 

(c) Difference of the velocity at any point and average velocity for smooth and rough pipes. 
The velocity at any point for turbulent flow for smooth pipes is given by equation (10.20) as 


£ 5795 logo u(R-r) 
v 


+ 5.5 Le y=R-r] 


and the average velocity is given by equation (10.23) as 


Eagan, ee 175 
u. v 


Difference of velocity u and U for smooth pipe is obtained as 


|] 


U * R = s 
Bofe ss e aiai ss = [575 ioe eee L75| 
u v v 


u(R-r) 


-0 j LR 
a LRN iog, tE] + 5.5 - 1.75 
v v 





or =5.75 foss 


(R-r) u 
= 5.75 log, une, “| + 3.75 
v v 


R-r 





= 5.75 logio ( + 3.75 


= 5.75 log, (y/R) + 3.75 (10.25) [ R-r=y] 
Similarly the velocity, u at any point for rough pipe is given by equation (10.21) as 


Æ = 5.75 logy (yk) + 8.5 


uy 
and average velocity is given by equation (10.24) as 


Us 





Difference of velocity u and U for rough pipe is given by 








u U spas logy, (/k) + 8.5] — [5.75 log;o (R/K) + 4.75] 
Un Us 
= 5.75 log yg [(v/k) + (R/K)] + 8.5 - 4.75 
u-U 





or = 5.75 log yy (y/R) + 3.75 .-(10.26) 


Equations (10.25) and (10.26) are the same. This shows that the difference of velocity at any point 
and the average velocity will be the same in case of smooth as well as rough pipes. 


Problem 10.5 Determine the distance from the pipe wall at which the local velocity is equal to the 
average velocity for turbulent flow in pipes. 

Solution. Given : 

Local velocity at a point = average velocity 
or u=U 

For a smooth or rough pipe, the difference of velocity at any point and average velocity is given by 
equation (10.25) or equation (10.26) as 


S| 


u- 





= 5.75 logy (y/R) + 3.75 
Ua 


Substituting the given condition i.e., u = U , we get 


S| 
SI 





=0 = 5.75 logy, (y/R) + 3.75 or 5.75 logy, (y/R) = 3.75 
Us 


iE 


Turbulent Flow 449 


or loĝo O/R) == >> = - 0.6521 = - 1.3479 


yR = 0.22279 = 0.2228 or y = .2228 R. Ans. 
Problem 10.6 For turbulent flow in a pipe of diameter 300 mm, find the discharge when the centre- 
line velocity is 2.0 m/s and the velocity at a point 100 mm from the centre as measured by pitot-tube 
is 1.6 m/s. 


Solution. Given : 

Dia. of pipe, D = 300 mm = 0.3 m 
Radius, R= 2i =0.15m 

Velocity at centre, Umax = 2-0 m/s 

Velocity (at r= 100 mm = 0.1 m), u = 1.6 m/s 

Now y=R-r= 0.15-0.10 = 0.05 m 
Velocity (at r= 0.1 m or at y = 0.05 m), u = 1.6 m/s 


The velocity in terms of centre-line velocity is given by equation (10.18) as 








Emax ~ 4 5 log jo (Rly) 
Us 
2.0 - 1.6 AS y= 0S m 
Substituting the values, t = 5.75 log,;, — 
ubstituting the values, we ge = £10 05 | = 
= 5.75 log;o 3.0 = 2.7434 
or D es = 2.7434 
Uy 
i= on = 0.1458 m/s adi) 
2.7434 


Using equation (10.26) which gives relation between velocity at any point and average velocity, we 
have 


>y 
u, 





5 log jg (Y/R) + 3.75 
at y = R, velocity u becomes = U max 


H-U 575 log jy (R/R) + 3.75 = 5.75 x 0 + 3.75 = 3.75 





But Umax = 2-0 and u. from (i) = 0.1458 
2.0 -U = 3.75 
0.1458 
or U =2.0-.1458 x 3.75 = 2.0 - 0.5467 = 1.4533 m/s 
Discharge, Q = Area x average velocity 
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Ti+. = - a 
= 7 D? xU = 7 (0.3) x 1.4533 = 0.1027 m°/s. Ans. 


10.5.5 Velocity Distribution for Turbulent Flow in Smooth Pipes by Power Law. The 
velocity distribution for turbulent flow as given by equations (10.18), (10.20) and (10.21) are 
logarithmic in nature. These equations are not convenient to use. Nikuradse carried out experiments 
for different Reynolds number to determine the velocity distribution law in smooth pipes. He expressed 
the velocity distribution in exponential form as 


u 





i (y/R)"" ..(10.27) 


u max 


where exponent A depends on Reynolds number 
n 


.({1 
The value of (=) decreases, with increasing Reynolds number. 
n 


For R,=4x 10°, Ee 
n 6 

B sisii iat 

n 7 

R,22x 106, dade 

n 10 


Thus if ia =. the velocity distribution law becomes as 
n 


ii y\"7 
—=/2 .-(10.28 
(=) (10.28) 


Equation (10.28) is known as 1/7th power law of velocity distribution for smooth pipes. 


> 10.6 RESISTANCE OF SMOOTH AND ROUGH PIPES 


The loss of head, due to friction in pipes is given by equation (10.2) as 


A.f<L.¥* 
h = ——_—_ 
dx2g 
In this equation, the value of co-efficient of friction, f should be known accurately for predicting the 
loss of head due to friction in pipes. On the basis of dimensional analysis, it can be shown that the 


pressure loss in a straight pipe of diameter D, length L, roughness k, average velocity of flow U , 
viscosity and density of fluid 4 and p is 


srl BAT se Be mlm bl 





2 “D’D pU “DD 
2 
Experimentally it was found that pressure drop is a function of 5 to the first power and hence 
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È D k 
ip -žo|r t] or x= ofr =| 














The term of the right hand side is called co-efficient of friction f. Thus f= 0 [R + 


This equation shows that friction co-efficient is a function of Reynolds number and &/D ratio, where 
k is the average height of pipe wall roughness protrusions. 

(a) Variation of *f ’ for Laminar Flow. In viscous flow chapter, it is shown that co-efficient of 
friction *f for laminar flow in pipes is given by 

_ 16 
R 

Thus friction co-efficient is only a function of Reynolds number in case of laminar flow. It is inde- 
pendent of (K/D) ratio. 

(b) Variation of ‘f’ for Turbulent Flow. For turbulent flow, the co-efficient of friction is a function 
of R, and K/D ratio. For relative roughness (K/D), in the turbulent flow the boundary may be smooth or 
rough and hence the value of ‘f’°will be different for these boundaries. 

(i) ‘f° for smooth pipes. For turbulent flow in smooth pipes, co-efficient of friction is a function 
of Reynolds number only. The value of laminar sub-layer in case of smooth pipe is large as compared 
to the average height of surface roughness k. The value of ‘f° for smooth pipe for Reynolds number 
varying from 4000 to 100000 is given by the relation 


.0791 
j= ae 
(R.) 
The equation (10.30) is given by Blasius. 
The value of ‘f’ for R, > 10° is obtained from equation (10.23) which gives the velocity distribution 


(10.29) 


e 


.-(10.30) 


for smooth pipe in terms of average velocity (U ) as 
(u.R) 
= 5.75 log;g ———+ 1.75 (10.31) 
v 


From equation (10.6), we have f= = , where V = average velocity 
ov? 

















pU> U’*\Vp U 
wel 
2 
or u.=U 5 (10.3 1A) 


Substituting the value of u» in equation (10.31), we get 


U Jf12 
v 





U df 


| 


mi 


l UR 
or = 5.75 lo ——y4 f 12 +1.75 
i 


Taking R = D/2 and simplifying, the above equation is written as 


1 UD 
Jr = 2.03 log yy (= A) — 0.91 





UD eee S 
But —— = R, and hence above equation is written as 
v 


T = 2.03 logy) (R,/4f )- 0.91 .-(10.32) 
Equation (10.32) is valid upto R, = 4 x 10° 
Nikuradse’s experimental result for turbulent flow in smooth pipe for ‘f'is 


T7 = 2.0 logy, (R. 4f ) -0.8 .-(10.33) 
This is applicable upto R, = 4 x 10’. But the equation (10.33) is solved by hit and trial method. The 
value of ‘f° (i.e., co-efficient of friction) can alternately be obtained as 


05525 


The value of ‘f’[i.e., friction factor which is used in equation (10.2A)] is given by 
f = 0.0032 + eee ..(10.34A) 
(R j” 


(ii) Value of ‘f *for rough pipes. For turbulent flow in rough pipes, the co-efficient of friction is 
a function of relative roughness (k/D) and it is independent of Reynolds number. This is because the 
value of laminar sub-layer for rough pipes is very small as compared to the height of surface rough- 
ness. The average velocity for rough pipes is given by (10.24) as 


X = 5.75 log; (R/k) + 4.75 
u. 


But u,=U Jf /2 
Substituting the value of u+ in the above equation, we get 
U 
= = 5.75 logo (R/k) + 4.75 
U JTT 210 


which is simplified to the form as TF = 2.03 log;o (RIK) + 1.68 ..(10.35) 


But Nikuradse’s experimental result gave for rough pipe the following relation for ‘f’ as 


l 
—== = 2 logo (RIK) + 1.74 .-(10.36) 
JAF 210 
(c) Value of ‘f ° for commercial pipes. The value of ‘f’ for commercial pipes such as pipes made 
of metal, concrete and wood is obtained from Nikuradse’s experimental data for smooth and rough 
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pipes. According to Colebrook, by subtracting 2 log,, (R/k) from both sides of equations (10.33) and 
(10.36), the value of ‘f’ is obtained for commercial smooth and rough pipes as : 
1. Smooth pipes 


vigad logo (R/K) = 2 logy (Re 4f ) - 0.8 — 2 logo (RIK) 


Jif 
S He -0.8 (10.37) 


= 20t [ nie 


2. Rough pipes 


TF — 2 log jg (R/K) = 2 log yy (R/K) + 1.74 — 2 logo (RIK) 
= 1.74. ...(10.38) 


Problem 10.7 For the problem 10.6, find the co-efficient of friction and the average height of rough- 
ness projections. 
Solution. From the solution of problem 10.6, we have 


R=0.15 m 
uy = 0.1458 m/s 
U = 1.4533 m/s 
For co-efficient of friction, we know that 
u, =U ff 12 
or 0.1458 = 1.4533 Vf 12 
0.1458 
J {2 = —— = 0.1 
a f 1.4533 


á f=2.0x(.1)? = .02. Ans. 
Height of roughness projection is obtained from equation (10.36) as 


nie = 2 logy, (R/kK) + 1.74 


Af 


Substituting the values of R and f, we get 


mage ee =2 Ilo (=) 
J4x0.2 B10 | 


+ 1.74 or 3.5355 = 2 log) (=) + 1.74 


or log 19 (=) a SIMU = 0.8977 = log), 7-90 
k 2 
w sgi 
k 
k= 213 = 0.01898 m = 18.98 mm. Ans. 
7.90 


Problem 10.8 Water is flowing through a rough pipe of diameter 500 mm and length 4000 m at the 
rate of 0.5 m?/s. Find the power required to maintain this flow. Take the average height of roughness 
as k = 0.40 mm. 


im 


Il 


Solution. Given : 

Dia. of rough pipe, D = 500 mm = 0.50 m 
<. Radius, R= 2 = (0.25 m 
Length of pipe, L = 4000 m 
Discharge, Q =0.5 m?/s 


Average height of roughness, k = 0.40 mm = 0.4 x 10° m 

First find the value of co-efficient of friction. Then calculate the head lost due to friction and then 
power required. 

For a rough pipe, the value of ‘f’ is given by the equation (10.36) as 


ihe = 2 logy, (R/k) + 1.74 = 2 logy í 


Jif 


4x10° 
= 2 log, (625.0) + 1.74 = 5.591 + 1.74 = 7.331 


or OF nc eh 1964 wx f = (0.1364)7/4 = .00465 
7331 


_ Discharge _ 0.5 _ 0.5 = 2.546 


Area T D? u 
4 4 


Js 1.74 


=| 


Also the average velocity, U 








_ 4. f. L.V? _ 4x.00465 x 4000 x 2.546° 


.. Head lost due to friction, hy 





dx2g 0.5x2 x981 
= 49.16 m [l V= U =2.546, d = D = 0.5] 
Wxh w.Q.hħh, xegxOxh 
<. Power required, P= fe wih = pasager kW 
1000 1000 1000 
_ 1000 x 9.81 x 0.5 x 49.16 


= 241.13 kW. Ans. 
1000 


Problem 10.9 A smooth pipe of diameter 400 mm and length 800 m carries water at the rate of 
0.04 m*/s. Determine the head lost due to friction, wall shear stress, centre-line velocity and thickness 
of laminar sub-layer. Take the kinematic viscosity of water as 0.018 stokes. 

Solution. Given : 








Dia. of pipe, D = 400 mm = 0.40 m 
Radius, R= 2 = ().20 m 

Length of pipe, L = 800 m 
Discharge, Q = 0.04 m*/s 
Kinematic viscosity, v = 0.018 stokes = 0.018 cm?/s = 0.018 x 10 m’/s 
Average velocity, U = Bago ONE ge 0.3183 m/s 

Area M 2 

(0.4) 
4 
VxD_UxD_03183x0.4 





Reynolds number, R, = = 7.073 x 10* 


t v = v 018x10” 


iE 
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The flow is turbulent. 
The co-efficient of friction ‘f’ is obtained from equation (10.30) as 


.0791 0.0791 .0791 
f= init aa eo -00485 
(R.) (7.073 x10") Á 
(i) Head lost due to friction, A; = AfL V ESEU 
Dx2g Dx2g 
- 4 x .00485 x 800 x (.3183)° biin A 
0.40 x2 x 9.81 
(ii) Wall shear stress (Tọ) is given by equation (10.5) as 
Ty = Fapa V EPU [i V= U] 
2 2 


3 
= 0.00485 x 1000 x wer N/m? = 0.245 N/m. Ans. 
(iii) The centre-line velocity (u,,,,) for smooth pipe is given by equation (10.20) as in which 
U= Umax at y= R 
“mx = 5.75 logo am 


Us 





+ 5.55 [Put in equation (10.20), u = tt max at y = R] 


where the shear velocity Ue = eo meee, = 40.000245 = 0.0156 m/s 
y p 





1000 
Substituting the values of u+, R and v in the above equation, we get 
Meas nai ioga OEKO 5.55 = 94.173 
0.0156 018 x 10 
or Umax = 24.173 x .0156 = 0.377 m/s. Ans. 


(iv) The thickness of laminar sub-layer (8’) is given by 


57 = LLOxv _ 116x.018x10* 
uo 0156 
Problem 10.10 A rough pipe of diameter 400 mm and length 1000 m carries water at the rate of 
0.4 m/s. The wall roughness is 0.012 mm. Determine the co-efficient of friction, wall shear stress, 
centre-line velocity and velocity at a distance of 150 mm from the pipe wall. 


= .001338 m = 1.338 mm. Ans. 


Solution. Given : 
Dia. of rough pipe, D = 400 mm = 0.4m 
" Radius, R= = = 2a = 0.20 m 
2 2 
Length of pipe, L = 1000 m 
Discharge, Q =0.4 m°/s 
Wall roughness, k = 0.012 mm = 0.012 x 10° m 


iE 


Il 


(i) The value of co-efficient of friction ‘f° for rough pipe is given by the equation (10.36) as 


He. = 2 log 9 (R/K) + 1.74 


Jar 
1.0 0.20 
or 2 at tig, |} | eA 
—~— le (sees = 


= 2 log, (16666.67) + 1.74 = 10.183 


4 


i ý 
käs (os) iii 


.00964 
f= aD 
(ii) Centre-line velocity (u,,,,) for rough pipe is given by equation (10.21) in which u is made 
= ll max ât Y = R and hence 


= .00241. Ans. 





u 














ma Z 5.75 logo (R/k) + 8.5 ot) 
3 ti 
where shear velocity, Uy = |— 
p 
and Tọ = wall shear stress = LeV 
where V = Da 2 s Q = 3.183 m/s. Ans. 
Area T p Fay 
4 a 
.p- V? 3.183? 
(iii) ». ya LeV a00 x 1000 saN An 


2 
ame fo 5 Joe = 0.11 mis 
p 1000 


Substituting the value of u,, R, k in equation (i), we get 


Zæ = 5.75 logio E. + 8.5 = 32.77 
0.11 012x10 


ü a = 32.77 x 0.11 = 3.60 m/s. Ans. 


e max 

(iv) Velocity (u) at a distance y = 150 mm = 0.15 m 

The velocity (u) at any point for rough pipe is given by equation (10.21) as 
* = 5.75 logy, (vik) + 8.5 

u x 

where u. = 0.11 m/s and y = 0.15 m, k = 0.012 x 10° m 


iE 
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0.15 


u i 
.012x10° 


011 


A u = 32.05 x 0.11 = 3.52 m/s. Ans. 
Problem 10.11 A smooth pipe line of 100 mm diameter carries 2.27 m’ per minute of water at 20°C 
with kinematic viscosity of 0.0098 stokes. Calculate the friction factor, maximum velocity as well as 


shear stress at the boundary. 
Solution. Given : 


= 5.75 logy, ( ) + 8.5 = 32.05 


Dia. of pipe, D = 100 mm = 0.1 m 
Radius of pipe, R = 0.05 m 
Discharge, Q = 2.27 m*/min = = m°/s = 0.0378 m*/s 


Kinematic viscosity, v = 0.0098 stokes = 0.0098 cm?/s = 0.0098 x 107 m7/s 


UxD_ 4817x0.1 
0.0098 x 10 * 


The flow is turbulent and R, is more than 10°. Hence for smooth pipe, the co-efficient of friction 
‘fis obtained from equation (10.33) as 


= 4.9154 x 10°. 





Reynolds number is given by, R, = 


1 
af = 2.0 logio (RAF) -0.8 
1 


or Var 


= 2.0 logy, (4.9154 x 10° x J4f )- 0.8 


= 2.0 [log jy 4.9154 x 10° + logy) J4f ]- 0.8 
= 2.0 [5.6915 + logy) J4f ]-0.8 =2 x 5.6915 + 2 logy) J4f -0.8 


= 11.3830 + logy (Y4f) — 0.8 = 11.383 + logy, (4) - 0.8 


or | -— log, (4f) = 11.383 - 0.8 = 10.583 (i) 


V4f 
(i) Friction factor 
Now, friction factor (f*) = 4 x co-efficient of friction = 4f 
Substituting the value of ‘4f in equation (i), we get 


a — logy) f* = 10.583 ...(ii) 
if 

The above equation is solved by hit and trial method. 

Let f* = 0.1, then L.H.S. of equation (ii), becomes as 


FA wo ae logy 0-1 = 3.16 — (- 1.0) = 4.16 


V0.1 


|] 


J| 


Let f* = 0.01, then L.H.S. of equation (ii), becomes as 


CAS oe log Oi f= % 9) 1B 


0.01 
But for exact solution, L.H.S. should be 10.583. Hence value of f* lies between 0.1 and 0.01. 
Let f* = 0.013 then L.H.S. of equation (ii), becomes as 


L.H.S. = = ~ log,y 0.013 = 8.77 — (— 1.886) = 8.77 + 1.886 = 10.656 


V0.013 


which is approximately equal to 10.583. 
Hence the value of f* is equal to 0.013. 


Friction factor, f* = 0.013. Ans. 
(ii) Maximum velocity (tmar) 
Now we know that KH 
* 
Co-efficient of friction, f = L = a = 0.00325 


Now the shear velocity (u+) in terms of co-efficient of friction and average velocity is given by 


equation (10.31A) as 
u.=U E =4.817 x [ee = 4.817 x 0.0403 = 0.194 


For smooth pipe, the velocity at any point is given by equation (10.20) 





Us 


“= us [s75 logo +555] 
v 





The velocity will be maximum at the centre of the pipe, 
where y= R = 0.05 
i.e., radius of pipe. Hence the above equation becomes as 


Umax = is [s75 log io mn + s55] 


0.194 x 0.05 
0.0098 x10 


= 0.194 [22.974 + 5.55] = 5.528 m/s. Ans. 
(iii) Shear stress at the boundary (To) 


T T 
We know that u, = |-> or u% = 
\p p 


To = p u’, = 1000 x 0.194? = 37.63 N/m?. Ans. 


Problem 10.12 Hydrodynamically smooth pipe carries water at the rate of 300 I/s at 20°C 
(p = 1000 kg/m”, v = 10° m?/s) with a head loss of 3 m in 100 m length of pipe. Determine the pipe 


0.221 : V. 
diameter. Use f = 0.0032 + — -gzzy equation for f, where h; = ii pro. 
l 8 


(R.) 


= 0.194 52s log so + 555| 


and R, = 


iE 
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Solution. Given : 








Discharge, Q = 300 I/s = 0.3 m*/s 
Density, p = 1000 kg/m? 
Kinematic viscosity, v= 10° m’/s 
Head loss, h;=3m 
Length of pipe, L= 100 m 
.221 

Value of friction factor, f = 0.0032 + a 

R,) 7 
Reynolds number, R,= ove = YER f p: = v) 

H v p 
= a =Vx Dx 10° 


Find : Diameter of pipe. 
Let D= Diameter of pipe 
Head loss in terms of friction factor is given as 











| = £XLx v? 
1 Dx 2g 
or aa Ce h,=3, L= 100 m) 
Dx2x981 
3x Dx2x9.81 0.5886 D j 
or = = or f =: — - 
f 100 V~- f = 0 
Now Q=AxV 
or 0.3= 2 Dx V or D?x y= 4%93 _ 0.382 
tt 
7. 22> ii) 
D“ 
Also f=0.0032 + 22 
R.) 
or SIMA copot i—i 
Vv (Vx Dx10°) 
E From equation (i), f = oe ana R,=Vx Dx 10°) 
or et = 0.0032 + oF 
(a T To pior) 
pP: D- 





(« From equation(ii), V = | 


|] 


Il 


i F 0.221 
or DEn SS aua 
0.382 (0.382 x 10°) 
p?” i 
or 4.033 D? = 0.0032 + 0.0105 x D??7 
or 4.033 D° — 0.0105 D®?” — 0.0032 = 0 (iii) 


The above equation (iii) will be solved by hit and trial method. 
(i) Assume D = 1 m, then L.H.S. of equation (iii), becomes as 
L.H.S. = 4.033 x 1° - 0.0105 x 1°79” — 0.0032 
= 4.033 — 0.0105 — 0.0032 = 4.0193 


By increasing the value of D more than | m, the L.H.S. will go on increasing. Hence decrease the 
value of D. 


(ii) Assume D = 0.3 m, then L.H.S. of equation (iii), 
becomes as L.H.S. = 4.033 x 0.3° - 0.0105 x 0.3°®7 — 0.0032 
= 0.0098 — 0.00789 — 0.0032 = — 0.00129 
As this value is negative, the value of D will be slightly more than 0.3. 
(iii) Assume D = 0.306 m, then L.H.S. of equation (iii), becomes as 
L.H.S. = 4.033 x 0.306° — 0.0105 x 0.306°7*” — 0.0032 
= 0.0108 — 0.00793 — 0.0032 = — 0.00033 
This value of L.H.S. is approximately equal to zero. Actually the value of D will be slightly more 
than 0.306 m say 0.308 m. Ans. 


Problem 10.13 Water is flowing through a rough pipe of diameter 600 mm at the rate of 
600 litres/second. The wall roughness is 3 mm. Find the power lost for 1 km length of pipe. 


Solution. Given : 





Dia. of pipe, D = 600 mm = 0.6 m 
Radius of pipe, R= se =0.3m 
Discharge, Q = 600 litre/s = 0.6 m*/s 
Wall roughness, k=3mm=3x 10° m=0.003 m 
Length of pipe, L=1km= 1000 m 
For rough pipes, the co-efficient of friction in terms of wall roughness, k is given by equation (10.36) 
as 
EEE (R/k) + 1.74 = 2 log ( oa )+ 1.74 = 5.74 
Jaf a "\0.003) > 
or Af = == 0.1742 or 4f = (0.1742)? = 0.03035 
The head loss due to friction is given by, hy= eal 
Dx2g 
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Q 0.6 


where V = ae Tee, = 2.122 m/s 
~ (0.6") 
4 
0.03035 x 1000 x 2.1227 
hy = = = 116m 
0.6 x2 x981 
xOxh 
The power* lost is given by, P = Pax Qxhy _ 1000 x9.81x 0.6 x 11.6 kW = 68.27 kW. Ans. 
1000 1000 


HIGHLIGHTS 


1. If the Reynold number is less than 2000 in a pipe, the flow is laminar while if the Reynold number is 
more than 4000, the flow is turbulent in pipes. 
2. Loss of pressure head in a laminar flow is proportional to the mean velocity of flow, while in case of 
turbulent flow it is approximately proportional to the square of velocity. 
3. Expression for head loss due to friction in pipes is given by Darcy-Weisbach equation, 
h, = AXSXLXV? 
Í!  dx2g 


SF REX VE 
dx2g 


, where f = co-efficient of friction 


, where f = friction factor 


0 


4. Co-efficient of friction is expressed in terms of shear stress as = a 
P 


where V = mean velocity of flow, p = mass density of fluid. 
5. Shear stress in turbulent flow is sum of shear stress due to viscosity and shear stress due to turbulence, 


ie., 
T =T, +T, where T, = shear stress due to viscosity 
T, = shear stress due to turbulence 
= it du 4% du 
dy dy 


6. Turbulent shear stress by Reynolds is given as T = p wv 
where uw’ and v’ = fluctuating component of velocity. 


2 
7. The expression for shear stress in turbulent flow due to Prandtl is 7 = p° (#) , Where / = mixing length. 


8. The velocity distribution in the turbulent flow for pipes is given by the expression 


u = Umar + 2-5 u* log, (y/R) 
where Mx = İs the centre-line velocity, 
y = distance from the pipe wall, 
R = radius of the pipe, 


and u. = shear velocity which is equal to Fe. 





xQxh 
* Power = pg X Q X h; watt = Pen ee kW. 
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9. 


10. 


11 


12. 


13. 


14. 


Velocity defect is the difference between the maximum velocity (tnax) and local velocity (u) at any 
point and is given by (umas —u) = 5.75 x uy logy, (R/y). 

The boundary is known as hydrodynamically smooth if k, the average height of the irregularities project- 
ing from the surface of the boundary is small compared to the thickness of the laminar sub-layer (8’) and 
boundary is rough if k is large in comparison with the thickness of the sub-layer. 

or if Ş < 0.25, the boundary is smooth ; if = > 6.0, the boundary is rough 


and if = lie between 0.25 to 6.0, the boundary is in transition. 

Velocity distribution for turbulent flow is 
fa 5:95 logy = + 5.55 for smooth pipes 
Uy 


= 5.75 log), (y/k) + 8.5 for rough pipes 
where u = velocity at any point in the turbulent flow, 


u, = shear velocity and = pe . V= kinematic viscosity of fluid, 


y = distance from pipe wall, and k = roughness factor. 
Velocity distribution in terms of average velocity is 


U 
— = 5.75 logo 
Us 


= 5.75 log), R/k + 4.75 for rough pipes. 
Difference of local velocity and average velocity for smooth and rough pipes is 
u-U 


The co-efficient of friction is given by 


uR 





+ 1.75 for smooth pipes, 





= 5.75 logy, (WR) + 3.75. 


fa 19. eee for laminar flow, 
R, 


0.0791 
1/4 
R,) 





for turbulent flow in smooth pipes for R, 2 4000 by < 10° 


05525 
= 0008 ee for R, < 10° but 2 4 x 10’ 


T7 = 2 log), (R/k) + 1.74 for rough pipes where R, = Reynolds number. 


EXERCISE 


(A) THEORETICAL PROBLEMS 


. What do you understand by turbulent flow ? What factor decides the type of flow in pipes ? 
. (a) Derive an expression for the loss of head due to friction in pipes. 


(b) Derive Darcy-Weisbach equation. (J.N.T.U., Hyderabad, § 2002) 


- Explain the term co-efficient of friction. On what factors does this co-efficient depend ? 


mi 


l 


4. 
5. 
6. 


8. 
9, 
10. 


12. 


13. 


1. 





Obtain an expression for the co-efficient of friction in the terms of shear stress. 

What do you mean by Prandtl mixing Length Theory ? Find an expression for shear stress due to Prandtl. 
Derive an expression for Prandtl’s universal velocity distribution for turbulent flow in pipes. Why this 
velocity distribution is called universal ? 

What is a velocity defect ? Derive an expression for velocity defect in pipes. 

How would you distinguish between hydrodynamically smooth and rough boundaries ? 

Obtain an expression for the velocity distribution for turbulent flow in smooth pipes. 

Show that velocity distribution for turbulent flow through rough pipe is given by 


£5.75 logy (vik) + 8.5 


where u+ = shear velocity, y = distance from pipe wall, k = roughness factor. 

Obtain an expression for velocity distribution in terms of average velocity for 

(a) smooth pipes and (b) rough pipes. 

Prove that the difference of local velocity and average velocity for turbulent flow through rough or smooth 
pipes is given by 


u-U 





= 5.75 logyy (y/R) + 3.75. 


Obtain an expression for velocity distribution in turbulent flow for (7) smooth pipes and (i) rough pipes. 
(Delhi University, December, 2002) 


(B) NUMERICAL PROBLEMS 


A pipe-line carrying water has average height of irregularities projecting from the surface of the 
boundary of the pipe as 0.20 mm. What type of the boundary is it ? The shear stress development is 
7.848 N/m’. Take value of kinematic viscosity for water as 0.01 stokes. [Ans. Boundary is in transition] 
Determine the average height of the roughness for a rough pipe of diameter 10.0 cm when the velocity at 
a point 4 cm from wall is 40% more than the velocity at a point | cm from pipe wall. — [Ans. 0.94 cm] 
A smooth pipe of diameter 10 cm and 1000 m long carries water at the rate of 0.70 m?/minute. Calculate 
the loss of head, wall shearing stress, centre line velocity, velocity and shear stress at 3 cm from pipe wall. 
Also calculate the thickness of the laminar sub-layer. Take kinematic viscosity of water as 0.015 stokes 
and value of co-efficient of friction ‘f’ as 


.0791 
f ( p , 
[Ans. 20.05 m, 4.9 N/m? ; 1.774 m/s ; 1.65 m/s ; 19.62 N/m? ; 0.248 mm] 
The velocities of water through a pipe of diameter 10 cm, are 4 m/s and 3.5 m/s at the centre of the pipe and 
2 cm from the pipe centre respectively. Determine the wall shearing stress in the pipe for turbulent flow. 
[Ans. 15.66 kgf/m’] 
For turbulent flow in a pipe of diameter 200 mm, find the discharge when the centre-line velocity is 
30 m/s and velocity at a point 80 mm from the centre as measured by pitot-tube is 2.0 m/s. 
[Ans. 64.9 litres/s] 
For problem 5, find the co-efficient of friction and the average height of roughness projections. 
[Ans. 0.029, 25.2 mm] 
Water is flowing through a rough pipe of diameter 40 cm and length 3000 m at the rate of 0.4 m*/s. Find 
the power required to maintain this flow. Take the average height of roughness as K = 0.3 mm. 
[Ans. 278.5 KN] 


where R, = Reynolds number. 





8. A smooth pipe of diameter 300 mm and length 600 m carries water at rate of 0.04 m?/s. Determine the 
head lost due to friction, wall shear stress, centre-line velocity and thickness of laminar sub-layer. 
Take the kinematic viscosity of water as 0.018 stokes. [Ans. 0.588 m, 0.72 N/cm?, 0.665 m/s, 0.779 mm] 

9. A rough pipe of diameter 300 mm and length 800 m carries water at the rate of 0.4 m’/s. The wall 
roughness is 0.015 mm. Determine the co-efficient of friction, wall shear stress, centre line velocity and 
velocity at a distance of 100 mm from the pipe wall. 

[Ans. f = .00263, Tt, = 42.08 N/cm?, Umax = 6.457 m/s, u = 6.249 m/s] 
10. Determine the distance from the centre of the pipe, at which the local velocity is equal to the average 
velocity for turbulent flow in pipes. [Ans. 0.7772 R] 


y 
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FLOW, THROUGH 
ot oe 





> 11.1 INTRODUCTION 


In chapters 9 and 10, laminar flow and turbulent flow have been discussed. We have seen that when 
the Reynolds number is less than 2000 for pipe flow, the flow is known as laminar flow whereas when 
the Reynolds number is more than 4000, the flow is known as turbulent flow. In this chapter, the 
turbulent flow of fluids through pipes running full will be considered. If the pipes are partially full as in 
the case of sewer lines, the pressure inside the pipe is same and equal to atmospheric pressure. Then the 
flow of fluid in the pipe is not under pressure. This case will be taken in the chapter of flow of water 
through open channels. Here we will consider flow of fluids through pipes under pressure only. 


> 11.2 LOSS OF ENERGY IN PIPES 


When a fluid is flowing through a pipe, the fluid experiences some resistance due to which some of 
the energy of fluid is lost. This loss of energy is classified as : 
Energy Losses 


1. Major Energy Losses 2. Minor Energy Losses 
This is due to friction and it is This is due to 
calculated by the following (a) Sudden expansion of pipe 
formulae : (6) Sudden contraction of pipe 
(a) Darcy-Weisbach Formula (c) Bend in pipe 
(b) Chezy's Formula (qd) Pipe fittings etc. 


(e) An obstruction in pipe. 


> 11.3 LOSS OF ENERGY (OR HEAD) DUE TO FRICTION 


(a) Darcy-Weisbach Formula. The loss of head (or energy) in pipes due to friction is calculated 
from Darcy-Weisbach equation which has been derived in chapter 10 and is given by 
jpo AfL. Vv? 
I dx2g 
where A f= loss of head due to friction 
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f = co-efficient of friction which is a function of Reynolds number 


= for R, < 2000 (viscous flow) 


e 


Lan 


for R, varying from 4000 to 10° 


e 
= length of pipe, 
V = mean velocity of flow, 
d= diameter of pipe. 
(b) Chezy’s Formula for loss of head due to friction in pipes. Refer to chapter 10 article 10.3.1 
in which expression for loss of head due to friction in pipes is derived. Equation (iii) of article 10.3.1, is 


h= Lx? xix (11.2) 
pg A 
where h,= loss of head due to friction, P = wetted perimeter of pipe, 
A = area of cross-section of pipe, L = length of pipe, 
and V = mean velocity of flow. 
Area of flow 


A 
Now the ratio of 7 (- ) is called hydraulic mean depth or hydraulic radius and 


Perimeter (wetted) 


is denoted by m. 


A 4? d 
- Hydraulic mean depth, m= Sipe R 
P td 4 
stat A nS 
Substituting — =n OF — in equation (11.2), we get 
P A m 
i h 
een V= h xa smx = Emx 
L: off" L 


h 
Let Ps = C, where C is a constant known as Chezy’s constant and = = i, where 7 is loss of head 


per unit length of pipe. 


[h 
Substituting the values of ie and T in equation (11.3), we get 


V=C Vmi (11.4) 

Equation (11.4) is known as Chezy’s formula. Thus the loss of head due to friction in pipe from 

Chezy’s formula can be obtained if the velocity of flow through pipe and also the value of C is known. 
The value of m for pipe is always equal to d/4. 
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Problem 11.1 Find the head lost due to friction in a pipe of diameter 300 mm and length 50 m, 
through which water is flowing at a velocity of 3 m/s using (i) Darcy formula, (ii) Chezy's formula for 
which C = 60. 

Take Vv for water = 0.01 stoke. 

Solution. Given : 


Dia. of pipe, d= 300 mm = 0.30 m 
Length of pipe, L=50m 

Velocity of flow, V=3 m/s 

Chezy’s constant, C= 60 

Kinematic viscosity, v= 0.01 stoke = 0.01 cm?/s 


= 0.01 x 107+ m/s. 
(i) Darcy Formula is given by equation (11.1) as 


AfL V 
dx2g 
where ‘f’ = co-efficient of friction is a function of Reynolds number, R, 


Vxd _3.0x0.30 
yo axi 


<. Value of f= on? = _ ae = .00256 


RM (9 se 10°)" 


=9x10° 





But R, is given by R,= 


` Head lost, i ANKOR i Ai 
03x20x98] 


(ii) Chezy’s Formula. Using equation (11.4) 


V=C Jmi 
0.30 


diere: Cia Bie a i 
4 4 
Yh A el 
3=60 /.075xi ori=|— | x— = 0.0333 

60 .075 
h } 
But EF Oe 
L 50 


h 
Equating the two values of i, we have F = .0333 


: h; = 50 x .0333 = 1.665 m. Ans. 
Problem 11.2 Find the diameter of a pipe of length 2000 m when the rate of flow of water through 
the pipe is 200 litres/s and the head lost due to friction is 4 m. Take the value of C = 50 in Chezy’s 
formulae. 


|] 


Il 


468 Fluid Mechanics 


Solution. Given : 

Length of pipe, 

Discharge, 

Head lost due to friction, 
Value of Chezy’s constant, 
Let the diameter of pipe = d 


L = 2000 m 
Q = 200 litre/s = 0.2 m*/s 
h;= 4m 

CE0 


Discharge — Q 0.2 02x4 











Velocity of flow, V= = = = = 
Area N2 T2 nd 
—d —d 
4 4 
; d 
Hydraulic mean depth, m= 5 
Loss of head per unit length, i = ak = .002 
n " a ae 


Chezy’s formula is given by equation (11.4) as V= C ymi 


Substituting the values of V, 


0.2 x 





nd“ 


Squaring both sides, £ x .002 = 


m, i and C, we get 





4 50 [4.002 or 4.002 = OES. See 
nd? nd? x50 d- 


00509" _ 0000259 4s _ 4x 0000259 _ 9 yar 


d* d’ .002 
= ł/0.0518=(.0518)"" = 0.553 m = 553 mm. Ans. 





Problem 11.3 A crude oil fe kinematic viscosity 0.4 stoke is flowing through a pipe of diameter 
300 mm at the rate of 300 litres per sec. Find the head lost due to friction for a length of 50 m of the pipe. 


Solution. Given : 
Kinematic viscosity, 


Dia. of pipe, 
Discharge, 


v = 0.4 stoke = 0.4 cm7/s = .4 x 107 m7/s 
d= 300 mm = 0.30 m 
O = 300 litres/s = 0.3 m/s 


Length of pipe, L=50m 
Velocity of flow, V= 2L = a = 4.24 m/s 
Area T 2 
— (0.3) 
4 
; Bemomi Ea AAN S 





As R, lies between 4000 and 100000, the value of fis given by 


079 J 
fea 00591 


(R (318x10¢) 


e 
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4. f. L.V? _ 4x.00591 x 50 x 4.24? 

dx2g «03. K2x 9.81 
Problem 11.4 An oil of sp. gr. 0.7 is flowing through a pipe of diameter 300 mm at the rate of 
500 litres/s. Find the head lost due to friction and power required to maintain the flow for a length of 
1000 m. Take v = .29 stokes. 


.. Head lost due to friction, hy= = 3.61 m. Ans. 


Solution. Given : 
Sp. gr. of oil, S=0.7 
Dia. of pipe, d = 300 mm = 0.3 m 
Discharge, Q = 500 litres/s = 0.5 m°/s 
Length of pipe, L= 1000 m 
Velocity, ve 2. 2 Oe. ine 
Area Tg? X03" 
4 


_Vxd _ 7.073x03 


Reynolds number, R,= a oe SIG a10) 
v 0.29 x10 





Co-efficient of friction, f = ae = — = .0048 
Re (7.316 x 10*) 


4x fxLxV* 4x .0048 x 1000 x 7.0737 
dx2g 0.3 x2 x9.81 


Head lost due to friction, h,= = 163.18 m 

_ Pg -O.hy 

~ 1000 

where p = density of oil = 0.7 x 1000 = 700 kg/m* 

700 X 9.81 x 0.5 x 163.18 
1000 


Problem 11.5 Calculate the discharge through a pipe of diameter 200 mm when the difference of 
pressure head between the two ends of a pipe 500 m apart is 4 m of water. Take the value of 


Power required 


Power required = = 560.28 kW. Ans. 


‘f? = 0.009 in the formula h,= $F LY", 
dx2g 

Solution. Given : 

Dia. of pipe, d= 200 mm = 0.20 m 

Length of pipe, L = 500 m 

Difference of pressure head, hy = 4m of water 

f= .009 
Using equation (11.1), we have h,= ARTE 
dx2g 
Se AD x 4 x .009 x 500 x V~ ocx 4.0 x0.2 x2 x9.81 = 0.872 
0.2 x2 x9.81 4.0 x .009 x 500 
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V = 40.872 = 0.9338 = 0.934 m/s 
<. Discharge, Q = velocity x area 


= 0.934 x S d? = 0.934 x 7 (0.2)? 


= 0.0293 m/s = 29.3 litres/s. Ans. 


Problem 11.6 Water is flowing through a pipe of diameter 200 mm with a velocity of 3 m/s. Find the 
head lost due to friction for a length of 5 m if the co-efficient of friction is given by f = 0.02 


:09 ;, s uaa 
+ RI’ where R, is Reynolds number. The kinematic viscosity of water = .01 stoke. 
e 











Solution. Given : 
Dia. of pipe, d= 200 mm = 0.20 m 
Velocity, V=3 m/s 
Length, L=5m 
Kinematic viscosity, v = 0.01 stoke = .01 x 107 m7/s 
<. Reynolds number, R,= Feu = Sane. =6x10° 
v 01x10 
0.09 
Value of f= tte 25 = t2+—* 5 = 04 
R,” (6 x10°) FAIS 


= .02 + .00166 = 0.02166 


4x fxXLXxV? 4.0 x.02166 x 5.0 x 3° 
dx2g 0.20 x 2.0 x 9.81 
= 0.993 m of water. Ans. 


Problem 11.7 An oil of sp. gr. 0.9 and viscosity 0.06 poise is flowing through a pipe of diameter 
200 mm at the rate of 60 litres/s. Find the head lost due to friction for a 500 m length of pipe. Find 
the power required to maintain this flow. 

Solution. Given : 


.. Head lost due to friction, h= 





Sp. gr. of oil =0.9 

Viscosity, u = 0.06 poise = sos Ns/m? 

Dia. of pipe, d= 200 mm = 0.2 m 

Discharge, QO = 60 litres/s = 0.06 m*/s 

Length, L= 500 m 

Density p = 0.9 x 1000 = 900 kg/m? 

; _ pVd _ V x0.2 

<. Reynolds number, R= = 900 x 0.06 

10 

where V= Q = one = 086 = 1.909 m/s = 1.91 m/s 











rea 2 (2) 
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1.91 x 0.2 x 10 


R, = 900 x ——————- = 57300 
0.06 
As R, lies between 4000 and 10°, the value of co-efficient of friction, f is given by 
079 0.079 
i an as, GE 


Ro (57300)°* 

4x fxLxV? — 4x.0051x 500x191? 
dx2g 0.2x2x981 

= 9.48 m of water. Ans. 


Qh 
“. Power required = PE-O-hy _ 900981 %0.06X948 _ 5 oo ew. Ans. 
1000 1000 


*, Head lost due to friction, hy = 


> 11.4 MINOR ENERGY (HEAD) LOSSES 


The loss of head or energy due to friction in a pipe is known as major loss while the loss of energy 
due to change of velocity of the following fluid in magnitude or direction is called minor loss of 
energy. The minor loss of energy (or head) includes the following cases : 

. Loss of head due to sudden enlargement, 
. Loss of head due to sudden contraction, 
. Loss of head at the entrance of a pipe, 
. Loss of head at the exit of a pipe, 
. Loss of head due to an obstruction in a pipe, 
. Loss of head due to bend in the pipe, 
. Loss of head in various pipe fittings. 

In case of long pipe the above losses are small as compared with the loss of head due to friction and 
hence they are called minor losses and even may be neglected without serious error. But in case of a 
short pipe, these losses are comparable with the loss of head due to friction. 


ADU WN 


11.4.1 Loss of Head Due to Sudden Enlargement. Consider a liquid flowing through a pipe 
which has sudden enlargement as shown in Fig. 11.1. Consider two sections (1)-(1) and (2)-(2) before 
and after the enlargement. 


Fig. 11.1 Sudden enlargement. 
Let p, = pressure intensity at section 1-1, 
V, = velocity of flow at section 1-1, 
A, = area of pipe at section 1-1, 


|] 


P>, V> and A, = corresponding values at section 2-2. 

Due to sudden change of diameter of the pipe from D, to D,, the liquid flowing from the smaller 
pipe is not able to follow the abrupt change of the boundary. Thus the flow separates from the boundary 
and turbulent eddies are formed as shown in Fig. 11.1. The loss of head (or energy) takes place due to 
the formation of these eddies. 

Let p’ = pressure intensity of the liquid eddies on the area (A, — A,) 

h, = loss of head due to sudden enlargement 

Applying Bernoulli's equation at sections l-1 and 2-2, 


v? V 
Pig L 4z = P2424 z, + loss of head due to sudden enlargement 
Ps 2g Ps 2g 
But Z, = Z, as pipe is horizontal 


Beyti Pe, 
pg 2g pg 2g 


or h, = (2-2) (E-E) (i) 
Pg pg 2g 2g 


Consider the control volume of liquid between sections 1-1 and 2-2. Then the force acting on the 
liquid in the control volume in the direction of flow is given by 


F, = pA; + p'(A, - A1) - pA? 

But experimentally it is found that p’ = p, 
` F, = pA; + pi(A2 — A1) - P2A2 = pâ - paA2 

= (Pı — P3)A2 „(ii 
Momentum of liquid/sec at section 1-1 = mass x velocity 

= pA, V; x V; = pA, V? 
Momentum of liquid/sec at section 2-2 = pA,V, x V, = PAV? 

Change of momentum/sec = pA, V? - PA, V? 

But from continuity equation, we have 


+h, 


A, V 


A\V, = AV, or A, = 


WV, 


? A ? 
Change of momentum/sec = pA, V,” — p X = 2 x V," = pA, V; -— pA,V,V> 
1 
= pA,[V,” - V,V>] ...(iii) 
Now net force acting on the control volume in the direction of flow must be equal to the rate of 
change of momentum or change of momentum per second. Hence equating (ii) and (iii) 


(Pi - P3)A3 = PA [V - VV] 





or PPE = V -VV 
p 


Pi- Pi V2 -VVa p PLP Voh 
Ps £ PS PE £ 


Dividing by g on both sides, we have 


| 


Substituting the value of (2- z) in equation (i), we get 
PS Ps 


V;-VV, Vv VS 2V;-2V,V,+V/-V; 
a 4 u i a aŘŘŘħħ 


h, 
g 2g 2g 2g 
_ Ve+V2-2V,V, _(V,-%) 
2g 2g 
vayy 
h, = i=") (11.5) 
2g 


11.4.2 Loss of Head due to Sudden Contraction. Consider a liquid flowing in a pipe which 
has a sudden contraction in area as shown in Fig. 11.2. Consider two sections 1-1 and 2-2 before and 
after contraction. As the liquid flows from large pipe to smaller pipe, the area of flow goes on 
decreasing and becomes minimum at a section C-C as shown in Fig. 11.2. This section C-C is called 
Vena-contracta. After section C-C, a sudden enlargement of the area takes place. The loss of head due 
to sudden contraction is actually due to sudden enlargement from Vena-contracta to smaller pipe. 


Let A, = Area of flow at section C-C @ 
V, = Velocity of flow at section C-C 


> = Area of flow at section 2-2 © © 

V, = Velocity of flow at section 2-2 L n 

h, = Loss of head due to sudden contraction. Pe re Pe 

Now h, = actual loss of head due to enlargement from | wfta a 
section C-C to section 2-2 and is given by equation (11.5) as © © 


: Mow a l% a] g © 





28 28 | V Fig.11.2 Sudden contraction. 
From continuity equation, we have 
A. 
A.V, =A,V, or A E E [r -4| 
7 V, A, (414) C 2 
Substituting the value of E in (i), we get 
h, si a asl ..(11.6) 
2g | C. 


c 


2 2 
= Ee whens k= Li 
2g C 
If the value of C, is assumed to be equal to 0.62, then 


l 2 
k =|——-1] =0.375 
Fe | 
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2 2 
Then A4, becomes as h.= Be 0.375 ve 
2g 2g 
If the value of C, is not given then the head loss due to contraction is taken as 
v Vy 
= 0.5 — or h,=0.5 —. MEJ 
2g 2g 


Problem 11.8 Find the loss of head when a pipe of diameter 200 mm is suddenly enlarged to a 
diameter of 400 mm. The rate of flow of water through the pipe is 250 litres/s. 
Solution. Given : 


Dia. of smaller pipe, D,= 200 mm = 0.20 m 





. Area, A, =~ p= (2)? = 0.03141 m? 
4 4 
Dia. of large pipe, D, = 400 mm = 0.4 m 
“Area, A, = = x (0.4)? = 0.12564 m? 
Discharge, Q = 250 litres/s = 0.25 m*/s 
Velocity, V= ag a, = 7.96 m/s 
A; .03141 
Velocity, V= Q ead = 1.99 m/s 
“A, 12564 


Loss of head due to enlargement is given by equation (11.5) as 


(V,-V,) (7.96 - 1.99)” 


h, = —————_ = ———_ = 1 816 m of water. Ans. 
2g 2g 

Problem 11.9 At a sudden enlargement of a water main from 240 mm to 480 mm diameter, the 
hydraulic gradient rises by 10 mm. Estimate the rate of flow. (J.N.T.U., S 2002) 

Solution. Given : 

Dia. of smaller pipe, D, = 240 mm = 0.24 m 

“Area, A,=~p,? == (247 

4 4 
Dia. of large pipe, D, = 480 mm = 0.48 m 
` Area, A, = 7 (0.48) 


Rise of hydraulic gradient*, i.e., | z, + Paj- |L, zı |= 10 mm = Bas m 
pg pg 1000 100 


Let the rate of flow = Q 
Applying Bernoulli's equation to both sections, i.e., smaller pipe section, and large pipe section. 


v? v. 
Pi at: z= P2 pesg z, + Head loss due to enlargement sH 


pg 2g pg 2g 


3 


á 


* Please refer Art. 11.5.1. 
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But head loss due to enlargement, 





K-n 
h,= Mew (ii) 
2g 
From continuity equation, we have A, V; = AV 
T a2 
- D; X V, 2 2 
AV, ou D 4 2 
A S =|— -($) x V3 =2?°x V, =4V, 
A T y D, .24 = 2 
a 


Substituting this value in (i), we get 


(4v, -v _ (3Vs) _ 9v2 


2g 2g 2g 
Now substituting the value of h, and V, in equation (i), 


t, = 


e 











4V,)° i yA a 
ER c R. E A 
pg 2g pg 2g 2g 
or SE SE (Pose) (2a) 
2g 2g 2g pg 
But hydraulic gradient rise = Page, = Eby ss 
-J \ps 100 


16V; V; 9V; 1 6; _ 1 


2¢ 2g 2g 100 2g 100 


VĚ = 2na: = 0.1808 = 0.181 m/s 
= 6x 100 


Discharge, Q=A,xV, 








= S D? x V= i (.48)? x .181 = 0.03275 m¥/s 


= 32.75 litres/s. Ans. 


Problem 11.10 The rate of flow of water through a horizontal pipe is 0.25 m’/s. The diameter of the 


pipe which is 200 mm ts suddenly enlarged to 400 mm. The pressure intensity in the smaller pipe is 
11.772 N/cm’. Determine : 


(i) loss of head due to sudden enlargement, (ii) pressure intensity in the large pipe, 
(iii) power lost due to enlargement. 
Solution. Given : 


Discharge, Q = 0.25 m*/s 
Dia. of smaller pipe, D, = 200 mm = 0.20 m 
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Area, A,= z (.2)? = 0.03141 m? 


Dia. of large pipe, D, = 400 mm = 0.40 m 








z. Area, A= i (0.4)? = 0.12566 m? 
Pressure in smaller pipe, p, = 11.772 N/em? = 11.772 x 10* N/m? 
Now velocity, V= Se = 7.96 m/s 
A, .03141 
25 
Velocity, V,= Q = L 1.99 m/s 
7 A, 12566 


(i) Loss of head due to sudden enlargement, 
_(Y=V;)° _ (7.96 -1.99)° 
e 2g 2K 9.81 


(ii) Let the pressure intensity in large pipe = p». 
Then applying Bernoulli’s equation before and after the sudden enlargement, 


= 1.816 m. Ans. 


w z. V 
Pi ppg P +h 
2g 





pg 2g pg 
But Z4 =Z (Given horizontal pipe) 
Piy r ap My waag y 
pg 2g pg 2g Pg pg 2g 2g 


11.772x10' = 7.96? 1.997 
gedio p a e RIG 
1000x9.81 2x981 2x981 


12.0 + 3.229 — 0.2018 — 1.8160 

15.229 — 2.0178 = 13.21 m of water 

13.21 x pg = 13.21 x 1000 x 9.81 N/m? 

= 13.21 x 1000 x 9.81 x 1074 N/cm? = 12.96 N/cm°. Ans. 
(iii) Power lost due to sudden enlargement, 


Pule MESS. aa 
1000 1000 


Problem 11.11 A horizontal pipe of diameter 500 mm is suddenly contracted to a diameter 
of 250 mm. The pressure intensities in the large and smaller pipe is given as 13.734 N/cm? and 
11.772 N/cm? respectively. Find the loss of head due to contraction if C. = 0.62. Also determine the 
rate of flow of water. 

Solution. Given : 

Dia. of large pipe, D, = 500 mm = 0.5 m 


P2 


Area, A= (0.5)? = 0.1963 m2 
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Dia. of smaller pipe, D, = 250 mm = 0.25 m 


sı Area, A, 


i (.25)? = 0.04908 m? 


Pressure in large pipe, Pi 
Pressure in smaller pipe, pə» 
Ci 


13.734 N/cm? = 13.734 x 10* N/m? 
11.772 N/cm? = 11.772 x 10* N/m? 
0.62 


4 


2 2 2 2 2 
Head lost due to contraction = M a -10| = Y ii =10| =0.375 we 
26 |G. 2 


# 2g 10.62 
From continuity equation, we have A,V, = A,V, 

















E -2 
— D; XV., 2 2 
aV 20" D, .25 4 
or ee i Ee =— xvas (o) jeti 
A, Kp D, = 10.50 - 4 
1 
4 
Applying Bernoulli’s equation before and after contraction, 
PB yM 4, = P24. v +Z+h, 
pg 2g pgs 28 
But Z =Z (pipe is horizontal) 
y = Po 4 Mi +h. 
pg 2g pg 28 
But h. = 0.375 Va anit viz v 
2g 4 
Substituting these values in the above equation, we get 
‘ 4 Vv, /4 2 ; 4 r2 he 
13.734 x 10 sn > 14) _ 1772x110" V 9 375 ¥2 
9.81 x 1000 2g 1000 x9.81 2g 2g 
or 14.0 + a = 12.0 + 1.375 y 
16 x 2g 2g 
or 14- 12 = 1.375 Bod hesp a 
2g 16 2g 2g 


or 2.0 = 1.3125 x Va or V,= exa = 5.467 m/s. 
2g 1.3125 


(i) Loss of head due to contraction, /t. = 0.375 Ye = eee = 0.571 m. Ans. 
g x9. 


(ii) Rate of flow of water, Q = A,V, = 0.04908 x 5.467 = 0.2683 m*/s = 268.3 lit/s. Ans. 


Problem 11.12 /f in the problem 11.11, the rate of flow of water is 300 litres/s, other data 
remaining the same, find the value of co-efficient of contraction, C, 


im 
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Solution. Given : 

D, = 0.5 m, D, = 0.25 m, p, = 13.734 x 10* N/m’, 

p> = 11.772 x 10* N/m’, Q = 300 lit/s = 0.3 m*/s 
Also from Problem 11.11, V} = ko where V, = a. 1.528 m/s 

4 A m 2 
1 —(0.5) 
4 
V,=4xV, =4x 1.528 = 6.112 m/s 


From Bernoulli's equation, we have 


a 


PN ot 
Pg 2g pg 2g 


+h 


c 


13.734 x10" | (1.528) _ 11.772 x(10)* , (64 12)° 


981x1000 2x981 981x1000 2x981  “ 
or 14.0 + 0.119 = 12.0 + 1.904 + h, 
14.119 = 13.904 + h, 
h. = 14.119 — 13.904 = 0.215 








2g |C 


€ 


vfi F 
But from equation (11.6), h, = 2 [2-1 


Hence equating the two values of A., we get 


Ye zl = 0.215 








2g | C, 
j 2 
V= 6.112, ~. oh Li =O:215 
2x9.81 | C, 
o w - 0.215x2.0 x981 = 0.1129 
C; 6.112 x 6.112 
1.0 1.0 
or a ~ 1.0 = J0.1129 = 0.336 or € = 1.0 + 0.336 = 1.336 
1.0 
_= —— = 0.748. Ans. 
C= 1336 as 


Y Za =z] 


Problem 11.13 A 750 mm diameter pipe reduces in diameter abruptly to 100 mm diameter. If the 
pipe carries water at 30 litres per second, calculate the pressure loss across the contraction. Take the 


co-efficient of contraction as 0.6. 


iE 
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Solution. Given : 


Dia. of large pipe, D, = 150 mm = 0.15 m 
Area of large pipe, A\= : (.15)? = 0.01767 m? 


Dia. of smaller pipe, D, = 100 mm = 1.10 m 


Area of smaller pipe, A> 


a (10)? = 0.007854 m? 


Discharge, Q = 30 litres/s = .03 m*/s 
Co-efficient of contraction, C, = 0.6 


From continuity equation, we have A,V,;= A,V>= Q 








V= 2... 0.03 = 1.697 m/s 
A,  .01767 
and Ve Bs 2 = 3.82 m/s 
~ A, 007854 


Applying Bernoulli’s equation before and after contraction, 





Pig My a Peg og on (i) 
pg 28 pg 2g 
But Z =Z, 


and /., the head loss due to contraction is given by equation (11.6) as 


? 2 2 2 
42.22) 1 _i| oo lat] = 0.23 
2g | C. 2x9.81 0.6 


Substituting these values in equation (i), we get 








pi, 1697" _ pr , 3.82 


— = + 0.33 
pg 2x981 pg 2x98l 








or Pi 40,1467 = 22 + .7438 + .33 
pg pg 


Pi _ P2 _ 7438 + 33 — .1467 = 0.9271 m of water 

Pg pg 

(P; - P2) = pg X 0.9271 = 1000 x 9.81 x 0.9271 N/m? 
= 0.909 x 10* N/m? = 0.909 N/cm? 


Pressure loss across contraction 
= pı — pa = 9.909 N/cm. Ans. 
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Problem 11.14 Jn Fig. 11.3 below, when a sudden contraction is introduced in a horizontal pipe 
line from 50 cm to 25 cm, the pressure changes from 10,500 kg/m? (103005 N/m?) to 6900 kg/m? 
(67689 N/m”). Calculate the rate of flow. Assume co-efficient of contraction of jet to be 0.65. 

Following this if there is a sudden enlargement from 25 cm to 50 cm and if the pressure at the 
25 cm section is 6900 kg/m? (67689 N/m”) what is the pressure at the 50 cm enlarged section ? 


Solution. Given : 


Dia. of large pipe, D, = 50cm = 0.5 m 

Area, A= i (.5)? = 0.1963 m? 
Dia. of smaller pipe, D, = 25 cm = 0.25 m 

z. Area, A,= z (.25)? = 0.04908 m? 


Pressure in large pipe, p, = 10500 kg/m? or 103005 N/m? 
Pressure in smaller pipe, p, = 6900 kg/m? or 67689 N/m? 
Co-efficient of contraction,C, = 0.65 


O © 
© 


















-> =6900 kg/m? 
D,=50 cm a =25 A D,=50 cm 
p,=10500 3 p4=?? 
kg/m? 
D,=25 cm 
O p.=6900 kg/m? © 
Fig. 11.3 
Head lost due to contraction is given by equation (11.6), 
2 wd : y2 
h.= a 10| =— l- 1) =0.2899 — sath) 
2g \C, 2g \0.65 2g 
From continuity equation, we have 
T > 
qP xV 
AV; =4AV20r V= ah s 
4 
D, ï kAj A n 
=| —=]| xV =| — | xV =— „(ii 
(2 > (0.25 a 4 j 


Applying Bernoulli’s equation at sections 1-1 and 2-2, 


Pig MW py gM eak 
pg 28 pg 2g 
But Z, = Z, (as pipe is horizontal) 
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Pig sap Pig MO * 


pg 2g pg 28 


Substituting the values of p}, pə, A. and V}, we get 


€ 


3 


V,/4)° 2 2 
103005 _„ (V2/4) _ 67689 nga V2 
1000x981 2g 1000x981 2g 2g 








> 


> 


y 2 
2 

















or 10.5 + W 6.9 + 1.2899 
16x2g 2g 
or 10.5 — 6.9 = 1.2899 4 sg Ph 1.2274 es 
2g 16 2g 2g 
or 3.6 = 1.2274 x 2 
2g 


TAR [36x2 x981 = 7.586 m/s 
~ 1.2274 


(i) Rate of flow of water, Q = A,V, = 0.04908 x 7.586 
= 0.3723 m°*/s or 372.3 lit/s. Ans. 


(ii) Applying Bernoulli’s equation to sections 3-3 and 4-4, 


5 


v2 - 
Ps + ag 3 = ca a + Z4 + head loss due to sudden enlargement (/,) 
Ps § P. 


p, = 6900 kg/m?, or 67689 N/m? 
V, = V, = 7.586 m/s 


But 


And head loss due to sudden enlargement is given by equation (11.5) as 
(V;-V,) (7.586 - 1.8965)" 
ee Im Il m 
2g 2x9.81 


Substituting these values in Bernoulli’ s equation, we get 





67689 7.586° Ps 1.8965" 
N y JMi yona eS 
1000x9.81 2x981 1000x981 2x981 
or 6.9 + 2.033 = —-* —. + 0.183 + 1.65 
1000 x 9.81 
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— P4 = 6.9 + 2.933 — 0.183 — 1.65 = 9.833 — 1.833 = 8.00 
1000 x 9.81 


D4 = 8 x 1000 x 9.81 = 78480 N/m’. Ans. 


11.4.3 Loss of Head at the Entrance of a Pipe. This is the loss of energy which occurs 
when a liquid enters a pipe which is connected to a large tank or reservoir. This loss is similar to the 
loss of head due to sudden contraction. This loss depends on the form of entrance. For a sharp edge 


entrance, this loss is slightly more than a rounded or bell mouthed entrance. In practice the value of 


loss of head at the entrance (or inlet) of a pipe with sharp cornered entrance is taken = 0.5 Fz’ where 
V = velocity of liquid in pipe. 8 
This loss is denoted by h; 
y? 


h;= 0.5 — (11.8) 
2g 


11.4.4 Loss of Head at the Exit of Pipe. This is the loss of head (or energy) due to the 
velocity of liquid at outlet of the pipe which is dissipated either in the form of a free jet (if outlet of the 


pipe is free) or it is lost in the tank or reservoir (if the outlet of the pipe is connected to the tank or 


reservoir). This loss is equal to ae where V is the velocity of liquid at the outlet of pipe. This loss is 
& 


denoted h,. 


h = — (11.9) 


where V = velocity at outlet of pipe. 


11.4.5 Loss of Head Due to an Obstruction in a Pipe. Whenever there is an obstruction 
in a pipe, the loss of energy takes place due to reduction of the area of the cross-section of the pipe at 
the place where obstruction is present. There is a sudden enlargement of the area of flow beyond the 
obstruction due to which loss of head takes place as shown in Fig. 11.3 (a) 
Consider a pipe of area of cross-section A having an 
obstruction as shown in Fig. 11.3 (a). 
Let a = Maximum area of obstruction 
A = Area of pipe 
V= Velocity of liquid in pipe 
Then (A — a) = Area of flow of liquid at section 1-1. 
As the liquid flows and passes through section 
1-1, a vena-contracta is formed beyond section 1-1, 
after which the stream of liquid widens again and i i 
velocity of flow at section 2-2 becomes uniform and © © 
equal to velocity, V in the pipe. This situation is similar to Fig. 11.3 (a) An obstruction in a pipe. 
the flow of liquid through sudden enlargement. 





Let V, = Velocity of liquid at vena-contracta. 


Then loss of head due to obstruction = loss of head due to enlargement from vena-contracta to 
section 2-2. 
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2 
(V.-V) 
a -(i) 
2g 
From continuity, we have a.xV.=AxV (ii) 
where a, = area of cross-section at vena-contracta 


If C, = co-efficient of contraction 





Then C= area at vena - contracta __% 
(A - a) (A - a) 
“ a, = C, X (A - a) 
Substituting this value in (ii), we get 
C.x(A-a)xV.=AXV «o V= oar 
C: (A = a) 


Substituting this value of V, in equation (i), we get 


Head loss due to obstruction = 


2g 2g ~ 2g \C.(A-a) _ 

11.4.6 Loss of Head due to Bend in Pipe. When there is any bend in a pipe, the velocity of 
flow changes, due to which the separation of the flow from the boundary and also formation of eddies 
takes place. Thus the energy is lost. Loss of head in pipe due to bend is expressed as 


a ee : 1) (11.10) 


? 





h,= 
b 2g 


where h, = loss of head due to bend, V = velocity of flow, k = co-efficient of bend 


The value of k depends on 

(i) Angle of bend, (ii) Radius of curvature of bend, (iii) Diameter of pipe. 
11.4.7 Loss of Head in Various Pipe Fittings. The loss of head in the various pipe fittings 
such as valves, couplings etc., is expressed as 


kv? 
ss Ata 
2g ( ) 


where V = velocity of flow, k = co-efficient of pipe fitting. 





Problem 11.15 Water is flowing through a horizontal pipe of diameter 200 mm at a velocity of 
3 m/s. A circular solid plate of diameter 150 mm is placed in the pipe to obstruct the flow. Find the loss 
of head due to obstruction in the pipe if C, = 0.62. 


Solution. Given : 


Dia. of pipe, D = 200 mm = 0.20 m 

Velocity, V = 3.0 m/s 

Area of pipe, A= z D? = = (0.2)? = 0.03141 m? 
Dia. of obstruction, d= 150 mm = 0.15 m 

“. Area of obstruction, a= = (.15)? = 0.01767 m? 


|] 


C. = 0.62 


The head lost due to obstruction is given by equation (11.10) as 


ah e D 
2g C, (A-a) 


__ 3x3 03141 inal 
= 2x981 | 0.62 [03141 — 01767] 


~ 9 
2x981 
Problem 11.16 Determine the rate of flow of water through a pipe of diameter 20 cm and length 


50 m when one end of the pipe is connected to a tank and other end of the pipe is open to the 
atmosphere. The pipe is horizontal and the height of water in the tank is 4 m above the centre of the 





[3.687 — 1.0]? = 3.311 m. Ans. 


pipe. Consider all minor losses and take f = .009 in the formula h, = SS 
Solution. Dia. of pipe, d= 20 cm = 0.20 m 
Length of pipe, L=50m 
Height of water, H=4m 
Co-efficient of friction, f= .009 
Let the velocity of water in pipe = V m/s. 


Applying Bernoulli’s equation at the top of the water 
surface in the tank and at the outlet of pipe, we have 
[Taking point 1 on the top and point 2 at the outlet of 


pipe]. 





3 


A x V 
Fog hogy staral losses 
8 


pg 2g pg 


Considering datum line passing through the centre of pipe 





> 


0+0+40=0+ 2 +040 +h) 
28 


> 
á 


or 4.0 = T +h; + hy 
2g 
But the velocity in pipe = V, -V= V3 
4.0 = = +h; + hy -(7) 
g : 


> 


- 


From equation (11.8), h; = 0.5 5 and hy from equation (11.1) is given as 
g 


|] 


na Ar 
f dx2g 
Substituting these values, we have 


y? 2 2 
j= p Or & SLV 


2g 2g dx2g 
y? y? 
5 Z [io+os+422x3]_ E [1.0 + 0.5 + 9.0] 
2g 0.2 2g 
y? 
= 10.5x — 
2g 
we [fae = 2.734 misec 
10.5 
Rate of flow, Q=AxV= z x (0.2)? x 2.734 = 0.08589 m°/s 


= 85.89 litres/s. Ans. 


Problem 11.17 A horizontal pipe line 40 m long is connected to a water tank at one end and 
discharges freely into the atmosphere at the other end. For the first 25 m of its length from the tank, 
the pipe is 150 mm diameter and its diameter is suddenly enlarged to 300 mm. The height of water 
level in the tank is 8 m above the centre of the pipe. Considering all losses of head which occur, 
determine the rate of flow. Take f = .01 for both sections of the pipe. 


Solution. Given : 


Total length of pipe, L=40m 

Length of Ist pipe, L,=25m 

Dia. of Ist pipe, d, = 150 mm = 0.15 m 
Length of 2nd pipe, L,=40-25=15m 
Dia. of 2nd pipe, d, = 300 mm = 0.3 m 
Height of water, H=8m 


Co-efficient of friction, f=0.01 
Applying Bernoulli’s theorem to the free surface of water in the tank and outlet of pipe as shown in 
Fig. 11.5 and taking reference line passing through the centre of pipe. 


WATER SURFACE 





drois- ey cts ee 
pg 2g 


iE 


J| 


2 





or 80=04-24+h4 hy +h, + hy ..-(i) 
2g 1 2 
y? 
where h; = loss of head at entrance = 0.5 J 
8 
h, = head lost due to friction in pipe 1 = LAM 
S d, X2g 
(v-v) 
h, = loss head due to sudden enlargement = -u 
& 
h,, = Head lost due to friction in pipe 2 = SEP RENE 
` d, X2g 
But from continuity equation, we have 
AV; = AV3 
di X V, 2 2 
A e A = dı xv=(%) x V,=4V, 
A, d 


= dẹ? 
4 
Substituting the value of V, in different head losses, we have 


p = OSM _ 05x (4V, P ayi 


i E Ã— 




















2g 2g 2g 
4x 0.01 x 25x(4V,)° 
B, armam a 
‘h 0.15x2xg 
2 
_ 4.01 x25 x16 v? = 106.67 Vy 
0.15 2g 2g 
p- Mn (mvn ov 
© 28 2g 2g 
ig = 4X%01X15 Vn ing 
: 0.3 x 2g 0.3 2g 2g 
Substituting the values of these losses in equation (i), we get 
2 3 
Bo- VpS p 10667 4 NE pax V 
2 2g 2g 2g 


2 2 


v: v; 
=a + 8 + 106.67 +9 +2] = Le oy 


80x2xg _ 8.0x2x981 
),- = V/1.2391 = 1.113 m/s 
126.67 126.67 ms 


s Rate of flow, Q = A, x V, = = (0.3)? x 1.113 = 0.07867 m*/s = 78.67 litres/s. Ans. 
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Problem 11.18 Determine the difference in the elevations between the water surfaces in the two 

tanks which are connected by a horizontal pipe of diameter 300 mm and length 400 m. The rate of flow 

of water through the pipe is 300 litres/s. Consider all losses and take the value of f = .008. 
Solution. Given : 


Dia. of pipe, d= 300 mm = 0.30 m 

Length, L= 400 m 

Discharge, Q = 300 lit/s = 0.3 m/s 
Co-efficient of friction, f= 0.008 

Velocity, V= 2L = _ oe = 4.244 m/s 





Fig. 11.6 
Let H, = height of water in Ist tank above the centre of pipe 
H, = height of water in 2nd tank above the centre of pipe 
Then difference in elevations between water surfaces = H, — H, 
Applying Bernoulli’s equation to the free surface of water in the two tanks, we have 


H, = H, + losses 


=H, +h, + Hy, +h, ---(i) 
where h; = Loss of head at entrance = 0.5 r = DARSA = 0.459 m 
2g 2x981 


4x fxLXV? — 4x.008x 400 x 4.244 





h, = Loss of head due to friction = = 39.16 m 
3 dx2g 0.3 x2 x 9.81 
h,= Loss of head at outlet = Tal y 0.918 m 
2g 2x981 


Substituting these values in (i), we get 
H, = H, + 0.459 + 39.16 + 0.918 = H, + 40.537 
H, — H, = Difference in elevations 


= 40.537 m. Ans. 
Problem 11.19 The friction factor for turbulent flow through rough pipes can be determined by 


Karman-Prandtl equation, T = 2 logio (Ro/k) + 1.74 


where f = friction factor, Rọ = pipe radius, k = average roughness. 


im 


Two reservoirs with a surface level difference of 20 metres are to be connected by | metre diameter 
pipe 6 km long. What will be the discharge when a cast iron pipe of roughness k = 0.3 mm is used ? 
What will be the percentage increase in the discharge if the cast iron pipe is replaced by a steel pipe of 
roughness k = 0.1 mm ? Neglect all local losses. 


Solution. Given: 


Difference in levels, h=20m 
Dia. of pipe, d=1.0m <. Radius, Ry = 0.5 m = 500 mm 
Length of pipe, L = 6 km = 6 x 1000 = 6000 m 


Roughness of cast iron pipe, k = 0.3 mm 
Roughness of steel pipe, k=0.1 mm 
Ist Case. Cast Iron Pipe. First find the value of friction factor using 


L = 2 10g,9 (Ry/k) + 1.74 Ai) 


Vf 


= 2log,) (500/0.3) + 1.74 = 8.1837 


8.1837 


Local losses are to be neglected. This means only head loss due to friction is to be considered. Head 
loss due to friction is 


f=( l ) = 0.0149 


2 
20 = JXLXV 
dx2g 
[Here fis the friction factor and not co-efficient of friction 
' Friction factor = 4 x co-efficient of friction] 
20 = :0149 x 6000 x V7 6000 x V` = 4,556 V? 
1.0 x 2 x 9.81 
y= L, = 2.095 m/s 
4.556 


Discharge, Q, = V x Area = 2.095 x z x d? = 2.095 x z x 1? = 1.645 m/s 


2nd Case. Steel Pipe. k= 0.1 mm, Ry = 500 mm 
Substituting these values in equation (i), we get 


l 
F 


f= (sams) = 0.0119 


= 2 logy (S00/0.1) + 1.74 = 9.1379 


9.1379 


fxLxv™ ie 20 si -0119 x 6000 x V 


ï = 3.639 V? 
dx2g 1.0 x 2 x 9.81 


Head loss due to friction, 20 = 
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20 
V= 3.639 > 2.344 m/s 


+. Discharge, Q, = V x Area = 2.344 x z x 1?= 1.841 m?/s 


percentage increase in the discharge = Q-Q, x 100 = ee) 
Q, 1.645 

Problem 11.20 Design the diameter of a steel pipe to carry water having kinematic viscosity 

v= 10% m°/s with a mean velocity of 1 m/s. The head loss is to be limited to 5 m per 100 m length of 

pipe. Consider the equivalent sand roughness height of pipe k, = 45 x10™* cm. Assume that the Darcy 


Weisbach friction factor over the whole range of turbulent flow can be expressed as 


6\'3 
f = 0.0055 | 1+ 20x 10? 2420 
D R 


e 


x 100 = 11.91%. Ans. 


where D = Diameter of pipe and R, = Reynolds number. 
Solution. Given : 


Kinematic viscosity, v= 10° m’/s 
Mean velocity, V=1 m/s 
Head loss, h;=5 m in a length L = 100 m 
Value of k,=45 x 107 em = 45 x 10° m 
k, 10°) 
Value of f= 0.0055 | 1+ (2 x 107 T + <] i) 


4x fxLxV’ 
Dx2g 


_ h, x DX2g _ 5xDx2x98l 


Using Darcy Weisbach equation, h, = 











or = > = —— = 0.2452 D 
4xLxV 4x 100 x 1° 
Now the Reynolds number is given by, 
Rp PVP VAD (= v=£) 
Ht v P 
=X? - igtp 
10 
Substituting the values of f, R, and k, in equation (i), we get 
6 6 \1⁄3 
0.2452 D = 0.0055] 1+| 20x10? x 2x10, a 
D 10°D 
1/3 
a TE 1) 
0.0055 D D 


iE 
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1/3 1/3 
or 44.58 D=|1+ (2) or 44.58 D-1= (2) 
D D 
3 1.9 3 a's 
or (44.58 D- IY = D or D (44.58 D—- 1)" = 1.9 ...(ii) 


Equation (ii) is solved by hit and trial method. 
(i) Let D = 0.1 m, then L.H.S. of equation (ii) becomes as 
L.H.S. = 0.1 (44.58 x 0.1 — 1) = 0.1 x 3.458° = 4.135 
This is more than the R.H.S. 
(ii) Let D = 0.08 m, then L.H.S. of equation (ii) becomes as 
L.H.S. = 0.08 (44.58 x 0.08 — 1)° = 0.08 (2.5664)* = 1.352 
This is less than the R.H.S. 
Hence value of D lies between 0.1 and 0.08 
(iii) Let D = 0.085, then L.H.S. of equation (i7) becomes as 
L.H.S. = 0.085 (44.58 x 0.085 — 1)° = 1.844 
This value is slightly less than R.H.S. Hence increase the value of D slightly. 
Let D = 0.0854 m, then L.H.S. of equation (ii) becomes as 
L.H.S. = 0.0854 (44.58 x 0.0854 — 1)° = 1.889 
This value is nearly equal to R.H.S. 
<. Correct value of D = 0.0854 m. Ans. 
Problem 11.21 A pipe line AB of diameter 300 mm and of length 400 m carries water at the rate of 
50 litres/s. The flow takes place from A to B where point B is 30 metres above A. Find the pressure at 
A if the pressure at B is 19.62 N/cm*. Take f = .008. 
Solution. Given : 


x 


(iv 








Dia. of pipe, d = 300 mm = 0.30 m 
Length of pipe, L = 400 m 
Discharge, Q = 50 litres/s = 0.05 m*/s 
z. Velocity, V= ats 005 = i = (0.7074 m/s 
Area ā Tp Ry (3) 
4 4 
Pressure at B, Pp = 19.62 N/cm? = 19.62 x 10* N/m? 
f= -008 
Applying Bernoulli’ s equations at points A and B and taking datum line passing through A, we have 
2 2 
Pa Maye = PE Va + Zp + hy 
pg 2g pg 2g 
But Va = Vg [. Dia. is same] 
Z,4 = 0, Z,= 30 
axa jo 
dx2g 
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Pa 19.62 x 10° 4 x .008 x 400 x .7074° 
PA a a p p ‘ 
pg 1000 x 9.81 0.3x2x981 B 


20 + 30 + 1.088 = 51.088 
pa = 51.088 x 1000 x 9.81 N/m? 
_ 51.088 x 1000 x 9.81 
i 10* 
= 50.12 N/em’. Ans. \ 






m 
2800 






Fig. 11.7 


> 11.5 HYDRAULIC GRADIENT AND TOTAL ENERGY LINE 


The concept of hydraulic gradient line and total energy line is very useful in the study of flow of 
fluids through pipes. They are defined as : 


11.5.1 Hydraulic Gradient Line. It is defined as the line which gives the sum of pressure head 


(2) and datum head (z) of a flowing fluid in a pipe with respect to some reference line or it is the line 
w 

which is obtained by joining the top of all vertical ordinates, showing the pressure head (p/w) of a 
flowing fluid in a pipe from the centre of the pipe. It is briefly written as H.G.L. (Hydraulic Gradient 


Line). 
11.5.2 Total Energy Line. Itis defined as the line which gives the sum of pressure head, datum 
head and kinetic head of a flowing fluid in a pipe with respect to some reference line. It is also defined as 
the line which is obtained by joining the tops of all vertical ordinates showing the sum of pressure head 
and kinetic head from the centre of the pipe. It is briefly written as T.E.L. (Total Energy Line). 
Problem 11.22 For the problem 11.16, draw the Hydraulic Gradient Line (H.G.L.) and Total 
Energy Line (T.E.L.). 
Solution. Given : 
L = 50 m, d = 200 mm = 0.2 m 
H = 4 m, f = .009 
Velocity, V through pipe is calculated in problem 11.16 and its value is V = 2.734 m/s 


Now, h; = Head lost at entrance of pipe 
siji m SET im 
2g 2x9.81 





d=20 cm 
Fig. 11.8 


and h;= Head loss due to friction 
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_ 4x fxLxV* _4x0.009 x 50 x (2.734) 
~ dx2g 0.2x2x9.81 


(a) Total Energy Line (T.E.L.). Consider three points, A, B and C on the free surface of water in 
the tank, at the inlet of the pipe and at the outlet of the pipe respectively as shown in Fig. 11.8. Let us 
find total energy at these points, taking the centre of pipe as reference line. 


= 3.428 m. 


> 


1. Total energy at A = Ey pvenensaecan 
pg 2g 


2. Total energy at B = Total energy at A — h; = 4.0 — 0.19 = 3.81 m 
Bake tan in 
pg 2g 2g 2x 981 
Hence total energy line will coincide with free surface of water in the tank. At the inlet of the pipe, 
it will decrease by +; (= 0.19 m) from free surface and at outlet of pipe total energy is 0.38 m. Hence 
in Fig. 11.8, 
(i) Point D represents total energy at A 
(ii) Point E, where DE = h; represents total energy at inlet of the pipe 
(iii) Point F, where CF = 0.38 represents total energy at outlet of pipe. 
Join D to E and E to F. Then DEF represents the total energy line. 


(b) Hydraulic Gradient Line (H.G.L.). H.G.L. gives the sum of (p/w + z) with reference to the 


3. Total energy at C = = (2.38 m. 


datum-line. Hence hydraulic gradient line is obtained by subtracting a from total energy line. At 
g 


3 


outlet of the pipe, total energy = L By subtracting > from total energy at this point, we shall get 
& & 
point C, which lies on the centre line of pipe. From C, draw a line CG parallel to EF. Then CG 


represents the hydraulic gradient line. 


Problem 11.23 For the problem 11.17, draw the hydraulic gradient and total energy line. 


Solution. Refer to problem 11.17. 
Given: L, = 25 m, d, = 0.15 m 
>= 15m, d,=0.3 m, f= .01,H=8m 
The velocity V, as calculated in problem 11.17 is 
V,= 1.113 m/s 
V,=4V,=4 x 1.113 = 4.452 m/s 


The various head losses are /; = 0.5 X y = Sowa = 0.50 m 
2g 2 x9.81 


hi, = 4f xl xvi _ 4x .01 x 25 x (4.452) 2673 a 
d, X2g 0.15 x2 x 9.81 


(V, -= V)? _ (4.452 -1.11) 


h,= = 
E 2g 2x9.81 


= 0.568 m 
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_4xfxL XV; _ 4x 01x15 x (1113) 











hy, = 0.126 m 
: d, X2g 0.3 x2 x 9.81 
v2 l 3? 
t, = —= LaS = 0.063 m 
2g 2x981 
Also V,7/2g = Se ehia 
2x9.81 


Total Energy Line 
(i) Point A lies on free surface of water. 
(ii) Take AB = h; = 0.5 m. 
(iii) From B, draw a horizontal line. Take BL equal to the length of pipe, i.e., L}. From L draw a 
vertical line downward. 
(iv) Cut the line LC = hy, = 6.73 m. 
(v) Join the point B to C. From C, take a line CD vertically downward equal to h, = 0.568 m. 
(vi) From D, draw DM horizontal and from point F which is lying on the centre of the pipe, draw a 
vertical line in the upward direction, meeting at M. From M, take a distance ME = h, = 0.126. 


Join DE. 
Then line ABCDE represents the total energy line. 





Fig. 11.9 


Hydraulic Gradient Line (H.G.L.) 


(i) From B, take BG = £ = 1.0m. 
g 


(ii) Draw the line GH parallel to the line BC. 
(iii) From F, draw a line F/ parallel to the line ED. 
(iv) Join the point H and 7. 
Then the line GHIF represents the hydraulic gradient line (H.G.L.). 
Problem 11.24 For Problem 11.18, draw the hydraulic gradient and total energy line. 


Solution. Refer to Problem 11.18, 


Given: d= 300 mm = 0.3 m 
L = 400 m, Q = 300 litres/s = 0.3 m*/s 
f= .008 


iE 
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Let H, = 50 m. But H, — H, = 40.537 m (Calculated in Problem 11.18) 
; H, = 50 — 40.537 = 9.463 m. 








The calculated losses are : 


(i) h;= 0.459 m (ii) hy = 39.16 m 
(iii) h, =0.918 m 
(a) T.E.L. 


(i) Point A is on the free surface of water in Ist tank. From A, take AB = h; = 0.459 m. 
(ii) Draw a horizontal line BF. Take BF equal to the length of pipe. From F, draw a vertical line in 


the downward direction. Cut FC = hy = 39.16 m. 


(iii) Join BC. From C take CD = hy = 0.918 m. The point D should coincide with free surface of water 
in 2nd tank. Then line ABCD is the total energy line. 





Fig. 11.10 
(b) H.G.L. From D, draw a line DE parallel to line BC. Then DE is the H.G.L. 
Or 


3 


V 
From B, take BE = Ta = 0.918 m and from E draw a line ED parallel to BC. The point D should 
§ 


coincide with free surface of water in the 2nd tank. Then line ED represents the H.G.L. 

Problem 11.25 The rate of flow of water pumped into a pipe ABC, which is 200 m long, is 20 litres/s. The 
pipe is laid on an upward slope of I in 40. The length of the portion AB is 100 m and its diameter 
is 100 mm, while the length of the portion BC is also 100 m but its diameter is 200 mm. The change of 
diameter at B is sudden. The flow is taking place from A to C, where the pressure at A is 19.62 N/cm? 
and end C is connected to a tank. Find the pressure at C and draw the hydraulic gradient and total 
energy line. Take f = .008. 

Solution. Given : 


Length of pipe, ABC = 200m 

Discharge, Q = 20 litres/s = 0.02 m*/s 

. i à . 1 

Slope of pipe, i=1lin40= T 

Length of pipe, AB = 100 m, Dia. of pipe AB = 100 mm = 0.1 m 
Length of pipe, BC = 100 m, Dia. of pipe BC = 200 mm = 0.2 m 
Pressure at A, Pa = 19.62 N/em? = 19.62 x 10* N/m? 


Co-efficient of friction, f = .008 
Discharge _ 0.02 
Area of AB Eoy 





Velocity of water in pipe AB, V, = = 2.54 m/s 


dl |] 
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Velocity of water in pipe BC, V, = S u ty 0.63 m/s 
Areaof BC T ( 2)? 
4 
Applying Bernoulli’ s equation to points A and C, 
2 v? 
Pa Va 4 z= e4 & + z, + total loss from A to C si) 
pg 2g pg 2g 
Total loss from A to C = Loss due to friction in pipe AB + loss of head due to enlargement at B + 
loss of head due to friction in pipe BC. ---(ii) 


Now loss of head due to friction in pipe AB, 
p, = 4fLV? _ 4x008 x 100 x (2.54)? 
ñ  dx2g 0.1x2x9.81 


Loss of head due to friction in pipe BC, 


h 0.2 x2 x9.81 


Loss of head due to enlargement at B, 


= 10.52 m 





= 0.323 m 


„0 V3)? _ (2.54-.63)° 
© 2g — 2x981 


Total loss from A to C = hy +h, + hy = 10.52 + .186 + .323 = 11.029 = 11.03 m 


= 0.186 m 


Substituting this value in (i), we get 


2 y? 
Pap Mins, Fey Me bey 11.03 (iii) 
pg 2g Ps 2g 
Taking datum line passing through A, we have 
Za = 0 


1 1 
z. = — X total length of pipe = — x 200 =5m 
c= J0 eng pipe 40 


Also pa = 19.62 x 10* N/m? 
V, = V, = 2.54 m/s, V, = V, = 0.63 m/s 
Substituting these values in (iii), we get 


19.62 x (10)* š (2.54)? 25 a Bes, (0.637 


1000 x9.81 2x981 pe 2x981 





+ 5.0 + 11.03 
20 + 0.328 = 2 + 0.02 + 5.0 + 11.03 
pg 


20.328 = Pe + 16.05 
pg 
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Pe Z 20.328 — 16.05 = 4.278 m 


pg 
or p. = 4.278 x 1000 x 9.81 N/m? 
= sahe N/cm? = 4.196 N/cm?. Ans. 
Hydraulic Gradient and Total Energy Line 


D 





Fig. 11.11 


Pipe AB. Assuming the datum line passing through A, then total energy at A 





2 4 2 
Pa, Va, , _1962x10* | (2.54) 


= L= + 0 = 20 + 0.328 
pe 2g 1000 x 9.81 2x981 
= 20.328 m 
Total energy at B = Total energy at A — hy = 20.328 — 10.52 = 9.808 m 


Also V22g = Oe 0.02 
2981 


Total Energy Line. Draw a horizontal line AX as shown in Fig. 11.11. The centre-line of the pipe is 
drawn in such a way that slope of pipe is | in 40. Thus the point C will be at a height of 


D x 200 = 5 m from the line AX. Now draw a vertical line AD equal to total energy at A, i.e., AD 


= 20.328 m. From point D, draw a horizontal line and from point B, a vertical line, meeting at Q. From 
Q, take vertical distance QE = h, = 10.52 m. Join DE. From E, take EF = h, = 0.186 m. From F, 
draw a horizontal line and from C, a vertical line meeting at R. From R take RG = h h= 0.323 m. Join 
F to G. Then DEFG represents the total energy line. 

Hydraulic Gradient Line. Draw the line LM parallel to the line DE at a distance in the downward 


2 


V, 
direction equal to 0.328 m. Also draw the line PN parallel to the line GF at a distance of z = 0.02. 
8 





Join point M to N. Then line LMNP represents the hydraulic gradient line. 


Problem 11.26 A pipe line, 300 mm in diameter and 3200 m long is used to pump up 50 kg per 
second of an oil whose density is 950 kg/m? and whose kinematic viscosity is 2.1 stokes. The centre of 
the pipe line at the upper end is 40 m above than that at the lower end. The discharge at the upper end 
is atmospheric. Find the pressure at the lower end and draw the hydraulic gradient and the total 
energy line. 


|] 
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Solution. Given : 


Dia. of pipe, d= 300 mm = 0.3 m 
Length of pipe, L = 3200 m 
Mass, M = 50 kg/s= p. Q 
Discharge, ae n 
p 950 
Density, p = 950 kg/m? 


Kinematic viscosity, V = 2.1 stokes = 2.1 cm?/s 
= 2.1 x 10“ m?/s 


Height of upper end =40 m 
Pressure at upper end = atmospheric = 0 
Reynolds number, R, = FEL where V = Disdetey Se = 0.744 m/s 
v Area T (0.3)? 
4 
744 x 0.3 
= EE 10828 
2.1 x 10 
.. Co-efficient of friction, f= 2 = -n = 0.015 
R, 10628 
Head lost due to friction, h= ZSI EX V 
dx2g 
we 4x 0.015 x 3200 x (0.744) = 18.05 m of oll 
0.3x2x981 


Applying the Bernoulli's equation at the lower and upper end of the pipe and taking datum line 
passing through the lower end, we have 


Bi gM gg a ah, 
pg 2g pg 28 


But z, = 0, z, = 40 m, V, = V, as diameter is same 
Pp, = 0, hy= 18.05 m 
.. Substituting these values, we have 


Pi — 40 + 18.05 = 58.05 m of oil 
pg 


P, = 58.05 x pg = 58.05 x 950 x 9.81 [- p for oil = 950] 


= 540997 N/m? = — N/cm? = 54.099 N/em?. Ans. 





H.G.L. and T.E.L. 


v? _ (744) 
2g 2x98 





= 0.0282 m 


| 
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Pi -58.05 m of oil 
pg 

P2 - 0 

pg 


Draw a horizontal line AX as shown in Fig. 11.12. From 
A, draw the centre line of the pipe in such a way that point C 
is a distance of 40 m above the horizontal line. Draw a verti- 
cal line AB through A such that AB = 58.05 m. Join B with 
C. Then BC is the hydraulic gradient line. Fig. 11.12 

Draw a line DE parallel to BC at a height of 0.0282 m above the hydraulic gradient line. Then DE is 
the total energy line. 





> 11.6 FLOW THROUGH SYPHON 


Syphon is a long bent pipe which is used to transfer liquid from a reservoir at a higher elevation to 
another reservoir at a lower level when the two reservoirs are separated by a hill or high level ground 


as shown in Fig. 11.13. 
SYPHON 





Fig. 11.13 

The point C which is at the highest of the syphon is called the summit. As the point C is above the free 
surface of the water in the tank A, the pressure at C will be less than atmospheric pressure. Theoretically, 
the pressure at C may be reduced to — 10.3 m of water but in actual practice this pressure is only — 7.6 m 
of water or 10.3 — 7.6 = 2.7 m of water absolute. If the pressure at C becomes less than 2.7 m of water 
absolute, the dissolved air and other gases would come out from water and collect at the summit. The 
flow of water will be obstructed. Syphon is used in the following cases : 

1. To carry water from one reservoir to another reservoir separated by a hill or ridge. 

2. To take out the liquid from a tank which is not having any outlet. 

3. To empty a channel not provided with any outlet sluice. 


Problem 11.27 A syphon of diameter 200 mm connects two reservoirs having a difference in eleva- 
tion of 20 m. The length of the syphon is 500 m and the summit is 3.0 m above the water level in the 
upper reservoir. The length of the pipe from upper reservoir to the summit is 100 m. Determine the 
discharge through the syphon and also pressure at the summit. Neglect minor losses. The co-efficient 
of friction, f = .005. 


Solution. Given : 


Dia. of syphon, d= 200 mm = 0.20 m 
Difference in level of two reservoirs, H=20m 
Length of syphon, L= 500 m 


|] 
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Height of summit from upper reservoir, h= 3.0 m 
Length of syphon upto summit, L,= 100m 
Co-efficient of friction, f= .005 





Fig. 11.14 
If minor losses are neglected then the loss of head takes place only due to friction. 
Applying Bernoulli’s equation to points A and B, 


Pay Va ye, = Pe „Ve + Zg + Loss of head due to friction from A to B 
pg 2g pg 2 


0+0+2,=0+0+ 2+ hy’ pa = py = atmospheric pressure, V} = Vg = 0] 





or 
4xfxLxv* 
Grga O 
AE S dx2g 
But 24 —Zp=20m 
20 = 4 x .005 x 500 x V = 2.548 V 
0.20 x2 x 9.81 
V= ie = 2.80 m/s 
2.548 
<. Discharge, Q = Velocity x Area 
= 2.80 x $ (.2)? = 0.0879 m°/s = 87.9 litres/s. Ans. 
Pressure at Summit. Applying Bernoulli's equation to points A and C, 
Pie Maas oleae 45-4 iar ie o dn Dew A EC 
pe 28g Ps 2g 
pe ye ' ; ; 
or 0+0+0=—+ a +3.0+ hy [Taking datum line passing through A] 
§ 
; 8 4x. 100 x (2.8) 
E r 2.8 eiie A E a V = 2.80] 
pg 2x981 0.2 x2 x9.81 
= Pe 4 9.309 + 3.0+ 4.00 = Pe + 7.399 
Ps Ps 
Pe ou 7.399 m of water. Ans. 
ps 


|] 


Problem 11.28 A syphon of diameter 200 mm connects two reservoirs having a difference in 
elevation of 15 m. The total length of the syphon is 600 m and the summit is 4 m above the water level 
in the upper reservoir. If the separation takes place at 2.8 m of water absolute, find the maximum length 
of syphon from upper reservoir to the summit. Take f = .004 and atmospheric pressure = 10.3 m 


of water. 
Solution. Given : 
Dia. of syphon, d= 200 mm = 0.2 m 
Difference of level in two reservoirs =15m 
Total length of pipe = 600 m 
Height of summit from upper reservoir =4m 
Pressure head at summit, Pez 2.8 m of water absolute 
PS 
Atmospheric pressure head, Pe = 10.3 m of water absolute 
Ps 
Co-efficient of friction, f = .004 
C 
+ 
4m 
i eit es 
` 45m 
B 
Fig. 11.15 (a) 
Applying Bernoulli’s equation to points A and C and taking the datum line passing through, A, 


Lay Ma +Z, = Pes ve + z, + Loss of head due to friction between A and C 
pg 2g pg 2g 


Substituting the values of pressures in terms of absolute, we have 


> 


y- 
10.3+0+0=2.8 + Sa +4.0+ hy [. V..= velocity in pipe = V] 
£ 
y? v? 
h, = 10.3 -2.8-4.0 - — = 3.5 - — (i) 
2g 2g 


Applying Bernoulli’ s equation to points A and B and taking datum line passing through B, 


Pa Ma ye = Poy Vo + Zp + Loss of head due to friction from A to B 
pg 2g pg 2g 
But Pa Pe- atmospheric pressure 

PE PE 


V= 0, Vg= 0, z4 = 15, z,=0 
0+0+ I5=0+0+0+h, 
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4x fxLxV? _ 
dx2g 


or 4x .004 x 600 x V~ =1SorV= 15x0.2x2x981 5 47 mis 
0.2 x2 x9.81 4 x .004 x 600 


Substituting this value of V in equation (i), we get 


hy = 15 or 15 





hy, =3.5 - om = 3.5 - 0.311 = 3.189 m „AiD 
é 2x9.81 
But h,= axfxL xV (iii) 
2 dx2g 


where L; = inlet leg of syphon or length of syphon from upper reservoir to the summit. 


_ 4x 004x L, X (2.47) 


hy = = 0.0248 x L, 
i 0.2x2x981 
Substituting this value in equation (ii), 
0.0248 L, = 3.189 
L,= ae = 128.58 m. Ans. 
0248 


Problem 11.29 A syphon of diameter 200 mm connects two reservoirs whose water surface level 
differ by 40 m. The total length of the pipe is 8000 m. The pipe crosses a ridge. The summit of ridge is 
8 m above the level of water in the upper reservoir. Determine the minimum depth of the pipe below the 
summit of the ridge, if the absolute pressure head at the summit of syphon is not to fall below 3.0 m of 
water. Take f = 0.006 and atmospheric pressure head = 10.3 m of water. The length of syphon from the 
upper reservoir to the summit is 500 m. Find the discharge also. 


Solution. Given: 


Dia. of syphon, d= 200 mm = 0.20 m 
Difference in levels of two reservoirs, H = 40 m 
Total length of pipe, L = 8000 m 


Height of ridge summit from water level in upper reservoir = 8 m 
Let the depth of the pipe below the summit of ridge = x m 
Height of syphon from water surface in the upper reservoir = (8 — x) m 


PE a 3.0 m of water absolute 


Ps 


Pressure head at C, 


Atmospheric pressure head, Pa = 10.3 m of water 
Ps 


Co-efficient of friction f= .006 
Length of syphon from upper reservoir to the summit, L; = 500 m 


iE 


| 





Fig. 11.15 (b) 
Applying Bernoulli’s equation to points A and B and taking datum line passing through B, we have 


> 


Pn Ma yy = Pag Oh + zg + head loss due to friction A to B 
g 


pg 2g pg 
or (+t ee 
dx2g 
40 = 4%0.006 x 8000 x V* 
7 0.2x2x98I 


ya 40 x0.2 x2 x9.81 = 0.904 mis 
4 x .006 x 8000 


Now applying Bernoulli’s equation to points A and C and assuming datum line passing through A, 
we have 


2 y? 
Pa pice ae 


A +z, + head loss due to friction from A to C 
pg 2g pg 


Substituting Pa and P¢ in terms of absolute pressure 
PS Ps 


v? 2 
wsitata — 4G pe A E 
2g dx2g 


i {031m 39 OOD pei. y S006 %500x (0904) 


2x981 0.2 x2 x9.81 


= 3.0 + 0.041 + (8 — x) + 2.499 = 13.54 — x 
x= 13.54 — 10.3 = 3.24 m. Ans. 


Discharge, Q = Area X Velocity = ; x (.2)? x 0.904 = 0.0283 m/s. Ans. 


> 11.7 FLOW THROUGH PIPES IN SERIES OR FLOW THROUGH COMPOUND PIPES 


Pipes in series or compound pipes are defined as the pipes of different lengths and different diam- 
eters connected end to end (in series) to form a pipe line as shown in Fig. 11.16. 


|] 


Flow Through Pipes 503 


Let, Li L» L, = length of pipes 1, 2 and 3 respectively 
d,, dy, d, = diameter of pipes 1, 2, 3 respectively 
Vp Və V= velocity of flow through pipes 1, 2, 3 
fi f> f} = co-efficient of frictions for pipes 1, 2, 3 
H = difference of water level in the two tanks. 





Fig. 11.16 


ie discharge passing through each pipe is same. 
Q = AV; = AV; = AV, 
The difference in liquid surface levela is egual to the sum of the total head loss in the pipes. 


0.5 V? ¥ 4f,L,V; 4 0.5 V 5 4f,L,Vz 
2g d, X2g 2g d, X2g 


H= 


V,-V;)  4f,L,V2 vè 
pMn 2-4) pN +— (11.12) 
2g d,x2g 2g 


If minor losses are neglected, then above equation becomes as 


= ALM! , AfilaVe , Ahal Vy sdt EID 
d,x2g d,Xx2g d,X2g 
If the co-efficient of friction is same for all pipes 
Eë, fi =h = fz = f, then equation (11.13) becomes as 
APL," , 4flaVr , 4flaVy 
d,x2g d,x2g d,x2g 


- 2 [att HE Bt] „(11.14 
2g 


H= 


d d, d; 


Problem 11.30 The difference in water surface levels in two tanks, which are connected by three 
pipes in series of lengths 300 m, 170 m and 210 m and of diameters 300 mm, 200 mm and 400 mm 
respectively, is 12 m. Determine the rate of flow of water if co-efficient of friction are .005, .0052 and 
.0048 respectively, considering : (i) minor losses also (ii) neglecting minor losses. 

Solution. Given : 

Difference of water level, H= 12m 

Length of pipe 1, L, = 300 m and dia., d, = 300 mm= 0.3 m 

Length of pipe 2, L,= 170 m and dia., d, = 200 mm = 0.2 m 


|] 


mi 


Length of pipe 3, L, = 210 m and dia., d} = 400 mm = 0.4 m 

Also, fı = -005, f} = .0052 and f3 = .0048 

(i) Considering Minor Losses. Let V,, V, and V, are the velocities in the Ist, 2nd and 3rd pipe 
respectively. 

From continuity, we have A,V, = A,V, = AV, 








ri 
—d; 2 2 
ew =t-y, aL -(=) x V, = 2.25 V, 

A, Ta d; 2 

ge 

A z ay 

and V3 = Am. = i Vi = ($) Vi = 0.5625 Vi 
“1 A d; 0.4 


Now using equation (11.12), we have 


y- LSV  AALV 05V Ahl Vg (Vaz) ARL? Ve 
2g d, X2g 22 d, X2g 2g d,x2g 2g 


OSV | 4x.005x300xV | 0.5 x (2.257) 


Substituting V, and V, 12.0 = - 
p 2g 0.3 x 2g 2g 


(2.25 V,) (2.25 V, -= .562 V,)?  4x.0048 x 210 x (.5625 V,)?  (.5625V,)° 
+ 4 x 0.0052 x 170 x 1a + uai e ooo —+—_— 





0.2 x 2g 2g 0.4 x 2g 2g 
or 12.0 = [0.5 + 20.0 + 2.53 + 89.505 + 2.847 + 3.189 + 0.316] 
aa [118.887] 
2g 


a i2x2x9381 a 
118.887 ` 


Rate of flow, Q = Area x Velocity = A, x V, 
= s (d? x V= (.3)? x 1.407 = 0.09945 m°/s 
= 99.45 litres/s. Ans. 
(ii) Neglecting Minor Losses. Using equation (11.13), we have 


y- ALV? 4h Vi Ahl Wy 
d,x2g  d,x2g  d,x2g 


or 12. = M_| 4-005 x 300 , 4x 0052 x 170 x(2.25)? | 4 x.0048 x 210 x (.5625) | 


2g 03 0.2 04 


| 


Il 


ah [20.0 + 89.505 + 3.189] = s. x 112.694 
2g 2g 


V,= 2x 9.81 x 12.0 a tiia 
y 112.694 


Discharge, Q = V, x A, = 1.445 x T (3) = 0.1021 m*/s = 102.1 litres/s. Ans. 


Problem 11.30 (A). Three pipes of 400 mm, 200 mm and 300 mm diameters have lengths of 400 m, 
200 m, and 300 m respectively. They are connected in series to make a compound pipe. The ends of 
this compound pipe are connected with two tanks whose difference of water levels is 16 m. If 
co-efficient of friction for these pipes is same and equal to 0.005, determine the discharge through the 
compound pipe neglecting first the minor losses and then including them. 


Solution. Given : 

Difference of water levels, H = 16m 

Length and dia. of pipe 1, L, =400 mand d, = 400 mm = 0.4 m 

Length and dia. of pipe 2, L, = 200 m and d,= 200 mm = 0.2 m 

Length and dia. of pipe 3, L, = 300 m and d, = 300 mm = 0.3 m 

Also fi =h =f = 0.005 

(i) Discharge through the compound pipe first neglecting minor losses. 
Let V,, V; and V; are the velocities in the Ist, 2nd and 3rd pipe respectively. 
From continuity, we have A,V, = A,V> = A3V; 














dy 2 2 
nsina xvn% v= (95) Vi =4V, 
A Te a 02 
4% 
ad 
Bp , 
and paii gs x=% v (24) V, = 1.77V, 
A, K d; 0.2 


Now using equation (11.13), we have 


ya Sl ,4hlVi ,4hLWy 
d,x2g d,x2g d,x2g 


_ 40.005 x 400 x V; „ 4% 0.005 x 200 x (4%, J" 4 x 0.005 x 300 








or 16= IIT YY 
0.4x2x981 0.2 x2 x 9.81 03x2x981 
_ Wy (A205 400 Se 0.005 x 200 N64 A 0.005 5300 3157) 
2x981 0.4 0.2 03 
6=—“_ (20+ 320 +63.14) = —“— «403.14 
2x981 2x981 


prz 16x2 x981 0.882 m/s 
= 403.14 


im 


mi 


Discharge, Q=A,xV,= i (0.4)? x 0.882 = 0.1108 m/s. Ans. 
(ii) Discharge through the compound pipe considering minor losses also. 
Minor losses are: 
_ 05V, 

2g 
(b) Between Ist pipe and 2nd pipe, due to contraction, 


(a) At inlet, h; 


I 





t (C V=4V 
2g 2g £ v 
_ 05x16 x Vi" gM. 
2g 2g 
(c) Between 2nd pipe and 3rd pipe, due to sudden enlargement, 
V,-V,) (4V -177V,} 
pai T. Rm (ts V3 = 1.77 V;) 
2g 2g x 
= (2.23)? Ve = 4.973 L 
28 2g 
2 (L77V,)° , v? 2 
(d) At the outlet of 3rd pipe, A, = Vy - ETT. = 1.77" x a = 3.1329 M 
2g 2g 2g 28 
2 . 2 4f xL XV? 
The major losses are s AL K - RXR RY + RLR 
d, X2g d, X2g d, X2g 
4 x 0.005 x 400 x V? 3 4 x 0.005 x 200 x (4V,)” å 4 x 0.005 x 300 x (1.77V, }° 
0.4 x2 x9.81 0.2 x2 x 9.81 0.3 x2 x9.81 
= 403.14x Mi 
2x 9.81 


<. Sum of minor losses and major losses 





05V gx M4 4973M 4313204 | 4 403.14 Y 


> 


419.746 Y 
2g 


But total loss must be equal to H (or 16 m) 


419.746 x a =16 ~. V= [Ema = 0.864 m/s 
2g 419.746 


.. Discharge, Q=A,V, = E (0.4)? x 0.864 = 0.1085 m*/s. Ans. 
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> 11.8 EQUIVALENT PIPE 


This is defined as the pipe of uniform diameter having loss of head and discharge equal to the loss 
of head and discharge of a compound pipe consisting of several pipes of different lengths and diam- 
eters. The uniform diameter of the equivalent pipe is called equivalent size of the pipe. The length of 
equivalent pipe is equal to sum of lengths of the compound pipe consisting of different pipes. 

Let L= length of pipe | and d, = diameter of pipe 1 

L, = length of pipe 2 and d,= diameter of pipe 2 
L, = length of pipe 3 and d, = diameter of pipe 3 
H = total head loss 
L = length of equivalent pipe 
d = diameter of the equivalent pipe 
Then L= L + L, + L, 
Total head loss in the compound pipe, neglecting minor losses 


y- ALV? ,4hlVi 4h LW 


.-(11.14A) 
d,x2g d,x2g  d,x2g 








Assuming f=h=h=f 
D. F- Tw 52 
Discharge, Q=A,V, =A,V,=A,V3= ~ 42V, =~ dV, =~ d,V, 
=F 4 qo g 
¥, = 52 y= 22 na v,= 48 
ndi ` ndi ` nd; 


Substituting these values in equation (11.14A), we have 


40) 490) 40 \ 
a] nlf on 














H i nd; nd; 
d, X2g d, X2g d, X2g 
= 25160" | tay (T1153) 
m°x2g | dj d 4d; 
4f.L.V° i 
Head loss in the equivalent pipe, H = ETP [Taking same value of f as in compound pipe] 
8 
where V = 2-2-4 
A Rp 
4 
40)’ 
4f. L.(*2) , 
pa Mi a KORI l=] (11.16) 
dx2g m™ x2¢ Ld 


Head loss in compound pipe and in equivalent pipe is same hence equating equations (11.15) and 
(11.16), we have 
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4x 16/0" igh] 4 x 160° ee 








n° x 2g d} d3 T?’ x2g 
L & AL L b: -L 
or i Se gp ee +— ZALLE 
d d di @a dî dř 2 z , 


Equation (11.17) is known as Dupuit’s equation. In this equation L = L, + L, + L, and d}, d, and d, 
are known. Hence the equivalent size of the pipe, i.e., value of d can be obtained. 
Problem 11.31 Three pipes of lengths 800 m, 500 m and 400 m and of diameters 500 mm, 400 mm 
and 300 mm respectively are connected in series. These pipes are to be replaced by a single pipe of 
length 1700 m. Find the diameter of the single pipe. 

Solution. Given : 





Length of pipe 1, L, = 800 m and dia., d, = 500 mm = 0.5 m 
Length of pipe 2, L, = 500 m and dia., d, = 400 mm = 0.4 m 
Length of pipe 3, L, = 400 m and dia., d} = 300 mm = 0.3 m 
Length of single pipe, L= 1700 m 
Let the diameter of equivalent single pipe = d 
; i L G- ba b 
Applying equation (11.17), — = —+—2+—< 
5 
or m = w; m; m = 25600 + 48828.125 + 164609 = 239037 
d So A 03 
s__1700 _ 007118 
239037 


d = (.007188)°? = 0.3718 = 371.8 mm. Ans. 


> 11.9 FLOW THROUGH PARALLEL PIPES 


Consider a main pipe which divides into two or more branches as shown in Fig. 11.17 and again join 
together downstream to form a single pipe, then the branch pipes are said to be connected in parallel. 


The discharge through the main is increased by connecting pipes in parallel. 


BRANCH PIPE 2 
Ly dy Vz 












by ie 
BRANCH PIPE 1 
Fig. 11.17 


The rate of flow in the main pipe is equal to the sum of rate of flow through branch pipes. Hence 
from Fig. 11.17, we have 


=0,+Q) (11.18) 
In this, arrangement, the loss of head for each branch pipe is same. 
.. Loss of head for branch pipe | = Loss of head for branch pipe 2 
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4f,LV,; _ 4f,L,V; 
d, X2g d, X2g 


or (11.19) 


N 


Li v? ai LV; 


d, X2g d, X2g 
Problem 11.32 A main pipe divides into two parallel pipes which again forms one pipe as shown in 
Fig. 11.17. The length and diameter for the first parallel pipe are 2000 m and 1.0 m respectively, while 
the length and diameter of 2nd parallel pipe are 2000 m and 0.8 m. Find the rate of flow in each 
parallel pipe, if total flow in the main is 3.0 m/s. The co-efficient of friction for each parallel pipe is 
same and equal to .005. 

Solution. Given : 


If fi = f» then 





.-.(11.20) 


Length of pipe 1, L, = 2000 m 
Dia. of pipe 1, d,=1.0m 
Length of pipe 2, L, = 2000 m 
Dia. of pipe 2, d, = 0.8 m 
Total flow, Q=3.0 m/s 
fi =h=f= .005 
Let Q, = discharge in pipe | 
Q, = discharge in pipe 2 
From equation (11.18), Q=Q,+ Q,=3.0 ay 


Using equation (11.19), we have 


Af LVE _ 4f L, V? 


d,x2g d,X2g 
4x .005 x 2000 x V, _ 4.005 x 2000 x V7 

















10x2x981 08x2x981 
A 2 6 v? 
or a 1 = 2 
10 0.8 0.8 
Vo V 
V a- il „(ii 
'— J08 894 ) 
T 2 T ? V V, 
No =— df xV, = — (1) x — <V = — 
= Cg ame 2 OY Maa | ! wal 
T T T 
and On = 7 dy X V2= 2 (8) Vg 6x V 
Substituting the value of Q, and Q, in equation (i), we get 
TV2 4T x64 V,=3.0 or 0.8785 V, + 0.5026 V, = 3.0 
4 0894 4 a 
3.0 
or V3[.8785 + .5026] = 3.0 or V= ——— =2.17 mis. 
~ 1.3811 


iE 


Substituting this value in equation (ii), 


Vi Mh gg OU cog gor tits 
894 0.894 





Hence Q= i d? x V= i x 1? x 2.427 = 1.906 m?/s. Ans. 


ieie Q, = 3.0 — 1.906 = 1.094 m*/s. Ans. 
Problem 11.33 A pipe line of 0.6 m diameter is 1.5 km long. To increase the discharge, another line 
of the same diameter is introduced parallel to the first in the second half of the length. Neglecting 
minor losses, find the increase in discharge if 4f = 0.04. The head at inlet is 300 mm. 


Solution. Given: 


Dia. of pipe line, D=0.6m 
Length of pipe line, L=1.5 km = 1.5 x 1000 = 1500 m 
4f = 0.04 or f= .01 
Head at inlet, h = 300 mm = 0.3 m 
Head at outlet, = atmospheric head = 0 
*. Head loss, h,= 0.3 m 
1500 


Length of another parallel pipe, L, = = = 750m 


Dia. of another parallel pipe, d,; = 0.6 m 
Fig. 11.18 shows the arrangement of pipe system. 





L,=750m,d,=0.6m 


Fig. 11.18 
Ist Case. Discharge for a single pipe of length 1500 m and dia. = 0.6 m. 


4fLV? 
dx2g 





This head lost due to friction in single pipe is A; = 


whereV* = velocity of flow for single pipe 


4x.01 1500 x V2 


% vam 0.6 x2g 
y= _ [U3X06X2X9BE 02426 mig 
4x .01 x 1500 
Discharge, Q* = V* x Area = 0.2426 x T (6)? = 0.0685 mĉ?/s (Ù 


2nd Case. When an additional pipe of length 750 m and diameter 0.6 m is connected in parallel with 
the last half length of the pipe. 
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Let Q, = discharge in Ist parallel pipe 
Q, = discharge in 2nd parallel pipe 
Q=0,+Q, 


where Q = discharge in main pipe when pipes are parallel. 
But as the length and diameters of each parallel pipe is same 


Consider the flow through pipe ABC or ABD 
Head loss through ABC = Head lost through AB + head lost through BC (EL) 


But head lost due to friction through ABC = 0.3 m given 
4x f x750 xV? 
0.6x2 x981 
Q Q 40 


~ Area T i06)? 1X36 
4 


Head loss due to friction through AB = . Where V = velocity of flow through AB 











Head loss due to friction through AB 


= 4x.01x750 4 = 31.87 Q? 
06xX2x981 \1x.36 
Head loss due to friction through BC 
_ 4x fxhxv 
d, X2g 
_ 4x 01x 750 Q „. V, = Distance _ 
~ N6RPKORD |an Rrasa I AST ge 2 
SENTEM eee) T6? 2x2 x(6)" 
_ 4x .01 x 750 x 16 g= 7.969 g? 


 06X2Xx981  4xr? x.36? 
Substituting these values in equation (ii), we get 
0.3 = 31.87 Q? + 7.969 Q° = 39.839 O° 
0.3 3 
Q= 39.830 0.0867 m°/s 
Increase in discharge = Q — Q* = 0.0867 — 0.0685 = 0.0182 m*/s. Ans. 

Problem 11.34 A pumping plant forces water through a 600 mm diameter main, the friction head 
being 27 m. In order to reduce the power consumption, it is proposed to lay another main of appropri- 
ate diameter along the side of the existing one, so that two pipes may work in parallel for the entire 
length and reduce the friction head to 9.6 m only. Find the diameter of the new main if, with the 

exception of diameter, it is similar to the existing one in every respect. 


Solution. Given: 





Dia. of single main pipe, d= 600 mm = 0.6 m 
Friction head, h,= 27m 

Friction head for two parallel pipes  =9.6m 

Ist Case. 


For a single main [Fig. 11.19 (a)] 


|] 





J= 4.f.L. V or 27.0 = 4xfxLxVv 
dx2g 0.6 x2 x 9.81 
FEE x SEO SIEN Aiye Vim. 
4 5 A 
pi. 2- =79.461 wai) 





A 
2nd Case. Two pipes are in parallel [Fig. 11.19 (b)] 
Loss of head in any one pipe = 9.6 m 


fft | 


~<. For 1st pipe, h; = 130 9.6 
1X48 





(b) Two parallel pipes 








Fig. 11.19 
But Haih n [+a =a=2c6 | 
A, A 4 
d,=d=06 
—4fL_ Qi =06 
0.6 x2 x9.81 A~ 
or fL A 26x06x22 agaga „Gi 
A? 4 
For the 2nd pipe, h; = LGR = 9.6, where L, = L, V>= Q, 
s d, X2g e R 2 
SEREK wie 
d, X2gx A; 
or PRERO? _ OREEIS _ ages (iii) 


d, XA; 4 
Dividing equation (i) by equation (i), we get 


_ 79.461 
Q? 28.2528 


= = 2.8125 = 1.667 
1 


N 


© 


= 2.8125 








ne e 
Q= 1667 596 Q 


But 0,+Q,=Q 
å Q= Q- Q, = Q - .596 Q = 0.404 Q 
Dividing equation (ii) by equation (iii), 
Q; Xd, X A; _ 282528 _ 
A? xQ? 47.088 








But A, = Č d? and A= Ēd = E (6 = Ë x36 
4 4 4 4 
T 

, a, x(*] x ds D a 

5 x x =0.6 or (g) £ = 0.6 

2 (5) x (36) MA E 

4 
404V 
or d, = 0.6 x 36° x (5) = 0.03537 
2 596 


d, = (.03537)'” = 0.5125 m = 512.5 mm. Ans. 

Problem 11.35 A pipe of diameter 20 cm and length 2000 m connects two reservoirs, having 
difference of water levels as 20 m. Determine the discharge through the pipe. 

If an additional pipe of diameter 20 cm and length 1200 m is attached to the last 1200 m length of 
the existing pipe, find the increase in the discharge. Take f = .015 and neglect minor losses. 

Solution. Given : 

Dia. of pipe, d = 20 cm = 0.20 m 

Length of pipe, L = 2000 m 

Difference of water levels, H = 20m 

Co-efficient of friction, f=0.015 

Ist Case. When a single pipe connects the two reservoirs 


He Sef beV? AfL (a) 
4 








dx2g — dx2g| Tp 


_ 32L 0? 
n’ xgxd’ 


im 


Il 


_ 32 x.015 x 2000 x Q? 
T? x 9.81 x (0.2) 


Q= E = 0.0254 m*/s. Ans. 
30985.07 
2nd Case. 


Let Q, = discharge through pipe CD, 
Q, = discharge through pipe DE, 
Q, = discharge through pipe DF. 


or 20 = 30985.07 Q? 


Length of pipe CD, L, = 800 m and its dia., d} = 0.20 m 
Length of pipe DE, L, = 1200 m and its dia., d, = 0.20 m 
Length of pipe DF, L, = 1200 m and its dia., d} = 0.20 m. 


Since the diameters and lengths of the pipes DE and DF are equal. Hence Q, will be equal to Q;. 
Also for parallel pipes, we have 


Q, = Q,+ Q; = Q, + Q, = 20) [le Q= Q] 
z 
Q,= 2 





Fig. 11.20 
Applying Bernoulli’s equation to points A and B and taking the flow through CDE, we have 


Af DV 4f LaVi 
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d, X2g d, X2g 
Q 
4x- 
where V, = Q, __ 42 ypa S a I a D a Mi 
: Tia) rx.04 ? Tin? TX04 TX.04 TXx.04 
a! ) Z! ) 





~ 0.2x2x981 |T x.04 0.2x2x981 | mx.04 
= 12394 Q,? + 4647 Q,* = 17041 Q,” 


20 ; 
m p B = 0.0342 m?⁄ 
Qi = T741 ae 


Increase in discharge = Q, — Q = 0.0342 — 0.0254 = .0088 m*/s. Ans. 


| 40, ) EMISIO ( 20, ) 


|] 





Problem 11.36 Two pipes have a length L each. One of them has a diameter D, and the other a 
diameter d. If the pipes are arranged in parallel, the loss of head, when a total quantity of water Q 
flows through them is h, but, if the pipes are arranged in series and the same quantity Q flows through 


them, the loss of head is H. If d = >. find the ratio of H to h, neglecting secondary losses and 


assuming the pipe co-efficient f has a constant value. 
Solution. Given : 


Length of pipe 1, L, = L and its dia. d, = D 
Length of pipe 2, L, = L and its dia., d, = d 
Total discharge =Q 


Head loss when pipes are arranged in parallel = h 
Head loss when pipes are arranged in series = H 


d= 2 and fis constant 


Ist Case. When pipes are connected to parallel 

















Q=0,+Q, 
Loss of head in each pipe = h 
For pipe AB, ASEM = h, where V, = Q = Q, = 40, 
d, x2g A, Tp? nD“ 
4 
d,=D 
ED 
A Se Oi B 
= Gl» — 
—+ Qo C 
L,d 
Fig. 11.21 
40, Y 
ap.x( #0) 
___ AnD") = h or A = h 
Dx2g nD? xg 
For pipe AC, Auro. =h 
umd xg 
32fLQ; _ 32fL07 | OF _ & 
Ima mee Ss 
n“ D g nd g D a 
2 5 5 
or Q = Ba (24) 
Q d d 
=2>=32 
Q, 


3° V32 = 5.657 or Q, = 5.657 Q, 


2 


-(1) 


(ii) 


„(iii) 
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Substituting the values of Q, in equation (i), we get 


.(iv) 


wy g 
Q= gos 2 
0,=Q2-Q,=Q-0.15 Q=0.85 Q .(V) 


From (i) ~. 
2nd Case. When the pipes are connected in series. 
Total loss = Sum of head losses in the two pipes 
_4f LW i TA 
= d, X2g d, X2g 


a yE a, 


MeS a a E a a 
—d* 


—i 
4 4 
LD Lea 
ae y ëýyüUüŭżŭOüűüOaaaaaaaaa 
—+Q — V, —+V2 —> Q 
gO ti iiii =<, == - == 

Fig. 11.22 


40 2 40 2 
af.Lx( 2) p.(*2) 


H = —— ~~ 
Dx2g dx2g 








or = ate ae "0D 
Du xg dt xXg 
From equation (ii), a pi 
n D xg Q 


32 fL h 


and from equation (iii), ——- = —> 
a td xg Q3 


























Substituting these values in equation (vi), we have 
H= ox +9? ud = rn 2 2 
Qr Q Q 2 Q Q 
2 2 
‘ = eee, 
h QO @ 
But from equations (iv) and (v), Q, = .85 Q and Q, = 0.15 Q 
Q Q : et = 1.384 + 44.444 = 45.828. Ans. 


kis Saat eet ee 
h ~~ B5°C> ISR 285" S 
Three pipes of the same length L, diameter D, and friction factor f are 


Problem 11.36 (A). 
connected in parallel. Determine the diameter of the pipe of length L and friction factor f which will 
carry the same discharge for the same head loss. Use the formula h; = f x L X V?⁄2g D. 
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Solution. Given: 


Length of each pipe =L 
Diameter of each pipe =D 
Friction factor of each pipe =f 
Head loss, hy=fx Lx V12gD 


When the three pipes are connected in parallel, then head loss in each pipe will be same. And total 
head loss will be equal to the head loss in each pipe. 
Let h, = Total head loss, 


h, = Head loss in Ist pipe, 
hy, = Head loss in 2nd pipe, and hy, = Head loss in 3rd pipe. 


fxLxv’ 
22D 
Let Q, = Discharge through Ist pipe, Q, = Discharge through 2nd pipe, 
Q, = Discharge through 3rd pipe, and Q = Total discharge. 
When the three pipes are connected in parallel, then 


Then h;= hy = hy, = hy, or h,= ..-(1) 


Q=0,+0,+0,=3xQ, Ce Q, =0,= Q) 
=3xA,xV, 
=3x 3 D° x y (where A, =D and V, =v) (ii) 


For a single pipe (or length L ; friction factor f) which will carry same discharge as the three pipes in 
parallel 
Let d= dia. of the single pipe 
» = velocity through single pipe 





Then discharge, Q = Area x Velocity = (Ze) xv „ii 
Equating the two values of discharge, given by equations (ii) and (iii), we get 
3x DxV=Ē @xvor eL (iv) 
4 4 ad V 


The head loss for the single pipe is also equal to the total head loss for three pipes when they are in 
parallel. 
But head loss for the single pipe of length L, dia. d, friction factor fand velocity v is given by 


xv? 
hy= SXLxv AW 
dx2g 
Equating the two values of /, given by equations (i) and (v), we get 
fXLxV* _fxbxv' Vi _ vt 
Dx2g dx2g D 
d v? (¢ J v 
or —=-5 or |> =— 
DV D V 


Substituting the value of v/V in equation (iv), we get 


| 





4 3% 3942155 
D 


d= 1.55 D. Ans. 
Hence dia. of single pipe should be 1.55 times the dia. of the three pipes connected in parallel. 


or 


Problem 11.37 For a town water supply, a main pipe line of diameter 0.4 m is required. As pipes 
more than 0.35 m diameter are not readily available, two parallel pipes of the same diameter were 
used for water supply. If the total discharge in the parallel pipes is same as in the single main pipe, find 
the diameter of the parallel pipe. Assume the co-efficient of friction same for all pipes. 

Solution. Given : 


Dia. of single main pipe line, d=0.4m 
Let the length of single pipe line =L 
Co-efficient of friction =f 


4fLV> _ 4fLV? 


Loss of head due to friction in single pipe = = 
dx2g 04x2xg 





(i) 


where V = Velocity of flow in the single pipe. 

In case of parallel pipe, as the diameters and lengths of the two pipes are same. Hence discharge in 
each pipe will be half the discharge of single main pipe. As discharge in each parallel pipe is same, 
hence velocity will also be same. 

Let V.= Velocity in each parallel pipe 

d, = Dia. of each parallel pipe 





Then loss of head due to friction in parallel pipes = iadi .(ii) 
d, X2g 
Equating the two losses given by equations (i) and (ii), we have 
4f.L.V? _4fxLxVW 
04x2g  d,x2¢ 
Cancelling af z = w. or E- = 8A ..-(iii) 
2g 0.4 d; V ds 
From continuity 
Total flow in single main = sum of flow in two parallel pipes 
or Velocity of main x Area = 2 x Velocity in each parallel pipe x Area 
T 2 
2x—d:; 2 
Toa amn A e A 22 
4 4 V, n 2 0.16 
—(0.4) 
4 
V? 4d? 
Squaring both sides, = «= (IV 
— ve 0.0256 na 


Comparing equations (iii) and (iv), we get 


im 
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4 
0.4 - 4d; g Ha 0.4 x .0256 = 00256 
d. .0256 4 
d = (.00256)'® = 0.303 m = 30.3 cm. Ans. 
Use two pipes of 30.3 cm diameter. 
Problem 11.38 An old water supply distribution pipe of 250 mm diameter of a city is to be replaced 
by two parallel pipes of smaller equal diameter having equal lengths and identical friction factor 
values. Find out the new diameter required. 
Solution. Given : 
Dia. of old pipe, D = 250 mm = 0.25 m 
Let d= Dia. of each of parallel pipes 
Q = Discharge in old pipe 
Q, = Discharge in first parallel pipe 
Q, = Discharge in second parallel pipe 
f = Friction factor. 
When a single pipe is replaced by two parallel pipes, the head loss will be same in the single pipe 
and in each of the parallel pipes. Also the discharge in single pipe will be equal to the total discharge in 
two parallel pipes i.e., 





hy= hp =hy wi) 


and Q=Q0,+Q, «(i1) 
As the dia. of each parallel pipe is same and also length of each parallel pipe is equal, hence 


Q,=Q, or Q,= Q,=Q/2 











Now h, = Head loss in single pipe 
= — where f= Friction factor 
§ 
f[xLx eas 
x 0.257 
—— ih u ge ane 
0.25 x 2 x 9.81 Area Tp 
4 
fx Lx(4Q)" i 
0.25 x2 x 9.81 x (x x 0.25?) 
hy = Head loss in Ist parallel pipe 
PRESS 2 x: ; 
= — C»? Dia. of parallel pipe = d and V, is the velocity 
g 
in Ist parallel pipe) 
f[xLx Q 
T 2 Q 
2x—d x 
= ye Q = 2 as O, = 2 
dx2g ‘ A Te 2 
4 
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E fXLx(4Q)° wy) 
dx2x981x(2xnxd*) 
But h;= hy 

i JX Lx (40) ____£XL-x(4Q)" 

0.25 x2 x 9.81 x (r x0.25 7 dx2x981 x (2x mx d?)’ 
or d x (2nd’)* = 0.25 x (m x 0.257)" 
or dx4xd*=0.25 x 0.25% 

5 

or Pelee peg OS a BO OUER a 





4 i (4)'5 1.3195 
Problem 11.39 A pipe of diameter 0.4 m and of length 2000 m is connected to a reservoir at one 
end. The other end of the pipe is connected to a junction from which two pipes of lengths 1000 m and 
diameter 300 mm run in parallel. These parallel pipes are connected to another reservoir, which is 
having level of water 10 m below the water level of the above reservoir. Determine the total discharge 
if f = 0.015. Neglect minor losses. 

Solution. Given : 


Dia. of pipe, d= 0.4m 

Length of pipe, L = 2000 m 

Dia. of parallel pipes, d, = d, = 300 mm = 0.30 m 

Length of parallel pipes, L; = L, = 1000 m 

Difference of water level in two reservoir, H = 10 m, f= .015 

Applying Bernoulli's equation to points E£ and F. Taking flow through ABC. 


ijja 4fLV? 4h xV? 
~ dx2g d, X2g 
_ 4x 015 x 2000 x V° F 4x .015 x 1000 x V2 
~  0.4x2x 981 032x981 
= 15.29 V7 + 10.19 V,? (i) 





From continuity equation 
Discharge through AB = discharge through BC + discharge through BD 


|] 





or RexV= 2 a2xv,+ 2 4; 
4 4 gs 


But d, = d, and also the lengths of pipes BC and BD are equal and hence discharge through BC and 
BD will be same. This means V, = V, also 


T 2 N2 nN 12 
—dV=—d,xV,+—d,xV  d, =d,, V, = V> 
4 4 l I 4 1 1 [ 1 2 1 2l 


=2x 5 d? XV, or dV =2d,?V, 


or (0.4? x V = 2 x (0.3)°V, or .16V = 0.18 V, 
V= 0.16 y= 0.888 V 
0.18 


Substituting this value of V, in equation (i), we get 
10 = 15.29 V? + (10.19)(.888)7V" = 15.29 V? + 8.035 V? = 23.325 V? 


V= | te = 0.654 m/s 
\ 23.325 


.. Discharge = Vx Area 
= 0.654 x = È = 0.654 X Í (0.4)? = .0822 m?/s. Ans. 


Problem 11.40 Two sharp ended pipes of diameters 50 mm and 100 mm respectively, each of 
length 100 m are connected in parallel between two reservoirs which have a difference of level of 
10 m. If the co-efficient of friction for each pipe is (4f) 0.32, calculate the rate of flow for each pipe 
and also the diameter of a single pipe 100 m long which would give the same discharge, if it were 
substituted for the original two pipes. 


Solution. Given : 

Dia. of Ist pipe, d, = 50 mm = 0.05 m 
Length of Ist pipe, L, = 100m 

Dia. of 2nd pipe, d, = 100 mm = 0.10 m 
Length of 2nd pipe, L, = 100 m 


Difference in level in reservoirs, H = 10 m 
Co-efficient of friction 4f = 0.32 






m, 
Gs 100p, 


Fig. 11.24 


Let V, = velocity of flow in pipe 1, and 
V, = velocity of flow in pipe 2. 


iE 


When the pipes are connected in parallel, the loss of head will be same in both the pipes. 
For the first pipe, loss of head is given as 
p=- LXV _ 9:32 x 100 x V, (2 4f= 32) 
d, X2g 0.05 x2 x 9.81 


or 10 = 32.619 V,7 


I 
V,= | 0 20.5535 mis 
32.619 


-. Rate of flow in Ist pipe, Q, = V, x A, = 0.5536 x z (d,)° 





= 5536 x i (0.05)? = .001087 m/s = 1.087 litres/s. Ans. 


For the 2nd pipe, loss of head is given by, 


4fxL, XV; _ 032x100xV; 
d,Xx2g — 0.10x2x9.81 


y, as LOO XA OE! area aie 
s .32 x100 


~<. Rate of flow in 2nd pipe, Q, = A, X V, = T d? x V, 


10=H= 


T 
4 
Let D = diameter of a single pipe which is substituted for the two original pipes 
L = length of single pipe = 100 m 
V = velocity through pipe 
The discharge through single pipe, 
Q = Q, + Q, = 1.087 + 6.15 = 7.237 litres/s = .007237 m*/s 


Q _ 007237 _ 4x.007237 _ .009214 


(.1)° x .783 = 0.00615 m*/s = 6.15 litres/s. Ans. 








V= > z— m/s 
Area T D? nD“ pe 
4 
Loss of head through single pipe is 
009214 \° 
0.32 x 100 x 
4fxLxvV? ( z ) 
etl CORY W D 
Dx2g Dx2x981 
32 x 100 x .0092147  .0001384 
or 10.0 = ————_———_— = 
2x9.81x D D 
or D> = ee = .00001384 


D = (.00001384)'* = 0.1067 m = 106.7 mm. Ans. 


| 


Problem 11.41 Two reservoir are connected by a pipe line of diameter 600 mm and length 4000 m. 
The difference of water level in the reservoirs is 20 m. At a distance of 1000 m from the upper reservoir, 
a small pipe is connected to the pipe line. The water can be taken from the small pipe. Find the 
discharge to the lower reservoir, if 
(i) No water is taken from the small pipe, and 
(ii) 100 litres/s of water is taken from small pipe. 
Take f = .005 and neglect minor losses. 
Solution. Given : 
Dia. of pipe, d= 600 mm = 0.60 m 
Length of pipe, L = 400 m 
Difference of water level, H = 20 m, f= .005 
(i) No water is taken from small pipe 





Fig. 11.25 
4fxLXV? } 2 
The ie as te o maip ane a aa ga N ay 
dx2g 0.6 x2 x 9.81 
20 x 0.6 x 2 x 9.81 
as; a INT eee] 21S wrt 
4x .005 x 4000 me 
<. Discharge, Q = Area x V= 7 (0.6)? x 1.715 = 0.485 m/s. Ans. 


(ii) 100 litres of water is taken from small pipe 
Let Q, = discharge through pipe AC 
Q, = discharge through pipe CB 
Then for parallel pipes Q, = Q, + 100 litres/s = Q, + 0.1 m/s 


2 Q, = (Q, - 0.1) m?/s (i) 
Length of pipe AC, L, = 1000 m 
Length of pipe CB, L, = 4000 — 1000 = 3000 m 


Applying Bernoulli's equation to points E and F and taking flow through ABC, we have 


59 = Af, 4flaVe 
d,X2g d,X2g 
Q _ 42 
T (0.6)? TX .36 
4 


(ii) 
where V, = velocity through pipe AC = 


d, = dia. of pipe AC = 0.6 


IE 


Q, _ 42 


T 10.6)? T x.36 
7 (0.6) 





V, = velocity through pipe CB = 


d, = dia. of pipe CB = 0.6 
Substituting these values in equation (ii), we get 








20 = SOE »( 40, Oe 40, 


0.6 x 2 x 9.81 TX 36 0.6 x 2 x 9.81 T x.36 
20 = 21.25 Q,? + 63.75 Q,” ...(iii) 
But from (i), Q,= 0,-0.1 or Q, = Q, + 0.1 


Substituting the value of Q, in equation (iii), we get 
20 = 21.25 (Q, + 0.1)? + 63.75 Q; 
= 21.55 [Q,” + .01 + 0.2 Q,] + 63.75 Q," 
= 21.25 Q,° + 0.2125 + 4.250 Q, + 63.75 Q,” 
= 85 Q,” + 4.25 Q, + .2125 
or 85 Q, +4.25 Q,- 19.7875 = 0 
This is a quadratic equation in Q, 


_ -4.25 Ł 4.25? +4 x 85 x 19.7875 


H 2x85 
— 4,25 + 180625 + 6727.75 _ — 44.25 + 82.13 _ 82.13- 4.25 
5 170 7 170 ~ 170 
= 0.458 m*/s (Neglecting negative root) 


.. Discharge to lower reservoir = Q, = 0.458 m*/s. Ans. 
> 11.10 FLOW THROUGH BRANCHED PIPES 


When three or more reservoirs are connected by means of pipes, having one or more junctions, the 
system is called a branching pipe system. Fig. 11.26 shows three reservoirs at different levels con- 
nected to a single junction, by means of pipes which are called branched pipes. The lengths, diameters 
and co-efficient of friction of each pipes is given. It is required to find the discharge and direction of 
flow in each pipe. The basic equations used for solving such problems are : 


1. Continuity equation which means the inflow of fluid at the junction should be equal to the 
outflow of fluid. 

2. Bernoulli’s equation, and 

3. Darcy-Weisbach equation 

Also it is assumed that reservoirs are very large and the water surface levels in the reservoirs are 
constant so that steady conditions exist in the pipes. Also minor losses are assumed very small. The 
flow from reservoir A takes place to junction D. The flow from junction D is towards reservoirs C. 
Now the flow from junction D towards reservoir B will take place only when piezometric head at D 


(which is equal to Lat >| is more than the piezometric head at B (i.e., Zp). Let us consider that flow 
Ps 


is from D to reservoir B. 


| 





ATUM LINE 
Fig. 11.26 
For flow from A to D from Bernoulli’s equation 
Z =Zp+ 22 +h, wi) 
Ps 
For flow from D to B from Bernoulli’ s equation 
Pp N 
Zot == =Z Y h; (ii) 
pg $ 
For flow from D to C from Bernoulli's equation 
Pp a5 
Zp+ — =Zç+ h wt) 
pg s 


From continuity equation, 

Discharge through AD = Discharge through DB + Discharge through DC 
T 2 T...9 2 
—d,V,=—d, xV,+—d;,V 
qu ira 27 7 3 03 

or dV, = dV, + d;°V, (iv) 


There are four unknowns i.e., V,, V>, V3 and PD and there are four equations (i), (ii), (ii) and (iv). 
Ps 


Hence unknown can be calculated. 
Problem 11.42 Three reservoirs A, B and C are connected by a pipe system shown in Fig. 11.27. 
Find the discharge into or from the reservoirs B and C if the rate of flow from reservoirs A is 
60 litres/s. Find the height of water level in the reservoir C. Take f= .006 for all pipes. 

Solution. Given : 

Length of pipe AD, L, = 1200 m 

Dia. of pipe AD, d, = 30 cm = 0.30 m 

Discharge through AD, Q, = 60 litres/s = 0.06 mĉ/s 

Height of water level in A from reference line, Z, = 40 m 

For pipe DB, length L, = 600 m, dia., d, = 20 cm = 0.20 m, Zp = 38.0 

For pipe DC, length L, = 800 m, dia., d, = 30 cm = 0.30 m 


iE 





Applying Bernoulli’s equations to points £ and D, Z, = Zp) + Po +hy 
pg 5 


where hy = Site where V, = ts 296 = 0.848 m/sec 
} dı x 2g Area T (3) 
4 
f i 4 x .006 x 1200 x 848" _ 3.518 m 
0.3x2x981 


Z, =Zp+ 22 + 3.518 or 40.0 = Z) + 22 + 3.518 
pg pg 


(z + z.) = 40.0 — 3.518 = 36.482 m 
pg 


Hence piezometric head at D = 36.482. But Z, = 38 m. Hence water flows from B to D. 
Applying Bernoulli's equation to points B and D 


Z= (z see) n, or 38 = 36.482 + h, 
ps) i 


hy = 38 — 36.482 = 1.518 m 


_ 4. f.L,.Vs _ 4x.006 x 600 x Vz 


But h, =——_—_ = 
2 d, X2g 0.2x2x981 
1.518 = 4 x .006 x 600 x Vy 
0.2x2x9.81 
in 1.518 x 0.2 x 2 x 9.81 = 0.643 mis. 
4 x .006 x 600 
: T 2 T 2 
<. Discharge, Q, = Vz X F (d,) = 0.643 x = x (.2) 


= 0.0202 m*/s = 20.2 litres/s. Ans. 
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Applying Bernoullis equation to points D and C 


Pp 
Zpt — =Zc+h 
Pg % 





afb 
or 36.482 = Zc + Soe, where V, = Q, 
d, X 2g © Ry? 
4 


But from continuity Q, + Q= Q; 
Q, = Q, + Q, = 0.06 + 0.0202 = 0.0802 m*/s 


Q, _ 0.0802 


Vj= oS = = = 1.134 m/s 
La) Tliog 
*(3 Teo) 
maraza ALOA L a iaga 


03x2 x981 


Zc = 36.482 — 4.194 = 32.288 m. Ans. 
Problem 11.43 Three reservoirs, A, B and C are connected by a pipe system shown in Fig. 11.28. 
The lengths and diameters of pipes 1, 2 and 3 are 800 m, 1000 m, 800 m, and 300 mm, 200 mm and 
150 mm respectively. Determine the piezometric head at junction D. Take f = .005. 
Solution. Given : 


The length of pipe 1, L, = 800 m and its dia., d, = 300 mm = 0.3 m 
The length of pipe 2, L, = 1000 m and its dia., d, = 200 mm = 0.2 m 
The length of pipe 3, L, = 800 m and its dia., d, = 150 mm = 0.15 m 
Height of reservoir, A from datum line, Z, = 60 m 

Similarly, Zp = 40 m and Zç = 30 m. 


The direction of flow in pipes are shown (given) in Fig. 11.28. Applying Bernoulli’s equation to 


points A and D 
2,=(Zo4 e)an 
PE 


«feder 
: ne 2h 


Applying Bernoulli’ s aaah to points D and B 


(20+ 22) =Zp+ hy, =494 22 * 2X 
pg : d, X2g 


A _4xfxL XV? _4Xx.005x 800x V° 
n5 d x2g —  03x2x981 


2.718 V,? (i) 


ap 2 ION: canna seve 
0.2 x2 x 9.81 


or (z+ Pp Po) 40.0 = 5.09 V,? (ii) 
ps 


im 





Fig. 11.28 
Applying Bernoulli's equation to points D and C 


2 j y? 
(Zo +22) = zos m = 304 taxt = 30 p 4-005 x800 x 3 
pg , Wisin 


d,x2g ` 0.15x2x981 
or (z + 2e) = 30.0 + 5.436 V3? ...(iii) 
pg 

Adding (i) and (ii), we have 60 — 40 = 2.718 V,? + 5.09 V3 

or 20 = 2.718 V, + 5.09 V3 (iv) 
Adding (i) and (iii), we have 60 = 2.718 V,? + 30.0 + 5.436 V? 

or 60 — 30 = 30 = 2.718 V,? + 5.436 V3 (Vv) 
Also from continuity equation, we have 

Qi =Q: + Q; 
or 3 dê xV, = i dV, + i dV, or dV, = d;V, + dV, 
or 0.3°V, = 0.2°V, + 0.157 x V; or .09V, = .04 V, + .0225 V, (vi) 
; [20 -2718 v 3 
Now from (iv), V= a l (vii) 
And from (v), V= W-LUSN. .(viii) 
i 5.436 


Substituting the value of V, and V, in (vi), we get 


-2.718 V? 30 -2.718 V? 
0.09 V, = .04 20 -2.718 V + .0225 oe 
5.09 5.436 
Squaring both sides, we get 
(0.09 V,)? = (.04)? x ee hy (0.0225)* x FONE on thine 
5.09 5.436 


siege ag fe 
5:09 5.436 


d iE 


| 


or .0081 V,7 = .00628 — .000854 V,? + .00279 — .000253 V,? + .0018 
or .0081 V,7 + .000854 V,? + .000253 V,? = .00628 + .00279 + .0018 = .01087 


or .009207 V,? = .01087 
01087 
V= 0103 = 1.086 m/s 
\ 009207 


Substituting this value of V, in (vii) and (viii) 


ix [20-2.718xy, - [20 -2.718 x1.086° = 1.816 m/s 
5.09 5.09 

V;= [30 ~ 2.718 x 1.0867 saom 
5.436 


Piezometric head at D=Zp+ PD = 30.0 + 5.436 x V 
Ps 





= 30.0 + 5.436 x (2.22)* = 56.79 m. Ans. 


Problem 11.44 A pipe line 60 cm diameter bifurcates at a Y-junction into two branches 40 cm and 
30 cm in diameter. If the rate of flow in the main pipe is 1.5 m’/s and mean velocity of flow in 30 cm 
diameter pipe is 7.5 m/s, determine the rate of flow in the 40 cm diameter pipe. 

Solution. Given : 

Dia. of main pipe, D = 60 cm = 0.6 m 

Dia. of branch pipe 1, D, = 40 cm = 0.4 m 

Dia. of branch pipe 2, D, = 30 cm = 0.3 m 

Velocity in branch pipe 2, V, = 7.5 m/s 

Rate of flow in main pipe, Q = 1.5 m*/s 






MAIN PIPE 


Fig. 11.29 
Let Q, = Rate of flow in branch pipe 1, 
Q, = Rate of flow in branch pipe 2, 
Q = Rate of flow in main pipe, 
Now rate of flow in main pipe is equal to the sum of rate of flow in branch pipes. 
r Q=0; +0, AD) 
But Q, = Area of branch pipe 2 x Velocity in branch pipe 2 
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=A,XV>= ; D2 x V>= 3 (0.3)? x 7.5 = 0.53 m/s 


Substituting the values of Q and Q, in equation (7), we get 
1.5 = Q, + 0.53 
Q, = 1.5 — 0.53 = 0.97 m*/s. Ans. 


> 11.11 POWER TRANSMISSION THROUGH PIPES 


Power is transmitted through pipes by flowing water or other liquids flowing through them. The 
power transmitted depends upon (i) the weight of liquid flowing through the pipe and (ii) the total head 
available at the end of the pipe. Consider a pipe AB connected to a tank as shown in Fig. 11.30. The 
power available at the end B of the pipe and the condition for maximum transmission of power will be 
obtained as mentioned below : 





Fig. 11.30 Power transmission through pipe. 


Let L = length of the pipe, 
d = diameter of the pipe, 
H = total head available at the inlet of pipe, 
V = velocity of flow in pipe, 
h, = loss of head due to friction, and f= co-efficient of friction. 
The head available at the outlet of the pipe, if minor losses are neglected 
= Total head at inlet — loss of head due to friction 


4fxLxV? fea saai) 
EEA, y hy EDET, 


=H-h=H- 
dx2g dx2g 


Weight of water flowing through pipe per sec, 
W = pg x volume of water per sec = pg X Area x Velocity 


T 2 
=pgx—dxV 
Ps 4 


The power transmitted at the outlet of the pipe 
= weight of water per sec X head at outlet 





2 LV" 
= (pe xa" x v)x YEA tts 
4 dx2g 
<. Power transmitted at outlet of the pipe, 
y? 
pae xE eav | u- | ew (11.21) 
1000 4 dx2g 
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Efficiency of power transmission, 
_ Power available at outlet of the pipe 
Power supplied at the inlet of the pipe 


_ Weight of water per sec x Head available at outlet 
Weight of water per sec x Head at inlet 
Wx(|H-h H-h 
Wx(H—by) ) ee r (11.22) 
WxH H 


11.11.1 Condition for Maximum Transmission of Power. The condition for maximum 
transmission of power is obtained by differentiating equation (11.21) with respect to V and equating 
the same to zero. 








Thus 4 (py=0 
dV 
or ELN PS. xg? AV — 4 fLV* 
dV |1000 4 dx2g 
ai PET mp _4x3x fx Lx Vv? =0 
ra 4 dx2g 
or H-3x7FY Lo ot H-3xh,=0 a IEY oh, 
dx2g dx2g 
H= 3h; or h,= + AE 


Equating (11.23) is the condition for maximum transmission of power. It states that power transmit- 
ted through a pipe is maximum when the loss of head due to friction is one-third of the total head at 
inlet. 


11.11.2 Maximum Efficiency of Transmission of Power. Efficiency of power transmis- 
sion through pipe is given by equation (11.22) as 





H- h; 
s 
For maximum power transmission through pipe the condition is given by equation (11.23) as 
H 
h,= — 
3 
Substituting the value of h; in efficiency, we get maximum nN, 
H-H/3 1 2 
= —— = 1 - = = — or 66.7%. (11.24 
Nmax H 373 ( ) 


Problem 11.45 A pipe of diameter 300 mm and length 3500 m is used for the transmission of power 
by water. The total head at the inlet of the pipe is 500 m. Find the maximum power available at the 
outlet of the pipe, if the value of f = .006. 

Solution. Given : 

Diameter of the pipe, d = 300 mm = 0.30 m 


|] 


Il 


Length of the pipe, L= 3500 m 

Total head at inlet, H = 500 m 

Co-efficient of friction, f= .006 

For maximum power transmission, using equation (11.23) 


h,= £ = = 166.7 m 


4xfxLxV*  4x.006 x3500 xV? 
Now (ae 
dx2g 0.3x2x 9.81 


Equating the two values of /,, we get 


= 14.27 V? 


166.7 = 14.27 V or V = GGT _ 3.417 m/s 
14.27 


.. Discharge, Q = Vx Area 
= 3.417 x 7 (d) = 3.417 x i (3)? = 0.2415 m?/s 
Head available at the end of the pipe 


= H-hy= H- — = 22 = 333.33 m 
3 3 3 


pg X Q X head at the end of pipe kW 
1000 
_ 1000 x 9.81 x .2415 x 333.33 
p 1000 
Problem 11.46 A pipe line of length 2000 m is used for power transmission. If 110.3625 kW power 
is to be transmitted through the pipe in which water having a pressure of 490.5 N/cm? at inlet is 
flowing. Find the diameter of the pipe and efficiency of transmission if the pressure drop over the 
length of pipe is 98.1 N/cm’. Take f= .0065. 


Solution. Given: 


. Maximum power available = 


kW = 689.7 kW. Ans. 


Length of pipe, L = 2000 m 
Power transmitted = 110.3625 kW 
Pressure at inlet, p = 490.5 N/cm? = 490.5 x 10* N/m? 
4 
.. Pressure head at inlet, H= 2, = SAAS = 500 m [ p = 1000] 
pg =1000 x 9.81 
Pressure drop = 98.1 N/em? = 98.1 x 10% N/m? 
4 4 
<. Loss of head, h;= tcl = a ell = 100m 
pg 1000 x 9.81 


Co-efficient of friction, f= .0065 
Head available at the end of the pipe = H — h,= 500 — 100 = 400 m 
Let the diameter of the pipe = d 


|] 
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pgxOx(H-h;) 











Now power transmitted is given by, P = kW 
1000 
a i10.3625 = 1000 * 981x Q x400 
1000 
g= 110.3625 x 1000 = 0.02812 
1000 x 9.81 x 400 
But discharge, Q = Area x Velocity = S xV 
T P xV=.02812 
4 
pa ALRT DOR À 
nd“ d7 
The head lost due to friction, h, = ELAY 
dx2g 
But h;= 100 m 
is 4x fxLxV* _ 4x 0065x2000 x V? 
dx2g dx2x981 
_ 265xV? _ 2.65 Teal _ 003396 
7 a Tg cp” 
‘t From equation (i), y= _ 
100 = — 
1/5 
or = ( | = 0.1277 m = 127.7 mm. Ans. 


Efficiency of power transmission is given by equation (11.22), 


H-h, _ 500-100 
H — 500 
Problem 11.47 For Problem 11.46, find : (i) the diameter of the pipe corresponding to maximum 
efficiency of transmission, (ii) diameter of the pipe corresponding to 90% efficiency of 

transmission. 
Solution. (i) Diameter of pipe corresponding to maximum efficiency. 
Let the dia. of pipe for Nmax = d 


H= = 0.80 = 80%. Ans. 





But from equation (11.24), Nya, = 66.67% = : 
H-h, 2 500-h, 2 
or = = — 0 — = — 
H 3 500 3 


|] 


mi 


or h, = 500 — 500 x = = ——.~——. = —— = 166.7 m 
3 3 3 
The other data given from Problem 11.46, 
Power transmitted = 110.3625 
Length of pipe, L = 2000 m 


Co-efficient of friction, f= .0065 
Power transmitted is given by the relation, 


L pg x Qx(H -h,) 


1000 
x9, — 166.7 
n 110.3625 = 1000 x 9.81 x Q x (500 — 166.7) 
1000 
or ge —— O10. _ cg. nga7548h 
1000 x 9.81 x (500 — 166.7) 
But Q = area of pipe x velocity of flow 


= 3 d? x V {where V = velocity of flow} 


0.03375 = 3 LXV 


_ 0.033754 _ 0.04297 (i) 

















nxd? d’ 
Now the head lost due to friction, hy = YE 

“  dx2g 
But h,= 166.7 m 

166.7 = 4 x .0065 x 2000 x V~ 
dx2x98l 
_ 265V? _ 265 (2) _ 00489 (: bios pt) 
da d? gP ' d 
d’ = 00489 _ 90002933 
166.7 


= (.00002933)'" = 0.1240 m = 124 mm. Ans. 


(i) Let the diameter of pipe, when efficiency of transmission is 90% = d 
n= 90% = 0.9 


-h 
f =0.9 





H 
But 1) is given by equation (11.22) as, n = 
But H=500m 


| 


| 


500- h f 
E H =0.9 or 500- 500 x 0.9 = hy or 500 — 450 = hy 


s h; = 500 — 450 = 50 m 
The other given data is, P = 110.3625, L = 2000, f = .0065 


gxQOx|H-h 
Using relation for power transmission, P = pax Ox(H~hy) 














1000 
o 110.3625 = 1000X981 x Q x (500 - 50) 
1000 
g= ——1103625x1000 95 m3 
1000 x9.81 x (500 — 50) 
But Q= = #xV 
4 
S Pia we Vee em ee Ai) 
4 nd“ d 
Now the head lost due to friction, hy = sity" 
" adx2g 
4x .0065 x 2000 x _ (.03183)" .002685 
or i ae ee — | =—— 
dx2g a d” 
d? = 202685 _ 9000537 





50 
d = (.0000537)'> = .1399 m = 140 mm. Ans. 


> 11.12 FLOW THROUGH NOZZLES 


Fig. 11.31 shows a nozzle fitted at the end of a long pipe. The total energy at the end of the pipe 
consists of pressure energy and kinetic energy. By fitting the nozzle at the end of the pipe, the total 
energy is converted into kinetic energy. Thus nozzles are used, where higher velocities of flow are 
required. The examples are : 





DIA=D 






BASE OF 


PIPE NOZZLE 


—\—_\—_— . “4 
Fig. 11.31 Nozzle fitted to a pipe. 


im 


mi 


1. In case of Pelton turbine, the nozzle is fitted at the end of the pipe (called penstock) to increase 
velocity. 


2. Incase of the extinguishing fire, a nozzle is fitted at the end of the hose pipe to increase velocity. 
Let D = diameter of the pipe, L = length of the pipe, 


A = area of the pipe = 3 D’, 


V = velocity of flow in pipe, 

H = total head at the inlet of the pipe, 
d= diameter of nozzle at outlet, 

v= velocity of flow at outlet of nozzle, 


Tt 
a= area of the nozzle at outlet = x È, 


f= co-efficient of friction for pipe. 





Loss of head due to friction in pipe, hy = oe L 
E 


.. Head available at the end of the pipe or at the base of nozzle 
= Head at inlet of pipe — head lost due to friction 


=H- h,= (x ee) 





2gxD 
Neglecting minor losses and also assuming losses in the nozzle negligible, we have 
Total head at inlet of pipe = total head (energy) at the outlet of nozzle + losses 


à 5 v 
But total head at outlet of nozzle = kinetic head = Z 





fal gje a oiya E, ahd) 
2g 2g 2gD 2gD 
From continuity equation in the pipe and outlet of nozzle, 
AV =av 
v=" 
A 


Substituting this value in equation (i), we get 


anv Ah ,(2) a + fee eS) 





~ 2g 2gxDxA 2g 


2g 22D 


A DA? 


2 





*, Discharge through nozzle = a X v. 


im 
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11.12.1 Power Transmitted Through Nozzle. The kinetic energy of the jet at the outlet of 
i 3 
nozzle = — mv 
2 
Now mass of liquid at the outlet of nozzle per second = pav 


Kinetic energy of the jet at the outlet per sec. = $ pav x v= ; pav? 








Power in kW at the outlet of nozzle = (K.E./sec) x l = 
1000 1000 


Efficiency of power transmission through nozzle, 











lni 
7 pav 
_ Power at outlet of nozzele —— 1000 
Power at the inlet of pipe  P&-0.H 
1000 
L pav. v? i pav. v? 
-2 = 2 {. Q=av} 
pg.Q0.H  pg.av.H 
- zi = — (11.26) 
8 1+ a x 2 
D A 
: v? l 
‘ From equation (11.25), =| ——— 
2gH i's 4fL a” 
DA 


11.12.2 Condition for Maximum Power Transmitted Through Nozzle. We know that, 
the total head at inlet of pipe = total head at the outlet of the nozzle + losses 


> 


A * total head at outlet of nozzle = = and 
ie., E g 
8 Af sb.V* 
h, =—————— = loss of liquid in pi 
f Dx 29 S q pipe 
_¥ 4 f-L.v 
2g Dx2g 
Tce yf bev 
2g Dx2g 











But power transmitted through nozzle = 


io. ï l 
>pav pav —pav 2 
5 gm” in? fae(u A LR¥ ) 


1000 1000 ~ 1000 Dx2g 


im 
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= Pam Ç Sad (11.27) 
1000 Dx2g 
Now from continuity equation, AV = av 
_ av 
A 


Substituting the value of V in equation (11.27), we get 


pgav j” 4 fla’ z] 








Power transmitted through nozzle = 





























1000| Dx2g A> 
P 
The power (P) will be maximum, when a) =0 
v 
or NO pi a || 
dv | 1000 Dx2g A` 
za 
or 2 pe Hv- 1. p > =0 
dv | 1000 Dx2g A“ 
z 7 j 
or pea H -3 age al =0or H-3x IJE aifi =) 
1000 DX2g A` Dx2g A 
4 2 
or H—-3h,=0 j — = h; = head loss in pipe) 
or h,= £ ...(11.28) 


Equation (11.28) gives the condition for maximum power transmitted through nozzle. It states that 
power transmitted through nozzle is maximum when the head lost due to friction in pipe is one-third 
the total head supplied at the inlet of pipe. 


11.12.3 Diameter of Nozzle for Maximum Transmission of Power Through Nozzle. For 


maximum transmission of power, the condition is given by equation (11.28) as, h,= 3 








But inet 
Dx2g 
pr oF epg ye et 
Dx2g 3 Dx2g 
But H is also = total head at outlet of nozzle + losses 
I 
2g 2g Dx2g 


| 


Equating the two values of H, we get 
2 2 2 2 2 2 
ase 4fLV E ESY or AYL 12fLV"  4fLV v 


v 
Dx2g 2g Dx2g Dx2g Dx2g ~ 2g 
2 2 
or E 


v ‘ 
Dx2g = 2g sto) 
But from continuity, AV = av or V = = 


-Substituting this value of V in equation (i), we get 











8fL ayy or BL a Pie v? i 
= —— ahina idee ae D es ee 
Dae? rm a : x 1 ivide by 2g (ii) 
2 
Bf (z a?) 8IL d* D’ 
or z=lo ——x— =lord’ = — 
D (Em) DD 8fL 
4 
Ds 1/4 
ae(2 >) Allee) 
ean 8fL A? 
F ti 4 — = 
rom equation (ii) oe 
ae (11.30) 
a D 


Equation (11.30) gives the ratio of the area of the supply pipe to the area of the nozzle and hence 
from this equation, the diameter of the nozzle can be obtained. 


Problem 11.48 A nozzle is fitted at the end of a pipe of length 300 m and of diameter 100 mm. For 


the maximum transmission of power through the nozzle, find the diameter of nozzle. Take f = .009. 
Solution. Given : 


Length of pipe, L=300m 

Diameter of pipe, D = 100 mm = 0.1 m 
Co-efficient of friction, f= .009 

Let the diameter of nozzle =d 


For maximum transmission of power, the diameter of nozzle is given by relation (11.29) as 


D Va 015 1/4 
— or | «62 09.02608 m=2 
a (=) (sca ——— 


Problem 11.49 The head of water at the inlet of a pipe 2000 m long and 500 mm diameter is 
60 m. A nozzle of diameter 100 mm at its outlet is fitted to the pipe. Find the velocity of water at the 
outlet of the nozzle if f = .01 for the pipe. 

Solution. Given : 

Head of water at inlet of pipe, H = 60 m 


Length of pipe, L= 2000 m 

Dia. of pipe, D = 500 mm = 0.50 m 
Dia. of nozzle at outlet, d= 100 mm = 0.1 m 
Co-efficient of friction, f=.01 


The velocity at outlet of nozzle is given by equation (11.25) as 


2x 981 x60 
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Problem 11.50 Find the maximum power transmitted by a jet of water discharging freely out of 
nozzle fitted to a pipe = 300 m long and 100 mm diameter with co-efficient of friction as 0.01. The 
available head at the nozzle is 90 m. 

Solution. Given : 


Length of pipe, L = 300 m 

Dia. of pipe, D = 100 mm = 0.1 m 
Co-efficient of friction, f=01 

Head available at nozzle, = 90m 


For maximum power transmission through the nozzle, the diameter at the outlet of nozzle is given 


by equation (11.29) as 
5 \u4 5 1/4 
d= 2 = Or = .0254 m 
8fL 8 x .01 x 300 


<. Area at the nozzle, a= 7 P= z (.0254)? = .0005067 m2, 


The nozzle at the outlet, discharges water into atmosphere and hence the total head available at the 
nozzle is converted into kinetic head. 


Head available at outlet = v7/2¢ or 90 = v?°/2g 


v= 2 x 9.8190 = 42.02 m/s 


Discharge through nozzle, Q = a x v = .0005067 x 42.02 = 0.02129 m*/s 


pg X Q x Head at outlet of nozzle 
1000 


_ 1000 x 9.81 x 0.02129 x 90 
p 1000 
Problem 11.51 The rate of flow of water through a pipe of length 2000 m and diameter 1 m is 
2 m*/s. At the end of the pipe a nozzle of outside diameter 300 mm ts fitted. Find the power transmitted 


<. Maximum power transmitted = 


= 18.796 kW. Ans. 


im 


through the nozzle if the head of water at inlet of the pipe is 200 m and co-efficient of friction for 


pipe is 0.01. 

Solution. Given : 

Length of pipe, L = 2000 m 

Dia. of pipe, D=1m 

Discharge, Q=2m*/s 

Dia. of nozzle, d= 300 mm = 0.3 m 

Head at inlet of pipe, H = 200 m 

Co-efficient of friction, f=.01 

Now area of pipe, A= = D’ = a x 1? = 0.7854 m? 

. ; Q 2.0 

Velocity of water through pipe, V= — = ———— = 2.546 m/s 

A 0.7854 


Power transmitted through nozzle is given by equation (11.27) as 


Biz pg.a.v H- 4 fLV~- 
1000 Dx2g 





z 1000 x 9.81 x 2.0 200 — 4 x.01 x 2000 x (2.546) orara Q 
1000 1x2 x981 
= 3405.43 kW. Ans. 


> 11.13 WATER HAMMER IN PIPES 


Consider a long pipe AB as shown in Fig. 11.32 connected at one end to a tank containing water at 
a height of H from the centre of the pipe. At the other end of the pipe, a valve to regulate the flow of 
water is provided. When the valve is completely open, the water is flowing with a velocity, V in the 
pipe. If now the valve is suddenly closed, the momentum of the flowing water will be destroyed and 
consequently a wave of high pressure will be set up. This wave of high pressure will be transmitted 
along the pipe with a velocity equal to the velocity of sound wave and may create noise called knock- 
ing. Also this wave of high pressure has the effect of hammering action on the walls of the pipe and 
hence it is also known as water hammer. 


B VALVE 


Fig. 11.32 Water hammer. 


The pressure rise due to water hammer depends upon : (i) the velocity of flow of water in pipe, 
(ii) the length of pipe, (iii) time taken to close the valve, (iv) elastic properties of the material of the 
pipe. The following cases of water hammer in pipes will be considered : 

1. Gradual closure of valve, 

2. Sudden closure of valve and considering pipe rigid, and 
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3. Sudden closure of valve and considering pipe elastic. 


11.13.1 Gradual Closure of Valve. Let the water is flowing through the pipe AB shown in 
Fig. 11.32, and the valve provided at the end of the pipe is closed gradually. 
Let A = area of cross-section of the pipe AB, 
L = length of pipe, 
V = velocity of flow of water through pipe, 
T = time in second required to close the valve, and 
p = intensity of pressure wave produced. 
Mass of water in pipe AB = p X volume of water = p x A x L 
The valve is closed gradually in time *7” seconds and hence the water is brought from initial 
velocity V to zero velocity in time seconds. 


<. Retardation of water = eee we aN 
Time T T 
“. Retarding force = Mass X Retardation = pAL x = (2) 


If p is the intensity of pressure wave produced due to closure of the valve, the force due to 
pressure wave, 
=p Xareaof pipe=pxA ask) 
Equating the two forces, given by equations (i) and (ii), 


V 
ALX —=pxA 
pP T p 


pLV 
ghi {1h 
T ( ) 
p pLV pLV LV 
Head of pressure, Hss aS abe 
pg PSxT pxgxT 8T 
(i) The valve closure is said to be gradual if T > a s1133) 


where f = time in sec, C = velocity of pressure wave 
(ii) The valve closure is said to be sudden if T < = ...( 11.34) 


where C = velocity of pressure wave. 


11.13.2 Sudden Closure of Valve and Pipe is Rigid. Equation (11.31) gives the relation 
between increase of pressure due to water hammer in pipe and the time required to close the valve. If 
t = 0, the increase in pressure will be infinite. But from experiments, it is observed that the increase in 
pressure due to water hammer is finite, even for a very rapid closure of valve. Thus equation (11.31) is 
valid only for (i) incompressible fluids and (ii) when pipe is rigid. But when a wave of high pressure is 
created, the liquids get compressed to some extent and also pipe material gets stretched. For a sudden 
closure of valve [the valve of fis small and hence a wave of high pressure is created] the following two 
cases will be considered : 

(i) Sudden closure of valve and pipe is rigid, and 

(ii) Sudden closure of valve and pipe is elastic. 
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Consider a pipe AB in which water is flowing as shown in Fig. 11.32. Let the pipe is rigid and valve 
fitted at the end B is closed suddenly. 
Let A = Area of cross-section of pipe AB, 
L= Length of pipe, 
V = Velocity of flow of water through pipe, 
p = Intensity of pressure wave produced, 
K = Bulk modulus of water. 
When the valve is closed suddenly, the kinetic energy of the flowing water is converted into strain 
energy of water if the effect of friction is neglected and pipe wall is assumed perfectly rigid. 


Loss of kinetic energy = 5 x mass of water in pipe x y 


SASAS v (C7 mass = p X volume = p X A x L) 


N 


Gain of strain energy = ie 
2\ K 


> 


x volume = LE x AL 
2K 


Equating loss of kinetic energy to gain of strain energy 


2 


gn 
2 2K 


or = 5 pAL x vex 22 = pkv? 
p=4pkv? = V/Kp =v (11.35) 
=pVxC (:- JKTp = C) (11.36) 


where C = velocity* of pressure wave. 


11.13.3 Sudden Closure of Valve and Pipe is Elastic. Consider the pipe AB in which water 
is flowing as shown in Fig. 11.32. Let the thickness ‘f of the pipe wall is small compared to the 
diameter D of the pipe and also let the pipe is elastic. 

Let E = Modulus of Elasticity of the pipe material, 


1 ‘ 5 7 ; à 
— = Poisson’s ratio for pipe material, 
m 


p = Increase of pressure due to water hammer, 
t = Thickness of the pipe wall, 
D = Diameter of the pipe. 

When the valve is closed suddenly, a wave of high pressure of intensity p will be produced in the 
water. Due to this high pressure p, circumferential and longitudinal stresses in the pipe wall will be 
produced. 

Let  f,= Longitudinal stress in pipe 

f- = Circumferential stress in pipe, 

The magnitude of these stresses are given as f, = £2 and f, = 2 

Now from the knowledge of strength of material we know, strain energy stored in pipe material per 
unit volume 


* For derivation of velocity of pressure wave, please refer to chapter 15. 
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1 
Taking (ie. Poisson ratio = 1) 


.. Strain energy stored in pipe material per unit volume 


2 2 


Hi PD pD H PD p?D 


2 
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2E| 16t 4t“ 4x4 


2E 4? — 8Er 
Total volume of pipe material = nD X t X L. 
Total strain energy stored in pipe material 
= Strain energy per unit volume X total volume 





2 n2 2 3 
=E n xaDxtxL= 2 ROE 
8Er 8Et 
2 2 2 2 
_?P x TD xDL _ p AXDL a nD sheni 
8E! 2Et 4 
Now loss of kinetic energy of water = $ mV? = $ pAL x V? (C: m= pAL) 


2 


Gain of strain energy in water = X 2- x volume = is x AL 
2\ K 2K 


Then, loss of Kinetic energy of water = Gain of strain energy in water + Strain energy stored in pipe 
material. 


Divide by AL, 


.(11.37) 
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11.13.4 Time Taken by Pressure Wave to Travel from the Valve to the Tank and 
from Tank to the Valve 
Let T = The required time taken by pressure wave 
L = Length of the pipe 
C = Velocity of pressure wave 
Then total distance = L + L = 2L 


Distance _ 2L 


<. Time, .( 11.38) 


p Velocity of pressure wave C 


Problem 11.52 The water is flowing with a velocity of 1.5 m/s in a pipe of length 2500 m and of 
diameter 500 mm. At the end of the pipe, a valve is provided. Find the rise in pressure if the valve is 
closed in 25 seconds. Take the value of C = 1460 m/s. 

Solution. Given : 


Velocity of water, V= 1.5 m/s 

Length of pipe, L = 2500 m 

Diameter of pipe, D = 500 mm = 0.5 m 

Time to close the valve, T = 25 seconds 

Value of, C = 1460 m/s 

Let the rise in pressure =p 

The ratio, oh = ERE = 3.42 
C 1460 


From equation (11.33), we have if T > =. the closure of valve is said to be gradual. 


Here T = 25 sec and = = 3.42 


T> = and hence valve is closed gradually. 


For gradually closure of valve, the rise in pressure is given by equation (11.31) as 


p = PYE = 1000 x 2500 x ZŠ = 150000 Nim? 


ee E so ii 
107 cm’ cm 


Problem 11.53 /fin Problem 11.52, the valve is closed in 2 sec, find the rise in pressure behind 
the valve. Assume the pipe to be rigid one and take Bulk modulus of water. 
ie., K = 19.62 x 10° N/em’. 
Solution. Given : 
V= 1.5 m/s, L = 2500 m 
D = 500 mm = 0.5 m 
Time to close the valve, T =2 sec 
Bulk modulus of water, K = 19.62 x 10° N/cm? 
= 19.62 x 10* x 10* N/m? = 19.62 x 10° N/m? 
Velocity of pressure wave is given by, 


|] 


8 
C= A [ose xo = 1400 m/s C- p = 1000) 
p 1000 


The ratio, 2E „22250 gg n pe 26 
C 1400 


<. From equation (11.34), if T < =. valve is closed suddenly. For sudden closure of valve, when 


pipe is rigid, the rise in pressure is given by equation (11.35) or (11.36) as 


p=V JKp =1.5 19.62 x 10° x 1000 (+ p= 1000) 


= 210.1 x 10* N/m? = 210.1 N/em’. Ans. 
Problem 11.54 /fin Problem 11.52, the thickness of the pipe is 10 mm and the valve is suddenly 
closed at the end of the pipe, find the rise in pressure if the pipe is considered to be elastic. Take 
E = 19.62 x 10'° N/m’ for pipe material and K = 19.62 x 10° N/em? for water. Calculate the 
circumferential stress and longitudinal stress developed in the pipe wall. 
Solution. Given : 
V = 1.5 m/s, L = 2500 m, D = 0.5 m 


Thickness of pipe, t= 10 mm= .0l m 

Modulus of elasticity, E = 19.62 x 10° N/m? 

Bulk modulus, K = 19.62 x 10* N/em? = 19.62 x 10° N/m? 

For sudden closure of the valve for an elastic pipe, the rise in pressure is given by equation (11.37) as 








1000 








l 0.5 
aá Ea aia 
19.62x10ë 19.62 x10" x.01 


| 1000 
=15 x |S ~~~ 
(5.09 x10" +2.54x10"°) 


= 1715510 N/m? = 171.55 N/em*. Ans. 
Circumferential stress (f.) is given by 


pxD 171.55x0.5 


= ——— = = 4286.9 Nim? 
2t 2x.01 
71. 5 
Longitudinal stress is given by, f; = pee = ee = 2143.45 N/m”. Ans. 
t xX. 


Problem 11.55 A valve is provided at the end of a cast iron pipe of diameter 150 mm and of 
thickness 10 mm. The water is flowing through the pipe, which is suddenly stopped by closing the 
valve. Find the maximum velocity of water, when the rise of pressure due to sudden closure of 
valve is 196.2 N/cm?. Take K for water as 19.62 x 107 N/em? and E for cast iron pipe as 
11.772 x 10° N/em’. 

Solution. Given : 

Diameter of pipe, D = 150 mm = 0.15 m 


Thickness of pipe, t= 10 mm = .0l m 
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Rise of pressure, p = 196.2 N/cm? = 196.2 x 10* N/m? 

Bulk modulus, K = 19.62 x 10 N/cm? = 19.62 x 10° N/m? 

Modulus of elasticity, E = 11.772 x 10° N/em? = 11.772 x 10'° N/m? 

For sudden closure of valve and when pipe is elastic, the pressure rise is given by equation (11.37) as 





1000 











l 0.15 
+ 
19,.62x10ë 11.772 x10" x.01 


or 196.2 x 10* = Vx e 
5.09 x 10°" + 1.274 x 10 


1000 


=Vx |———~ = Vx 125.27 x 10* 
6.364 x 10 
4 
V= acca = 1.566 m/s 
125.27 x10 
"~ Maximum velocity = 1.566 m/s. Ans. 


> 11.14 PIPE NETWORK 


A pipe network is an interconnected system of pipes forming several loops or circuits. The pipe 
network is shown in Fig. 11.33. The examples of such networks of pipes are the municipal water 
distribution systems in cities and laboratory supply system. In such system, it is required to determine 
the distribution of flow through the various pipes of the network. The following are the necessary 
conditions for any network of pipes : 

(i) The flow into each junction must be equal to the flow out of the junction. This is due to 
continuity equation. 

(ii) The algebraic sum of head losses round each loop must be zero. This means that in each loop, 
the loss of head due to flow in clockwise direction must be equal to the loss of head due to flow in 
anticlockwise direction. 

(iii) The head loss in each pipe is expressed as A =rQ". The value of r depends upon the length of 
pipe, diameter of pipe and co-efficient of friction of pipe. The value of n for turbulent flow is 2. We 
know that, 
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This head loss will be positive, when the pipe is a part of loop and the flow in the pipe is clockwise. 
Generally, the pipe network problems are difficult to solve analytically. Hence the methods of 


successive approximations are used. ‘Hardy Cross Method’ is one such method which is commonly 
used. 


11.14.1 Hardy Cross Method. The procedure for Hardy Cross Method is as follows : 

1. In this method a trial distribution of discharges is made arbitrarily but in such a way that 
continuity equation is satisfied at each function (or node). 

2. With the assumed values of Q, the head loss in each pipe is calculated according to equation (11.39). 

3. Now consider any loop (or circuits). The algebraic sum of head losses round each loop must be 
zero. This means that in each loop, the loss of head due to flow in clockwise direction must be equal 
to the loss of head due to flow in anticlockwise direction. 

4. Now calculate the net head loss around each loop considering the head loss to be positive in 
clockwise flow and to be negative in anticlockwise flow. 

If the net head loss due to assumed values of Q round the loop is zero, then the assumed values 
of Q in that loop is correct. But if the net head loss due to assumed values of Q is not zero, then the 
assumed values of Q are corrected by introducing a correction AQ for the flows, till the circuit is 
balanced. 

The correction factor AQ* is obtained by 


= .(11.39) | where 


AQ = Do ...(11.40) 


Zrno 


For turbulent flow, the value of n = 2 and hence above correction factor becomes as 


2 
a (11.41) 


2 2r Qo 
5. If the value of AQ comes out to be positive, then it should be added to the flows in the clock- 
wise direction (*. the flows in clockwise direction in a loops are considered positive) and subtracted 
from the flows in the anticlockwise direction. 
6. Some pipes may be common to two circuits (or two loops), then the two corrections are 
applied to these pipes. 


* Let for any pipe Qù = assumed discharge and Q = correct discharge, then 
Q =Q + AQ 

*. Head loss for the pipe, h;= rg = (Qo + AQ’. 

For complete circuit, the net head loss, £h; = E (rQ°) = Er (Qg + 40)" = Ir(Q; + 2Q) AQ + AQ’) 
= re (Or + 20 AQ) As AQ is small compared with Qo and hence AQ? can be neglected. 

E rQ? =E rQ + Er x 2Q,A0 
For the correct distribution, the net head loss for a circuit should be zero (ie, Eh, = E (rQ*) = 0) 
ErQ? + Er x 2Q,AQ =0 
or io? + AQ Er x 20, = 0 [As AQ is same for one circuit, hence it can be taken out of the summation] 


aga -ZrO 


E2rQ 
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7. After the corrections have been applied to each pipe in a loop and to all loops, a second trial 
calculation is made for all loops. The procedure is repeated till AQ becomes negligible. 







Junction 
(Node) 


c 


Fig. 11.33 Pipe network. 
[Loops are : ABCGFA, FEGF, GEHG, GHDG and GCDG} 


Problem 11.56 Calculate the discharge in each pipe of the network shown in Fig. 11.34. The pipe 
network consists of 5 pipes. The head loss hş in a pipe is given by h, =rQ’. The values of r for various 
pipes and also the inflow or outflows at nodes are shown in the figure. 





90 r=2 B 30 
Fig. 11.34 


Solution. Given : 

Inflow at node A = 90, outflow at B = 30, at C = 40 and at D = 20. 

Values of r for AB = 2, for BC = 1, for CD = 2, for AD = 4 and for BD = 1. 

For the first trial, the discharges are assumed as shown in Fig. 11.34 (a) so that continuity is satisfied 
at each node (i.e., flow into a node = flow out of the node). For this distribution of discharge, the 
corrections AQ for the loops ABD and BCD are calculated. 





Fig. 11.34(a) 


550 Fluid Mechanics 


First Trial 


4 30 4x30? = 3600 2x4x 30 =240 DC 2 20 2x20°=800 2x 2x20 = 80 

1 10 -1x10?=-100 2x1x10=20 CB 1 20 -1x20?=-400 2x1x20=40 

2 60 —2x607=-7200 2x2x60=240 BD 1 10 1x10?=100 2x1x 10 = 20. 
LrQ,7 =-3700, E2rQ, = 500, E2 rQ =500  E2rQ,=140 


2 
Ag= LEED. . -(-3700) _ 54 a Ngee =O aig ~ 36. 
Z2rQ 500 Z2rQ, 140 
In the loop ADB, the head loss A, is negative in pipes DB The head loss in pipe BC for loop DCB is negative 


and AB as the direction of discharges in these pipes is as the direction of discharge in pipe BC in 

anticlockwise. anticlockwise. 

As AQ is positive for loop ADB, hence it should be added As AQ is negative for loop DCB, hence it should be 

to the flow in the clockwise direction and subtractedfrom subtracted from the flow in the clockwise direction 

the flow in the anticlockwise direction. Hence the corrected and added to the flow in the anticlockwise direction. 

flow for second trial for loop ADB will be as follows : Hence corrected flow for second trial for loop DCB 
will be as follows : 

Pipe AD = 30 + 7.4 = 37.4 (flow is clockwise) Pipe DC = 20 -3.6= 16.4 

Pipe AB = 60 — 7.4 = 52.6 (flow is anticlockwise) Pipe BC = 20 + 3.6 = 23.6 

Pipe BD = 10 — 7.4 = 2. 6 (flow is anticlockwise) Pipe BD* = 2.6 -3.6=— 1 





Note. The pipe BD is common to two loops (i.e., loop ADB and loop DCB). Hence this pipe will get two corrections. 
After the two corrections, the resultant flow in pipe BD is negative in loop DCB. Hence the direction of flow will be 
anticlockwise in pipe BD for loop DCB. 





52.6 
Fig. 11.34 (b) 


The distribution of discharges in various pipes for second trial is shown in Fig. 11.34 (b). For second trial the 
correction AQ for loops ADB and DCB are calculated as follows : 


AD 4 374 4x37.47 =5595 


DB t 3 IxP=1 2x1x1l=2 


AB 2 526 —2x52.67=—5533.5 2x2x52.6=2104 


ErQ,” = 62.54, 2rQ,=511.6 


2 
cape rQ 6254 
< 2rQ, -5116 


=-0.122=-0.1 


As AQ is negative, hence it should be subtracted from the 
flow in the clockwise direction and added to the flow in the 
anticlockwise direction 

As the correction (AQ) is small (i.¢., AQ =—0.1), this 
correction is applied and further trials are discontinued. 
Hence corrected flow for 

loop ADB will be as follows : 

For pipe AD, Q, = 37.4 — 0.1 = 37.3 (as flow is clockwise) 
For pipe DB, Q, = | — 0.1 = 0.9 (as flow is clockwise) 


For pipe AB, Q, = 52.6 + 0.1 = 52.7 (as flow is anti- 
clockwise) 


Loop DCB 
Pipe r Qo hy =r) 


2x4x37.4=299.2| DC 2 164 2x 16.4°=537.9 2x2x16.4=65.6 


23.6 —1x23.6°-556.9 2x1x236=47.2 
i Siete 2x1x1=2 
EQ, =-20,  E2rQ,= 114.8 


ohio ese rQ) _ -(-20) 


2rQ, 1148 


ee 0T 
1148 


= 0.2 
As AQ is positive, hence it should be added to the 
flow in the clockwise direction and subtracted from 
the flow in the anticlockwise direction. 
As the correction (AQ) is small (i.e., AQ = 0.2), this 
correction is applied and further trials are discontinued. 
Hence corrected flow 
for loop DCB will be as follows : 
For pipe DC, Q, = 16.4 + 0.2 = 16.6 (clockwise flow) 
For pipe CB, Q, = 23.6 — 0.2 = 23.4 (anticlockwise 
flow) 
For pipe BD, Q, = 0.9 — 0.2 = 0.7 (anticlockwise 
flow) 





The final distribution of discharges in each pipe is as follows : 


Discharge in pipe AD = 37.3 from A to D 
AB = 52.7 from A to B 
DB = 0.7 from D to B 
DC = 16.6. from D to C 
BC = 23.4 from B to C 


The final discharge in each pipe is shown in Fig. 11.34 (c) 
A 





40 

23.4 

> 

90 52.7 B 30 
Fig. 11.34 (c) 
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Note. The pipe DB is common to two loop (i.e., loops ADB and loop DBC). Hence this pipe will get two 
corrections. For loop ADB, the correction AQ = — 0.1 and hence the corrected flow in pipe DB is | — 0.1 = 0.9. 
Now again, the correction is applied to pipe DB when we consider loop DBC. For loop DBC, the correction 
AQ = 0.2 but flow is anticlockwise and hence the final correct flow in pipe DB will be 0.9 — 0.2 = 0.7. 


HIGHLIGHTS 


1. The energy loss in pipe is classified as major energy loss and minor energy losses. Major energy loss 
is due to friction while minor energy losses are due to sudden expansion of pipe, sudden contraction 
of pipe, bend in pipe and an obstruction in pipe. 

4fLv? 

dx2g° 

3. The head loss due to friction in pipe can also be calculated by Chezy’s formula. 


V =C mi Chezy’s formula 
where C = Chezy’s Constant 





2. Energy loss due to friction is given by Darcy Formula, h; = 


m = Hydrualic mean depth = ‘ (for pipe running full) 
V = Velocity of flow 
h 
i = Loss of head per unit length = a 


h,= L x i, where i is obtained from Chezy’s formula. 


sorte (v-v) 
4. Loss of head due to sudden expansion of pipe, ht. = a 
g 
where V, = Velocity in small pipe, V, = Velocity in large pipe. 
2 
5. Loss of head due to sudden contraction of pipe, A, = a -1 ve 
C; 2g 
where C, = co-efficient of contraction = 0.375 y «(For C, = 0.62) 
v2 
=0.5 rs „(if value of C, is not given) 
a 
6. 


Loss of head at the entrance of a pipe, h, = 0.5 ae: 
8 


2 


7. Loss of head at the exit of pipe, h, = L 


The line representing the sum of pressure head and datum head with respect to some reference line is 
called hydraulic gradient line (H.G.L.) while the line representing the sum of pressure head, datum head 
and velocity head with respect to some reference line is known as total energy line (T.E.L.). 

9. Syphon is a long bent pipe used to transfer liquids from a reservoir at a higher level to another reservoir 

at a lower level, when the two reservoirs are separated by a high level ground. 

10. The maximum vacuum created at the summit of syphon is only 7.4 m of water. 
11. When pipes of different lengths and different diameters are connected end to end, pipes are called in 
series or compound pipes. The rate of flow through each pipe connected in series is same. 
A single pipe of uniform diameter, having same discharge and same loss of head as compound pipe 
consisting of several pipes of different lengths and diameters, is known as equivalent pipe. The diameter 
of equivalent pipe is called equivalent size of the pipe. 
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13. 


14. 


16. 


17. 


18. 


19, 


21. 


The equivalent size of the pipe is obtained from 
L 
= + + 
Batata 


where L = equivalent length of pipe = L; + Ly + L, 
d,, dy, d, = are diameters of pipes connected in series 
d = equivalent size of the pipes. 
When the pipes are connected in parallel, the loss of head in each pipe is same. The rate of flow in 
main pipe is equal to sum of the rate of flow in each pipe, connected in parallel. 
For solving problems for branched pipes, the three basic, equations ie., continuity, Bernoulli's and 
Darcy's equations are used. 
pgxQx (H -h r) 
1000 
where Q = discharge through pipe = area x velocity = í xV 


H = total head at inlet of pipe 
h; = head lost due to friction 
4fLV? 
dx2g 


Power transmitted in kW through pipe is given by P = 





= , where L = Length of pipe 
pg x Qx(H —hy) 
1000 


H-h 
Efficiency of power transmission through pipes, n = H E 


In S.I. units, power transmitted is given by, Power = kW. 





Condition for maximum transmission of power through pipe,, hy = s and maximum efficiency 


=66.67%. 


The velocity of water at the outlet of the nozzle is v = 





where H = head at the inlet of the pipe, L = length of the pipe, 
D = diameter of the pipe, a = area of the nozzle outlet, 
A = area of the pipe. 


2 
. The power transmitted through nozzle, P = xe g AT 


000 Dx2g 


and the efficiency of power transmission through nozzle, n = a ; 
a 
1+——x 
| D a 


H 
Condition for maximum power transmission through nozzle, hy = = 
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22. Diameter of nozzle for maximum power transmission through nozzle is, d = =) 
where d = diameter of the nozzle at outlet, D = diameter of the pipe, 

L = length of the pipe, f = co-efficient of friction for pipe. 

23. When a liquid is flowing through a long pipe fitted with a valve at the end of the pipe and the valve is 
closed suddenly, a pressure wave of high intensity is produced behind the valve. This pressure wave of 
high intensity is having the effect of hammering action on the walls of the pipe. This phenomenon is 
known as water hammer. 

24. The intensity of pressure rise due to water hammer is given by 

pLV 





p= F . When valve is closed gradually. 
= v./Kp .. When valve is closed suddenly and pipe is assumed rigid 
=Vx ... When valve is closed suddenly and pipe is elastic. 
where L = Length of pipe, V = Velocity of flow, 
T = Time required to close the valve, K = Bulk modulus of water, 
D = Diameter of the pipe, E = Modulus of elasticity for pipe material. 


t = Thickness of the pipe wall, 
25. If the time required to close the valve : 


TS = ... the valve closure is said to be gradual, 
2L Peek 
Pg T ... the valve closure is said to be sudden 


where L= length of pipe, 


E 
C = velocity of pressure wave produced due to water hammer = P k 


EXERCISE 


(A) THEORETICAL PROBLEMS 


1. How will you determine the loss of head due to friction in pipes by using (i) Darcy Formula and 
(ii) Chezy’s formula ? 
(a) What do you understand by the terms : Major energy loss and minor energy losses in pipes ? 
(b) What do you understand by total energy line, hydraulic gradient line, pipes in series, pipes in parallel 
and equivalent pipe ? 
Derive an expression for the loss of head due to ; (7) Sudden enlargement and (i) Sudden contraction 
of a pipe. 

(b) Obtain expression for head loss in a sudden expansion in the pipe. List all the assumptions made in 

the derivation. 

4. Define and explain the terms : (7) Hydraulic gradient line and (ii) Total energy line. 
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Show that the loss of head due to sudden expansion in pipe line is a function of velocity head. 
What is a syphon ? On what principle it works ? 

What is a compound pipe ? What will be loss of head when pipes are connected in series ? 

Explain the terms : (i) Pipes in parallel (i/) Equivalent pipe and (iii) Equivalent size of the pipe. 

Find an expression for the power transmission through pipes. What is the condition for maximum trans- 
mission of power and corresponding efficiency of transmission ? 

Prove that the head loss due to friction is equal to one-third of the total head at inlet for maximum power 


transmission through pipes or nozzles. 


Prove that the velocity through nozzle is given by v = 





where a = Area of nozzle at outlet, A = Area of the pipe. 


5\1⁄4 
Show that the diameter of the nozzle for maximum transmission of power is given by d = & 

where D = Diameter of pipe, L = Length of pipe. 

Find an expression for the ratio of the outlet area of the nozzle to the area of the pipe for maximum 
transmission of power. 

Explain the phenomenon of Water Hammer, Obtain an expression for the rise of pressure when the flowing 
water in a pipe is brought to rest by closing the valve gradually. 

Show that the pressure rise due to sudden closure of a valve at the end of a pipe, through which water is 


flowing is given by p = V t 
K z Et 
where V = Velocity of flow, D = Diameter of pipe, E = Young’s Modulus, K = Bulk Modulus and 
t = Thickness of pipe. 
Three pipes of different diameters and different lengths are connected in series to make a compound 
pipe. The ends of this compound pipe are connected with two tanks whose difference of water level is 
H. If co-efficient of friction for these pipes is same, then derive the formula for the total head loss, 
neglecting first the minor losses and then including them. 
For the two cases of flow in a sudden contraction in a pipeline and flow in a sudden expansion in a pipe 
line, draw the flow pattern, piezometric grade line and total energy line. 
What do you mean by “equivalent pipe” and “flow through parallel pipes” ? 
(a) Define and explain the terms : (i) Hydraulic gradient line and (ii) total energy line. 
(b) What do you mean by equivalent pipe ? Obtain an expression for equivalent pipe. 
(Dethi University, December 2002) 


(B) NUMERICAL PROBLEMS 


Find the head loss due to friction in a pipe of diameter 250 mm and length 60 m, through which water is 
flowing at a velocity of 3.0 m/s using (i) Darcy formula and (i) Chezy’s Formula for which 


C = 55, Take v for water = .01 stoke. [Ans. (7) 1.182, (i) 2.856] 
Find the diameter of a pipe of length 2500 m when the rate of flow of water through the pipe is 0.25 m*/s and 
head loss due to friction is 5 m. Take C = 50 in Chezy’s formula. [Ans. 605 mm] 
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An oil of Kinematic Viscosity 0.5 stoke is flowing through a pipe of diameter 300 mm at the rate of 
320 litres per sec. Find the head lost due to friction for a length of 60 m of the pipe. [Ans. 5.14 m] 


Calculate the rate of flow of water through a pipe of diameter 300 mm, when the difference of pressure 
head between the two ends of a pipe 400 m apart is 5 m of water. Take the value of f= .009 in the formula 





2 
baser [Ans. 0.101 m*/s] 
dx2g 
The discharge through a pipe is 200 litres/s. Find the loss of head when the pipe is suddenly enlarged from 
150 mm to 300 mm diameter. [Ans. 3.672 m] 


The rate of flow of water through a horizontal pipe is 0.3 m*/s. The diameter of the pipe is suddenly 
enlarged from 250 mm to 500 mm. The pressure intensity in the smaller pipe is 13.734 N/cm’. Determine : 
(i) loss of head due to sudden enlargement, (ii) pressure intensity in the large pipe and (iii) power lost due 
to enlargement. [Ans. (i) 1.07 m, (ii) 14.43 N/cm?, (iii) 3.15 kW] 
A horizontal pipe of diameter 400 mm is suddenly contracted to a diameter of 200 mm. The pressure 
intensities in the large and smaller pipe is given as 14.715 N/cm? and 12.753 N/cm? respectively. If 
C. = 0.62, find the loss of head due to contraction. Also determine the rate of flow of water. 
[Ans. (i) 0.571 m, (ii) 171. 7 litres/s] 

Water is flowing through a horizontal pipe of diameter 300 mm at a velocity of 4 m/s. A circular solid plate 
of diameter 200 mm is placed in the pipe to obstruct the flow. If C, = 0.62, find the loss of head due to 
obstruction in the pipe. [Ans. 2.953 m] 
Determine the rate of flow of water through a pipe of diameter 10 cm and length 60 cm when one end of 
the pipe is connected to a tank and other end of the pipe is open to the atmosphere. The height of water in 
the tank from the centre of the pipe is 5 cm. Pipe is given as horizontal and value of f= .01. Consider minor 
losses. {Ans. 15.4 litres/s] 
A horizontal pipe-line 50 m long is connected to a water tank at one end and discharges freely into the 
atmosphere at the other end. For the first 30 m of its length from the tank, the pipe is 200 mm diameter and 
its diameter is suddenly enlarged to 400 mm. The height of water level in the tank is 10 m above the centre 
of the pipe. Considering all minor losses, determine the rate of flow. Take f= .01 for both sections of the 
pipe. [Ans. 164.13 litres/s] 
Determine the difference in the elevations between the water surfaces in the two tanks which are con- 
nected by a horizontal pipe of diameter 400 mm and length 500 m. The rate of flow of water through the 
pipe is 200 litres/s. Consider all losses and take the value of f = .009. [Ans. 11.79 m] 
For the problems 9, 10 and 11 draw the hydraulic gradient lines (H.G.L.) and total energy lines (T.E.L.) 
A syphon of diameter 150 mm connects two reservoirs having a difference in elevation of 15 m. The 
length of the syphon is 400 m and summit is 4.0 m above the water level in the upper reservoir, The length 
of the pipe from upper reservoir to the summit is 80 m. Determine the discharge through the syphon and 
also pressure at the summit. Neglect minor losses. The co-efficient of friction, f = .005. 

[Ans. 41.52 litres/s, — 7.281 m of water] 
A syphon of diameter 200 mm connects two reservoirs having a difference in elevation as 20 m. The total 
length of the syphon is 800 m and the summit is 5 m above the water level in the upper reservoir. If the 
separation takes place at 2.8 m of water absolute find the maximum length of syphon from upper reservoir 
to the summit. Take f= .004 and atmospheric pressure = 10.3 m of water, [Ans. 87.52 m] 
Three pipes of lengths 800 m, 600 m and 300 m and of diameters 400 mm, 300 mm and 200 mm respec- 
tively are connected in series. The ends of the compound pipe is connected to two tanks, whose water 
surface levels are maintained at a difference of 15 m, Determine the rate of flow of water through the pipes 
if f= .005. What will be diameter of a single pipe of length 1700 m and f = .005, which replaces the three 
pipes ? [Ans. 0.0848 m*/s, 266.5 mm] 


mi 


l 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 





Two pipes of lengths 2500 m each and diameters 80 cm and 60 cm respectively, are connected in 
parallel. The co-efficient of friction for each pipe is 0.006. The total flow is equal to 250 litres/s. Find the 
rate of flow in each pipe. [Ans. 0.1683 m°/s, 0.0817 m?/s] 
A pipe of diameter 300 mm and length 1000 m connects two reservoirs, having difference of water 
levels as 15 m. Determine the discharge through the pipe. If an additional pipe of diameter 300 mm and 
length 600 m is attached to the last 600 m length of the existing pipe, find the increase in the discharge. 
Take f = .02 and neglect minor losses. [Ans. 0.0742 m°*/s, 0.0258 m/s] 
Two sharp ended pipes of diameters 60 mm and 100 mm respectively, each of length 150 m are 
connected in parallel between two reservoirs which have a difference of level of 15 m. If co-efficient of 
friction for each pipe is 0.08, calculate the rate of flow for each pipe and also the diameter of a single 
pipe 150 m long which would give the same discharge if it were substituted for the original two pipes. 
[Ans. 0.0017, .00615, 110 mm] 
Three reservoirs A, B and C are connected by a pipe system having length 700 m, 1200 m and 500 m and 
diameters 400 mm, 300 mm and 200 mm respectively. The water levels in reservoir A and B from a datum 
line are 50 m and 45 m respectively. The level of water in reservoir C is below the level of water in 
reservoir B. Find the discharge into or from the reservoirs B and C if the rate of flow from reservoir A is 
150 litres per sec. Find the height of water level in the reservoir C. Take f= .005 for all pipes. 
[Ans. .005 m*/s, .095 m*/s, 24.16 m] 
A pipe of diameter 300 mm and length 3000 m is used for the transmission of power by water. The total 
head at the inlet of the pipe is 400 m. Find the maximum power available at the outlet of the pipe. Take 
f=.005. [Ans. 667.07 kW] 
A pipe line of length 2100 m is used for transmitting 103 kW. The pressure at the inlet of the pipe is 
392.4 N/cm°. If the efficiency of transmission is 80%, find the diameter of the pipe. Take f = .005, 
[Ans. 136 mm] 
A nozzle is fitted at the end of a pipe of length 400 m and of diameter 150 mm. For the maximum 
transmission of power through the nozzle, find the diameter of the nozzle. Take f= .008. [Ans. 41.5 mm] 
The head of water at the inlet of a pipe of length 1500 m and of diameter 400 mm is 50 m. A nozzle of 
diameter 80 mm at the outlet, is fitted to the pipe. Find the velocity of water at the outlet of the nozzle 
if f= .01 for the pipe. [Ans. 28.12 m/s] 
The rate of flow of water through a pipe of length 1500 m and diameter 800 mm is 2 m*/s. At the end of 
the pipe a nozzle of outside diameter 200 mm is fitted. Find the power transmitted through the nozzle if 
the head of water at the inlet of the pipe is 180 m and f = .01 for pipe. [Ans. 2344.7 kW] 
The water is flowing with a velocity of 2 m/s in a pipe of length 2000 m and of diameter 600 mm. At the 
end of the pipe, a valve is provided. Find the rise in pressure if the valve is closed in 20 seconds, Take the 


value of C = 1420 mis. [Ans. 20 N/cm?] 
If the valve in the problem 25 is closed in 1.5 sec, find the rise in pressure. Take bulk modulus of water 
= 19.62 x 10* N/em? and consider pipe as rigid one. [Ans. 186.75 N/em?] 


If in the problem 25, the thickness of the pipe is 10 mm and the valve is closed suddenly. Find the rise 
in pressure if the pipe is considered to be elastic. Take value of E = 19.62 x 10° N/cm? for pipe material 
and K = 19.62 x 10* N/cem? for water. Calculate the circumferential stress and longitudinal stress 
developed in the pipe wall. [Ans. p = 221.47 N/cm?, f. = 6644.1 N/em’, f, = 3322 N/em’] 
The difference in water surface levels in two tanks, which are connected by two pipes in series of 
lengths 600 m and 400 m and of diameters 30 cm and 20 cm respectively, is 15 m. Determine the rate of 
flow of water if the co-efficient of friction is 0.005 for both the pipes. Neglect minor losses. 

Water is flowing vertically downwards through a 10 cm diameter pipe at the rate of 50 I.p.s, Ata 
particular location the pipe suddenly enlarges to 20 cm diameter. A point P is located 50 cm above the 
section of enlargement and another point Q is located 50 cm below it in the enlarged portion. A 
pressure gauge connected at P gives a reading of 19.62 N/cm?. Calculate the pressure at location Q 
neglecting friction loss between P and Q but considering the loss due to sudden enlargement. What 


31. 


neglecting friction loss between P and Q but considering the loss due to sudden enlargement. What 
will be the pressure at Q if the same discharge flows upwards assuming that the pressure P remains the 
same ? Consider the loss due to contraction with C, = 0.60 but neglect friction loss between P and Q. 

[Ans. 21. 36 Nicm?, 23.4 N/cm?] (A.M.1.E., Summer, 1985) 


. Two tanks are connected with the help of two pipes in series. The lengths of the pipes are 1000 m and 


800 m whereas the diameters are 400 mm and 200 mm respectively. The co-efficient of friction for both 
the pipes is 0.008. The difference of water level in the two tanks is 15 m. Find the rate of flow of water 
through the pipes, considering all losses, Also draw the total energy line and hydraulic gradient lines 


for the system. (Delhi University, May 1998) (Ans. 0.0464 m*/s] 
ra a aa tr ger ey a laa a aa a 
Now oy + hf, + ho, 
a v? xhxv , osv afxlax VÈ Vp 
= dx2g 2g d} X 2g r 
2 2 2 we 
aaa ae 05v? | 40008 10003 y Pe ae 4 x 0.008 x 800 x Vi 
2x981 0.4x2x981 2x981 0.2x2x9.81 ars 


Also A, V, = A,V; or V; = 4V, 
` 15 = 0.02548V, +4.0775V,? + 0.02548 V, +6.524V7 + 0.05097 V° 

=4. 103V," + 6. 6v =4. „103V,? +6. 6x (4V)? 

=4, 103V,? + 105. 607V," = 109, 71V? 

15 n 
Vi = Jig 70397m- Q=4V =F (.4)° x 0.3697 = 0.0464 m*/s | 

A pipe of diameter 25 cm and length 2000 m connects two reservoirs, having difference of water level 
25 m. Determine the discharge through the pipe. If an additional pipe of diameter 25 cm and length 
1000 m is attached to the last 1000 m length of the existing pipe, find the increase in discharge. Take f 
= 0.015. Neglect minor losses. (Delhi University, December 2002) (Ans. (i) 49.62 I/s, (ii) 13.14 V/s] 


